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1. INTRODUCTION

The problem discussed in this paper is the following. The
breeder has available a set of records, y, from which he wishes to
predict the relative magnitude of future records. These predic-
tions are then used to make selection decisions. For example, y
might be milk records of the progeny of a set of dairy bulls from
which the production of future progeny of these,bulls is to be
predicted. As a second example, y could represent milk records on
all cows in a herd from the time that milk recording began until
the present. The dairyman wishes to predict future milk yields on
those cows still surviving that have records as well as the yields
on heifers that have not yet reached producing age. As a third
example, y represents a record on each bf three traits on a set of
animals. The breeder wishes to predict some function (not neces-
sarily linear) of the records on future progeny of these animals.

Now, of course, the method of prediction should be dictated
by what we want to do with the predictions, by computational
costs, and by how well the results are understood by potential
users. From the viewpoint of what we want to do with the predic-

tions, two alternative and not necessarily incompatible goals are:
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616 C. R. Hender:

1. Maximizing the expected value of the functions of future
records when individuals are selected upon the basis "*'

their predictions. r

2. Finding the most accurate "estimates" of functions of
future records. .

I tend to consider the second of these the more important l:l.ne.'h.: -
responsibility as a researcher is not to make selections but ’1
rather to assist breeders in their selections by providing t_}
with the best possible tools for selection. One must realize thg
the best selection for one breeder may not necessarily be the u-.
for some other breeder, for their goals may differ, particularly
with respect to relative emphasis to be placed on different |
traits. Consequently, we should provide "best" evaluations for 4
each trait and then tell the breeder how to utilize this :I.nfﬂq.,.'
Further, the question of cost complicates
the selection problem. The best selection from the standpoint of

genetic improvement is not necessarily the best from an economic

tion to meet his goals.

viewpoint.
dairy bull may be very different from that for another one. With
the above considerations in mind, my efforts have been and will ;
continue to be to emphasize most accurate evaluation possible = .
within the limitations of computing costs and the costs of ¢ in=-
ing records suitable for evaluation. Accordingly, this paper .4 p
" deals with evaluation methods, which I choose to call predictiom. e

The problem of predicting future records is a special case o + .
prediction of a nonobservable random vector, say g, that is dis- ‘r
tributed jointly with y. In the case of prediction of records, 8 ‘;- '

is some function of future records.

For example, the cost of an insemination from one =

Also, g could be some varia-
ble, the prediction of which leads to a prediction of future rec-=
ords. Examples are given later.
letter denotes a column vector, an underscored upper case letter
Any of

(An underscored lower case

a matrix, and an italicized lower case letter a scalar.

these can have one or more subscripts.)
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2. BEST PREDICTION

We wish to predict g, from a function of y, say fi(x_) & gi.
e? It seems logical to try to minimize the
The most com-

fiow should this be don

prediction error, gi-gi, or some function of error.

2
monly used notion is to minimize, if possible, E(gi-gi) . Such a

srediction method 1is called "best prediction" (BP), or the predic-

tor itself is called a "best prodictor“ (also BP). It turns out

that
gi -y E(Q,:IX.) ’
that is, the minimizing value is the conditional mean of g; given

Some additional properties of BP are:
1. E(§) = E(g). Thus, the predictor is unbiased.

2. B[(g_-g_),(_g—g_)'] = variance-covariance matrix of the pre-

diction errors = Ey[‘hr(glz)], that is, the mean in re-
peated sampling of the conditional variance-covariance

Ve

matrix of g given Y.
3. Cov(g,g') = Var(g®).
4, Cov(g,y') = Cov(g,y').
5. Correlation between Qi and g, 1s maximum and is ogilagi.
6. If y' can be partitioned into subvectors (] ..+ ¥3]
each of the same length and with the corresponding ele-

ments of g as [g, ... gq] such that the density func-

tion h(zi,gi) {s the same for all i =1, ..., q and such
that (Ii'gi) {s distributed independently of (y‘j.g .7') for

all i # §, the following property proved by Cochran
(1951) is true. If truncation is carried out on g, the

resulting expected mean of the selected g: is maximum for

any function of Y.

Proofs of properties 1-5 above can be found in Searle (1973).

Now, it would appear to be impossible to find a more desira-
ble prediction method than the one described above. Unfortunate-

1y, however, best predictors can seldom be found. Note that the

form of distribution must be known, we must have the mathematical

tools required for finding the conditional mean, and finally the
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numerical values of the Parameters of the distribution mus:
:novn. Is the last requirement ever fulfilled? Further, :n
c:;::::orty 6 to be true, minimun requirements would be

es for selection are unrelated (so that U
dent) and every candidate must have

and number of records (so that every X has the same 1 e
the joint distribution of every [x_‘:,g-] is the same) n‘“

Fortunately, if the diltributionti- my :
prediction simplifies greatly,
is linear in y and the only par
and second moments.

91: are
the same type of info

ltivariate nor-.l\>
for then the conditional mean of
ameter values needed are the
Best prediction in this case is
computationally to selection index discussed in the n

3. BEST LINEAR PREDICTION (SELECTION INDEX)

Suppose we are willi =
Ng to restrict ourselves to pred tions
that are linear in Y. That is, - 4

g- - at + b'!
"“‘ a. 1. sSome ml‘t M b 1‘ a vecto of “1 h 8 Cm
r s t

It is found that
E=E@® + o'V lly - By
where C' = Cov(g,y) and ¥ = var(y).

Some useful pProperties 0: ; 9
best linear prediction (BLP) are: i

1. E@® = E(®). Thus, the predictor is unbiased.
2. Var(g-g) = Var(g) - c'v”lc,
3. Var(®) = cov(g,g") = c'v-lc,
4. The corr 2. .
elation between g; and g; 1s maximum in the cli
of linear functions of the form a. + l’él
; .

5. When the distribution is multivariate normal, § is the B
Bayesian estimate of £ under a quadratic loss function A
(Solomon, 1971). _

6.

When the distribution is multivariate normal, the g

bility of a
y correct choice between g; and gj is max
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for any linear function of y (see Hendersom, 1963).
7. BP of m'g, a linear function of g, is m'§, that is, the
same linear function of the BP of g.

Best linear prediction is easy to compute when the number of
records is small and is well known by animal breeders, but it does
have the serious deficiency that E(y) is usually if not always un-
known. In contrast, Var(y) and Cov(g,y') are often assumed to
have been estimated quite accurately, and consequently most animal
breeders seem willing to substitute these estimates for the param-
eter values and then to proceed as though these are the true

values. With regard to the mean of y, the assumption is usually
made that it has the form, X8, where X is a known matrix and 8 is
a fixed, unknown vector. Often, however, certain of the elements
of 8 have been estimated quite accurately from prior data and can
be used accordingly, as for example effects of age on milk produc-
tion. Let 8' = [B]iB)] and assume that B, is known. Then, the
record vector can be defined as y-X;8,.

It is most unlikely, however, that all elements of § have
been well estimated. In fact, in some cases, the sample at hand
provides the only information. Consequently, the usual procedure
used by breeders is to estimate X8 from the data, compute y-Xi,
and then proceed to apply selection index (BLP) as though § = g.
The next section deals with the question of the optimum choice of
an estimate of 8.

4. BEST LINEAR UNBIASED PREDICTION

It was pointed out in the preceding section that the best
linear prediction contains the numerical values of the means of g
and of the records. It has also been assumed, naively I think,
that the animals to be evaluated are all members of the same popu-
lation. Consequently, their means have been assumed to be zero.

Of course, any other constant would do equally well since its
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choice would not affect the ranking of Predictions Having

the assumption of equal means, the practice has then been to egp
mate X8 by some method, sometimes by arithmetic means of —7
factors but often by regular least squares. "

The crucial ques;
is what 1s the best estimate to use to substitute in selection i

dex. Henderson (1963) solved a more general problem; namely 1
found the linear function of ¥ with mean 0 which ninimizes :;. b
prediction error variance. That is, he ninimized E(§.-g,)2
ject to E(G,) = 0. The result was £ = C'vl(y-xf) vh:r.‘i is
solution to the generalized least Squares equations, X'V-1x§ p
X'V'ly. This method has been called best linear nnu:o:a pu{ -
tion (BLUP). Note that this is :

5@ substituted for Xg.

It is probably not surprising to find that of qll estimates
of X8, the GLS (also best linear unbiased) estimate is best to ‘3'
in selection index. What is not so intuitively obvious is tlutv of
all linear functions of Y the best one is in fact selection l‘q )

using a GLS estimate of X8 for the parameter value. Some useful
Properties of BLUP are: gt

1. E@® = E(g). This, of course, was required in the

method.
2. Var(g-g) = var(g) - c'v-lc + C'VIXE'VIN X'V IC where .
(X'V"1X)” denotes any generalized inverse of X'v-lx. .
3. Var(®@ = Cov(g,g") = ¢'Vlc - ¢'vixaxvin X v ke,

2Rl

rhis

1l
4. The correlation between Qi and g, is maximum in the class

of linear functions of ¥ that have zero expectations.

When the distribution is multivariate normal, § is BLUE
and MLE of E(g|y), the conditional mean of g for fixed y. ‘y
When the distribution is multivariate normal, the linear
function in the class of such functions with mean zero
that maxinizes the probability of selecting the better of
g; and 9; is §i-§j. H
7. BLUP of m'g is n'g.
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4.1, Different and Unknown Means of Variables to Be Predicted

Suppose now that we cannot assume validly that all animals

come from the same population. Rather, we assume that

il
where u is assumed to have null means. It seems logical in this
case to predict 9; by the sum of the GLS estimate of g_ég plus BLUP
of E%E° Henderson (1975c) proved that this minimizes !(gi-gi)z in
the class of linear functions of y that are unbiased, that is, for
which E(@;) = E(g;) = kig.

When choices must be made between animals from different pop-
ulations with different means and these means are unknown, the use
of the method of this section has not been proved to have optimum
properties with regard to ranking, as is the case with ranking
normally distributed variables with known or with equal means.
This is one of the unsolved problems in selection.

4,2. An Efficient Method for Computing BLP and BLUP

The foregoing methods described for BLP (selection index) and
BLUP are difficult computationally if there are many elements in
¥, that is, if there are many records. The difficulty arises in
that the large nondiagonal matrix V must be inverted. A much
easier method was described by Henderson (1950) for certain pre-
diction problems.

Suppose now that a linear model for y can be written as

1~B+Zute
where X and Z are known matrices; £ is a fixed vector, usually un-
known; u and e are nonobservable random vectors with Var(u) = Go2,
Var(e) = Ro?, and Cov(u,e') = 0. G and R are known, nonsingular
matrices; o is a scalar, the value of which is not needed in pre-
diction., Now write the following equations:

rElx Xz 8], far'a
zrix 2Rzt Jla) o (zrly
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Henderson et al. (1959) proved that B 1s a GLS solution for
B, and Henderson (1963) proved that 8 is BLUP of u. Then

course, because of the invariance property of BLUP, if g..-o:'n
BLUP of g; is !1"2 b
Also, if 8 is known, @, the solution to the followi
tions, is BLP (selection index);
@'R7124671)ii = 2'R"1 (y-x8) .
In most applications, R=1, and G has a form

invert. This method has been applied to some very large probl.“i

for example, the evaluation of approximately 3000 sires (the u
vector) with progeny in at least 240,000 herd-year-seasons com-
prising most of the elements of the B vector.

The method has the further advantage in that the sampling
variances derive directly from a g-inverse of the
trix. Let a g-inverse be

[ £n €12 ]
Ll 22 )’
Then, 1f K'8 is estimable
Var (K'8) = K'Cj ko? ;

coefficient -' S

Cov(K'8,8'-u') = K'C)p0? ; "

Var (i-u) = Cyy02 .

5. PREDICTION WHEN VARTANCES AND COVARIANCES ARE UNKNOWN

It has been assumed in the preceding sections that the needed

variances and covariances, Y aod C (or G and R in the mixed linear

model) are known.

How do we proceed if these Parameters are unknown? Geneti-
cists commonly use a combination of genetic theory and estimates

of variances from whatever data have been published to derive es-

timates of these parameters. If these prior estimates have small

sampling variances and if the data to be used for prediction can

legitimately be regarded as a random sample from the same popula-

tion as the data from which the prior estimates were obtained, the

ng equa- &
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predictions should be about as good as if we knew the variances.

some work has been done on the sensitivity of the predictions to
errors in these variances. In general, it appears that accuracy
of ranking of single traits is quite insensitive to errors in es-
timates of variances, but multiple trait selection is much more
sensitive to errors.

A particularly difficult problem is that of prediction from a
body of data that provides the only information available on the
variances. Econometricians have been concerned with this problem
with respect to estimation of 8. If I understand the literature
correctly, they commonly estimate the variance-covariance matrix
of the error vector by some method that yields consistent estima-
tors, regard these estimates as the parameter values, and then ap-
ply generalized least squares. This seems somewhat strange to me
since consistency is a large sample property and many of their
samples are not large. In contrast, animal breeders, often with
very large samples, seem to prefer to use unbiased estimates of
variances in their selection index methods and more recently in
their BLUP equations. The question as to which is the best proce-
dure to follow if the variances are unknown indeed may be an un-
solvable problem.

One possibility is to estimate variances by maximum likeli-
hood. Then, if these estimates are substituted for the corres-
ponding parameter values in the mixed model equations, the resul-
ting solution to § is maximum likelihood, and the solution to u is
the maximum likelihood estimate of the conditional mean of u given
¥. The mixed model equations solution can be used conveniently to
estimate the variances as pointed out by Henderson (1973).

Whether or not the resulting predictions are better or worse than
those resulting from substitution of variances estimated by easier
methods such as Henderson's (1953) methods is not known. Of
course, it is known that maximum likelihood does have certain op-
timum properties in large samples.
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The variance components model is
Y=XB+ Zju; + ... +Zu,+e
where V. ) = Io2 = ¥
e Var(u,) 1o%, Var(e) l":: Cov(u,,ul) = 0 for all ¢ ¢ J»

and Cov(u;,e') = O for all i, Then, Z'R™1Z467) of the mixed model
equations becomes X

Io

2]z, +

Ha+ 3 gn, Lo

212, 232, + 108 AT

. HEy +Cp i

1

£z L z,'z,+-1~°§.
%

Let the inverse of this matrix be
I Ii2 ... Ty
I T22 .t Tpe

Hos tille. SoieXon
The estimate of o2 1s (y'y - g'x'y - B1Z1Y = «e. = ulZly)/n where
B and u are solutions to mixed model equations and n is the number
of elements in y. The estimate of o} 18 (ulu, + o2erT, )/q, where
9; is the number of elements in u;. The -:;::n)n :o ?fa x;.z of
B, and the solution to u is the MLE of the conditimnIm of u.
These equations require, of course, an iterative solution. T'he.

proof of these results is given in a paper submitted to Biometrics
by Henderson, Ufford, and Schaeffer.

6. APPLICATIONS

This section and the remainder of this Paper will deal with

some applications of the principles presented ibove and in partic-
ular BLUP,
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6.1. Prediction of Future Records in an Additive Genetic Model

Using Single Records
Suppose that we wish to predict future records of a set of ani-
mals, some of which have one record and others none., An additive
genetic model is assumed. Let the model for the records be
y=X8+Za+e
where a represents the vector of additive genetic merits of the
animals to be evaluated, and Z is a matrix with as many rows as
there are records and as many columns as animals to be evaluated.
The columns pertaining to animals with no records have all null
elements. For example, if there are 5 animals, the 2nd, 3rd, and

4th only having records,

0 1 0 0 0
l - 0 0 1 0 0 .
0 0 0 1 0

Var(a) = _A_hzo§ ;
Var(e) = I(1-k?)o] ;
Cov(a,e') = 0
where A is the numerator relationship matrix of the animals to be
evaluated, K2 = heritability of the trait in an unselected, nonin-
bred population, and o§ is the variance of records in this popula-
tion. Then, the variance of the record on the Zth animal is (1+
j'ihz)og. and the covariance between records on the ith and jth
animals is aijhzo; where f, is the inbreeding coefficient of the
ith animal and a; is the numerator relationship between the ith
and jth animal. Then, the BLUP equations for predicting a are
X'x x'z [ X'y
z'x yz:‘%?][ﬁ] z'y

The prediction of future records on the animals evaluated in these

equations is &.
The additive genetic merit (and predicted record) of an ani-
mal not appearing in the a vector above is
c'aAla
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where ¢’ is the row vector of numerator relationships between this
animal and those in the equations above. In the special case of

an animal with no records and no progeny with records but with
evaluated sire and dam, c'_l_a._"l:l_ simplifies to the mean of the &i of

its parents.

If the number of animals in A is large, the rapid methods
described by Henderson (1975a, 1975b, 1976a, 1976b) with a modifi-
cation of one of them by Quaas (1976) can be used to compute A~!,

In this application using A and in subsequent ones, it is

essential that all records be included that were used in making
selection decisions.

6.2. Prediction of Future Records in an Additive Model Using Mul-
tiple Records

In this section, we deal with traits on which more than one
record can be obtained, lactation yields in dairy cows, for exam-
ple. Let the model for all records be

y=X8+za+Zpte
where a is the vector of additive genetic merits of all animals,

p is the vector of permanent envirommental effects, and Z is a ma-

trix of 1's and 0's relating a particular record to a particular
individual. If the individual has no record, the column of Z re-
lating to that animal is null. For example, if there are 3 ani-
mals to be evaluated, the first with 2 records, the second with 1
record, and the third with none,

1 0 0
z= |1 AR
0 L ik

Var(a) = Ah?02 ;
Var(p) = I(r-h?)o} ;
Var(e) = l(l-r)oé
where r = repeatability and 05 = yvariance of single records in a
noninbred population. Cov(a,p'), Cov(a,e'), and Cov(p,e') are
null. The BLUP equations are

x'x X'z X'z ] L
2'X 2' Z4+A"} —7;51'1' z'Z a|=12x|-
Z'X 'z Z2'2+1 —Ti';l.:r ) z'y

Note that all elements of P pertaining to animals with no
records all equal 0. Consequently, the equations and coefficients
corresponding to p of these animals can be deleted.

The prediction of the future production of the ith animal is
&1:4-?1:. The prediction of production of animals without records is

the same as in the preceding section.

6.3. Prediction of Future Production Under an Additive Plus Domi -

nance Model

The model is the same as in Section 6.2 except now a domi-
nance term has been added and the method is restricted to_a nopia-

bred population.
The model is
y=X+t2a+zud+2pte

where d refers to dominance value with partitioning as described
by 0x:¢rm (1963). The covariances between d and a, P, and e
are null.

Var(a) = Asg ;

Var(d) = Do’
where D is the dominance relationship matrix;

b Var(p) = _1_1_05 .

Var(e) = _1_[_03 "
Then the variance of a record is g2 + o3 + af, + 02. Covariance
between two records on the same individual is aé + oé + u;. Co-
variance between records on the ith and jth animal is q id“ezz +

2 tions are
dijad' The BLUP equa
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X'x X'z X'z X'z g
2
1 v -1 9 1 '

2'X 2'Z4A 3‘}: z2'z . a

-l B -
3L 3L PAY G ;g 2'z t d z'y

g,

iy S Y 2'z A= S 2'y

The prediction of a future record (cxprefued as a deviation
from 0) on the ith animal included in the equations above is
a; +d; +p; .
The predicted production of an animal not appearing in these
equations is
e'Ala +a'p7d

where c' is the row vector of the numerator relationship between

the animal and those above and d' is a similar vector for the dom-

inance relationship.

The methods of this section can be extended to other compo-
nents of genetic variation, e.g., additive x additive.

6.4. Evaluation of Multiple Traits in an Additive Genetic Model

This section deals with the problem of evaluating several
correlated traits from records on the individual and its rela-
tives. Suppose that the additive genetic variance matrix of
traits in the same animal is Gy, the corresponding environmental
variance-covariance matrix is Ry, the genetic and environmental
variables are uncorrelated, and consequently the phenotypic
variance-covariance matrix is Gy + Rgo = Vg, say. Suppose that the
ith animal has a record on each of the traits and the model for
the vector of records is denoted by ) 28 the model for which is

LmLBra b
Var(a;) = Gp ;
V-r(s,t) =Ry 3

Cov(a;,e!) = 0 .

Now, if 8 is known and we do not wish to use records on rela-

tives of the ith animal, the regular selection index evaluation of
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-l as . -
o o (L‘ !1-8) ion for this
. or
Then, if the net merit is defined as m'a,, the solution
animal is --'é-i'

If certain records are missing, we substitute for Gy and Vo,
these matrices reduced according to records missing.

Now suppose we want to use records on relatives and we cannot
assume that B is known. We first consider the case in which we
have n animals each with a record on all g of the traits. Then,
if we order the records traits within animals, we have for our

general BLUP equations X' = [xf X% ... Rl 2= I, and

a116o aysGp -+ @nlo
c o | o128 a6y -+« a24C0

a1Go aznbo apyGo
where a.. are elements of A, the numerator relationship matrix. G
can be :Jrittm as A*G, where * denotes the direct product opera-

tion (Searle, 1966). Similarly,

B 0 - 0
pe |2 B ocer 2 logm.
é 0" i Ry

Now, because of the form of _;_and R, these can be inverted easily;
g1 = Ahaeg!
vhere A-! is easy to compute by the rapid methods cited above and
[Tk 1.-. small matrix. Similarly,
B! = 1em5' - .
B!
Then, the BLUP equations can be written, realizing that because
Z=1,

IR
MoIN N
"

L L ]
-




A more realistic situation is one in which certain of the
animals to be evaluated have one or more missing records. In
fact, some may have no records. In that case, Z ¥ I but rather ,‘ )
is written by deleting from an ngxng identity matrix all rows per-
taining to missing records. For example, if there are three ani-
mals and two traits of interest and the first animal has records
on both traits, the second has a record on only the first trait,
and the third animal has no records,

1 0 0 0 0 0
Zz=10 1 Y] 0 0 .1 -
0 0 1 0 0 0
Also, R is modified by deleting both rows and columns pertaining
to missing records. In the above example,

r r12 0
R=|rp ry2 0 .
0 0 11 i3

where Py Sve elements of Ryg. G and a are the same as in the full
information case, and consequently all traits on all animals can
be predicted.

6.5. Evaluation from Progeny with One Record Each

In this section, we are concerned with the evaluation of d-f‘ ‘
mals using only progeny records. Each progeny has only one record :
used in the analysis. The vector of progeny records, y, has the
model '

y=Xg+2s+e.

The most commonly assumed elements in B by those evaluating
dairy sires in artificial insemination programs are herd-year- R
season effects and group effects (generation and stud, usually). -'5‘ .
s refers to a vector of sire values, with possibly some of the
sires having no progeny. Z relates records to sires. For exam—
ple, suppose there are three sires, the first with 4 progeny, the

second with 2, and the third with none. Then, if records are or-
dered within sire,

PREDICTION OF FUTURE RECORDS _ -

o © ©o © ©

t 0 | 0 )
The assumptions about s and e are as follows in addition to
the assumption of null means:
Var(s) = W?Adj ;
Var(e) = (1-%Ar%)Iof ;
Cov(s,e') = 0 -
Then the BLUP equations are
x Xz HL] {1‘1]
-h2 T B *
rx ozl L2y
If all sires are assumed to be members of the same popula-
tion, the relative merit of their future progeny is predicted by
differences in the elements of 8. If groups are in the model, the
2 i ond
prediction of the ith sire is ‘i + an element of § corresp ing
to the group in which the sire falls.

6.6. W&L’E—_—MM—‘-’-&

The problem in this section is the same as in 6.5 except that
some or all of the progeny have more than one record. Now we
write the model for the records as

y = X8 + _g'-_ + _;?2 +e
where p refers to individual progeny. To illustrate 2‘ and z'p’
suppose there are three sires. The first has 3 progeny with . Pl
and 1 records, respectively. The second sire has 2 progeny with 2
and 1 records, respectively, and the third sire has no progeny.
Then, if records are ordered progeny within sires,
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[1 0 0 )
j 1 0 0
1 0 0
1 0 0
L 0 0 ;
1 0 0
0 1 0
0 1 0
| 0 s - 04
(1, Qo) Dey 8]
1 0 0 0 0
B 0 0 0 0
0 1 0 0 0
LIy Y. 0550 0] .
0 0 1 0 0
0 0 0 1 0
0 0 0 1 0
0 0 0 0 1

8, p» and e are random vectors with null means.
Var(s) = UIZ_A_O; ;
Var(p) = (r-%A?)IoZ ;
Var(e) = (1-r)Io .
Cov(s,p'), Cov(s,e'), and Cov(p,e') are all null. This, of
course, is an additive genetic model, the mates of sires are as-
sumed unrelated, and the usual simple repeatability model is as-
sumed.
¢ Then, in a non:nbred population, it is seen that the variance
:ct:e:::::: ::c::i:z o: :h: :’;1:;;”5 ? 05.2 e
: y 18 (k742 + r - ¥42)o? =
Poj. The covariance between half-sibs is khzog. The covariance
between a progeny of the ith sire and the progeny of the Jth sire

is ¥h2a. .02,
Yh 5%

Then the BLUP equations are
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1 ' a '
X'x X'z, .‘_.z.? 1 X'y
' 40-r) - ' & '

z'X 3 Sl S ) 'z 8 2'y | .
4 4(1-r '
z'X z'z zz+—§;:h-} 1){3 z'y

_z_;_;ﬂ is simply a diagonal matrix with a total number of progeny
records for a sire in the diagonal. Similarly, % is a diagonal
matrix with the diagonal elements being the number of records on
an individual progeny. _z_;gp contains in each row the number of
records on the individual progeny of the sire and zeros. _2;1 and
7'y are totals of records by sire and progeny, respectively.

6.7. Multiple Trait Evaluation by Progeny Tests

If we wish to evaluate sires with respect to several correla-
ted traits from records on their progeny, a combination of the
methods of Sections 6.4 and 6.5 can be used. Details are presen-

ted by Henderson (1976¢).

6.8. Nonlinear Merit Function

There are some practical situations in which the net merit of
an individual is a nonlinear function of certain traits (see, for
example, Wilton et al., 1968). As stated in Section 2, best pre-
diction would be the logical method to use in this case, but it is
unlikely that the required distribution and its parameters are
known. A feasible method is available if (y,u) are jointly nor-
mally distributed, if the first and second moments of the distri-
bution are known, if the merit function is a polynomial in u, and
if we are willing to accept a prediction that is a polynomial in
Y. In this case one can describe the problem as one of best
linear prediction where the data vector available for prediction
contains elements that are products and powers of the individual
e¢lements of y.

For example, suppose that the merit function is

g=uy + 2y + Suf + 6ugu, + .8uf .
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Suppose that y = [y; ¥y2] and we choose § of the form § = E(g) +
b1ly1-E(y1)] + balyo-E(y2)] + balyi-E(yD ] + bylywa-Elyya)] +
bsly3-E(y%)]. Then the prediction of this form that minimizes

prediction error variance requires for its computation the param-
eters

Bluy ua uf wmwy uwf w1 w2 ¥yt ywe w3l

Elya w2 vt w2 ¥8) i w2 ¥l v w31

Bly: w2 ¥t wwz2 w3 lur uz ul wus  ud).
Fortunately, the expectations of products of normally distributed
random variables can be written as functions of the means and of
the variance-covariance matrix of variables comprising the pro-
duct. These can be derived from the moment generating function,
Let the vector w have a multivariate normal distribution with mean

¥ and variance-covariance matrix V. Then the moment generating
function from Mood (1950) is

exp(t'y + t'Vt) .
Using this function, some results are
E(wijwp) = ujup + vy2 3
E(wwows) = ujuaug + uyva3 + ugvy3 + ugvy2 ;
E(wiwowzwy) = ujuauzuy
+ YjuoV3y + all other terms of this type
+ V12V34 + all other terms of this type ;
E(Wywawawes) = Uikigk3kyks
+ ujuou3vys + all other terms of this type
+ u1V23V45 + all other terms of this type ;
E(uwowgwywsg) = Wikakalylske
+ UjuouauyVsg + other terms of this type
+ M UV Vs + other terms of this type
+ V12V34Vsg + other terms of this type .

6.9. Restricted Best Linear Unbiased Prediction

Kempthorne and Nordskog (1959) solved the problem of con-
structing an index to select individuals such that the expected
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value of a set of linear functions of additive merits of several
traits is null in the individuals selected for some defined merit

function. Quaas and Henderson (1976) have generalized this method
to solve the same problem but with the means of records unknown
and using records on relatives. They call this method "restric-
red best linear unbiased prediction.”

Let u. be the subvector of additive genetic values on several
rraits on the ith animal. We want to predict g_‘gi so that C'u. is
uncorrelated with the predictor !'Qi' so that l_l_'gi has expectation
zero, and with these 2 restrictions has minimum prediction error
variance. The method for doing this is found to be identical to
the method of Section 6.4 except that in place of Rj' a block di-
agonal matrix is used that is computed from Ry, Gp, C, and Z.

6.10. Prediction of the Merit of Single Crosses

We assume that a random set of lines has been derived from
the same original population, that these lines all have the same
inbreeding coefficients, and a random set of progeny is obtained
from single crosses among these lines. The problem is to predict
the merit of a single cross (including those on which there are no
data). It is assumed that the "pure" line data will not be used.
Let the model for an observation on the cross between the ¢th line
used as the male line and the jth line used as the female line be

Vigk = Xl Yo Yy Y g Y e
uherelgéjkg_defines the fixed effects in the model.
Var(e;) = ait}
Var(dj) -‘ig.ih
Cov(si.di) 'n\;aﬁ);
Vlr(rij)mj oy
CGV(rij.rai) = Qrfi for 1 # 7 3
v‘r(‘ijk) -*éz\}

All other covariances = 0.
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Then the BLUP equations for predicting s, d, and r are writ-
ten by first writing least squares equations as though 8,

are fixed. These equations have the form

" | o po

2
102

-

L
B2
3
Ly

10,4

€1 G2 Ci3 Cis
Cla C22 C23 Lo
Cls Ci3 Caz Ca
Clu S Ch Cuu
Now modify these equations as follows:
o | 22 15X ] add
Ci3 C33

ponding to r, J with rji; all other elements

of V are zero.

From the solution to these equations, the prediction of the merit
of the cross of line of sire 7 by line of dam j is

The prediction of the merit of the ith line of sire in
crosses with a random sample of dams from other random lines of 4
the population is 3, and similarly for the prediction of the merit

of the jth line of dam.

19,4
to Cyy, add _\f‘l where V is a matrix with o: in the

diagonals and ©
rr

2
19

bi*aj"?ij’

. in the positions corres-
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