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(11) Pyy = 0

(1i1) P1J = 1 1f animal J 1s a parent of animal i

= () otherwise.

The P matrix for the example in Figure 2 is:
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In the repeated sampling scheme envisioned, P is known and fixed. . The
question to be answered, then, is what type of covariance structure is

generated under repeated sampling with P fixed.

Variance of a Breeding Value from Repeated Sampling

" In deriving the variance of the breeding value of an animal in the
pedigree sample, we will consider a trait which is detérmined by alleles
A] and A2 at an autosomal locus. Extension to multiple alleles and multi:
ple independent loci is straight-forward. Following the definitions and
the notation of Falconer, “i and a, will represent the average effects
of a gene substitution. The breeding value of animal X is denoted Gx
and is equal to the sum of the average effects of the two genes it pos-
sesses., Given that p and g are the frequencies of A] and AZ’ respectivg1

in the base population, it follows from the definitions of ay and a, and

& that:

(1) o= ay - o



it

(ii) ¢, = qa
(i11) oy = -pa.
for the random mating base population:
E(6,) = 0
s 2 2 g2
var(Gx) = 2pqo? = of

cov(Gx,G ) = 0.

J

These are also true for the base sample since i1t is a random sample

from the base population.

The animals in the pedigree sample, however, do not represent a random
sample. These animals are the result of a specific mating scheme. The
pedigree specifies that certain animals transmit genes to certain other

animals. Or in terms of sampling, the pedigree specifies which animal's

genes are sampled to produce each individual. This will cause a co-

variance among breeding values of some animals.

The pedigree may also specify that some of the parents that produce off-
spring are related. Because related animals have more similar genotypes
than do unrelated animals, the mating of relatives is assortative mating.
The effect of assortative mating is to cause a change in genotypic fre-

quencies, with an increase in the homozygote frequencies at the expense

of the heterozygote. It should be remembered that the frequencies we

are considering here are those obtained on repeated sampling. If the

B

parents of a particular animal in the pedigree are related, upon
repeated sampling that animal would be heterozygous less frequently
than if the parents were unrelated. We will define Fx to be the

the proportionate decrease in the frequency that animal X is hetero-
zygous due to the mating structure specified by the pedigree. The
genotypic frequencies for a particular animal X obtained from re-
peated sampling are those giveniin the second column of Table 1.
From these frequencies it can be shown that E(Gx) = 0, as it did

for an animal in the base population, but that var(Gx) = (1+FX)K2.

&

Model for Breeding Value

By definition a model for the breeding value of an animal is:

B =0, # ¥y ' (2)
where Gx is a random variable representing the breeding value of
animal X, r, and ryare random variables representing the average
effect of the gene that X received from its sire and dam, respect-
ively. -

The variance of Gx disig

var(Gx) = var(rs) + 2 cov(rs,rd) + var(rd) ' (3)
which can be written as:
var(Gx) = var(E(FSIGS)} + E{var(rslﬁs)}
+2 cov{E(rSIGS), E(rled)} + ZE{bov(rs.rles.Gd)}

+ var{E(rd|Gd)} + E{var(rled)} (4)



where Gs and Gd are the breeding values of sire and dam, respectively.

The evaiuation of the variance terms is shown in Table 1. The second
covariance term is null due to the random sampling nature of gamete

formation. And it can be seen that:

2 cov{E(rs{Gs), E(rdIGd)} = 2 cov{)G_, %Gd}

15cov{Gg ,64) (5)

Using the previous result that var(Gx) = (1+Fx)oi and the result that

var(rs) = var(rd) = %oﬁ. we can get from (3) that :

cov(rs,rd) = %(var(Gx) - var(rd) - var(rd)}
= %Fxci , (6)
which gives:
LF 0%
corr(rs,rd) .« . Y - (7)
/32 kg2 X .
RUA 2’3A

which is the definition of inbreeding that Wright used to derive his path

coeffici ent.w\g:e,-LaQ '80‘\3 (MGML‘/NA T

From (5) and {6) it can also be shown that:

5 cov(Gg,Gy)

F, = Mgy (8)

2
X OA

whare cov(GS,Gd) = asd°K‘ It is (8) that is used to compute the inbreed-

ing coefficient in the recursive method for computing the numerator rela-

tionship matrix.
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An EquivaXeht Model for Breeding Value

From the evaluation of (3) it is found that: v
var(Gx) = var(%Gs) + 2 cov(%Gs, %Gd) + var(%ﬁd)

+ 0 - W(FgHFy)Ig2. : (9)

Dr. Henderson has defined an equivalent model to be one thal gener-
ates the same variance-covariance structure., An equivalent model

for (2) which will give (9) is:

Gx = gﬁs * 46y + Ex (1) - &

where GS and Gy are random variables representing the breeding values

of sire and dam and Ex is an independent random variable representing -
the Mendelian sampling which occurs during gametogenesis. The var(Ex) =
{% - %(F5+Fd)}oﬁ; FS and Fd are the inbreeding coefficients of sire

and dam,
The model (10) can be written in matrix notation as:
g =15Pg+ e ' ) (]])

where g is a vector of breeding values, P is a matrix identifying parents
of the animals whose breeding values are represented in g and e is a

vector of independent random variables representing Mendelian sampling.

Let the breeding values in g be ordered such that g can be partitioned:

g = : ’ (12)
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e ~ values (T_) £ {6~ BN - E [0y - (eTnled
genotypic breeding ‘ X A =
genotype frequency value (Gx) oy a, h(I‘x‘Gx) var(I‘x|Gx)
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E(Gx> =0

var(G) = (1 + Fx)(Zpgaz) = (1 + Fx>o§

( 1 = %(1 + 2
var{E(T_|G )} var (56 ) (1 FX)OA

It

E{var (T [6)} = 2pq(1 - F ) (4a?) = %(1 - F,)o?

= % 2 L1 - 2 o 142
var(I‘x) 4(1+Fx)ZA + (1 Fx)oA can




//ﬁﬁgi; b is the number of animals in the base sample and for
‘ f = Jyeas by % is the vector of the breeding values of the
igxﬁ? j}h aﬁinal in the base sample and all its ancestors, ordered
| by age with oldest first. gp is the vector of breeding values

of the pedigree animals also ordered by age.

P will then be a lower triangular matrix with the lower right-
hand n x n sub-matrix of P the matrix discussed in section 1.
It should be noted that g and e have infinite length and P has

infinite dimensions.

The A Matrix

From (11) it is seen that:

g= (1-45) e (13)
and that:
o <11
var(g) = (I-%P)"" var(e) (1-%P)™} (14.1)
=1 wl 2
= (I-%P)" D (I-%P) "o} | (14.2)
B = Adk . (14.3)
D is a diagonal matrix with:
—d-i' =) - %(FS+Fd) (]5)

-ma « - - vmiie B il on Jth

Since P is a lower triangular matrix, (I-',P)'1 is also a low

triangular matrix. From (14.2) we have the result that A is

. product of a lower triangular matrix, a diagonal matrix and

transpose of the triangular matrix. The 6 matrix so derived
pertains not only to the animals in the pedigree, but to all
their ancestors as well. Usually we are only interested in

pedigree sample. Let the following partitions of A, f, (E-g

D be made:

A A
A M2
Rl
gy, fHao
I
[ p 0
ol W
o1 Paz
(1) < - - :
| TP IHay)
0
D =
o)

where in each case the lower right-hand submatrix is n x n,

the number of animals in the pedigree sample.
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7
’/y/the rules for the inversion of a partitioned matrix:

(I 1fP”) 0

5(1-5Pp)” ey (1. )7 (1ep, )7t
Po2l ~ Poy M Hez

and from (14.2):

-1 -1,
Agp = (I-4Py)) ™ (D54, (-8 ) 71D 17 {I=5P1 )77 Poq %)
(21)
(1-5P,,) " |

where A22°ﬁ is the variance cf the breeding values in the pedigree

sample.

It can be shown that by assuming the animals in the base sample

are unrelated, the matrix:

5Py 0y (- )T Py s {22)

21(

is a diagoral matrix with:

dii 3 if both parents of i are from the base sample.

% if one parent of i is from the base sample.

0 otherwise.
This will be demonstrated for the example pedigree in Figure 2.

Assuming the animals in the base sample to be unrelated and the

base population to be non-inbred and the partition of g given in

(1-5p)7" = ; (20)

=11

(12), P is as given in Table 2. Note that the lower right-hand
sub-matrix 822 is the matrix for the pedigree sample; f11 is a
~block diagonal matrix with as many blocks as there are animals
. in the base sample; and that the b]ong'are all identical. (I-%f}

can be written:

T 0 0

0 T 0 0

0 0 T -
I-%p = (2
T T e -t 0 1 h 0 0

. Ol Ol _tl _1/2 ] 0 0
o'  0' 0" |-y -k 1 0
0' 0! 0' 0 -k ] 1

where t' is row vector of zeros except for the last element whict
—~oequal to % and 0' is a null row vector and T is as given in Tabl«

Therefore,

0
0 (2
3

As in (20), the rules for inverting a partitioned triangular k x

matrix T give:

0 0
- T ) Bi: T2 T f
122 21 ' Te2
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_TABLE 2
P
..110000
...0011000
..00001100 . 0 0
..000000110
..110000
..0011000 '
0 ..00001100 0. 0
..000000110
..110000
..0011000 -
g 0 ..00001100 0
..000000110
.".‘.'Oool .......Oool .'...".0000 0
......'OOOO I...."Oooo ."."‘..Oool 1 O
.......OOOO .......0000 I.......OOOO 1 1 0
.......OOOO .....'..0000 .....'..0000 0 ll
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TABLE 3

I
1 0 0 0 9 0 0 (:>' 0 0 0 0 0 0
0 i
0 0 3
0 0 0 1
0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
B 3 0 0 0 0 0 0 1
0 0 -1 =9 0 0 0 0 0 1
0 0 o 0 -1 - 0 0 0 0 1
0 0 0 0 o 0 TR 0 0 0 1
0 0 0 0 0 0 0 0 Sy 0 0 1
0 0 ‘0 0 0 0 0 0 0 0 Mp t kg 0 1
3} 0 0 0 0 0 0 0 0 0 0 0 - %
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wiich leads to a recursive method for inverting a triangular matrix.
et Eﬁi be the i?h diagonal element of T; p% be a row vector of
the first i-1 elements of the hal

the first i-1 elements of the it

row of T, q% be a row vector of

row of TV, M. be the iFh Teading

principal minor of T and Ni be the iﬁh leading principal minor of

{
-1
rr .

3

It then follows from (25) that the jfh diagonal element of T~}

nquals Egi, Ry = M;I and that:

q = ~F;— pi Ny for 1=2,3, ...k (26)

T given in Table 3 is particularly easy to invert because all Iﬁi =1,
pach p% contains no more than two non-zero elements, all non-zero elements

equal -%, and the non-zero elements in p; correspond to the parents of

th

the i animal.

llsing these results, 77! can be computed one column at a time starting
with the diagonal element equal to i and proceeding to compute the rest

of the elements following the rule th-t if Yii_is the ij element of T,

fhen,

(T E(YEJ_+ Ygi) for i>j (27)

th

and qth animals are parents of the ith animal.

vihere p

Applying this rule to T in Table 3 gives T'1 shown in Table 4. It should

he noted that the elements in the last row of T'1 are a 1 in the column

=] 3=

corresponding to the individual itself, % in the two columns cor-
responding to parents, % in the four columns corresponding to grani

parents, etc.

It is also of interest to note that (27) can be ammended to handl}
the case where both parents may not be represented in T, for ex- ,

ample in finding (I-%P )'1. The resulting rules lead directly %
.22

v the recursive method for computing a numerator relationship matri|
c b B

It follows then that: E

" t! 0' T 0 0 |
(opo gt or o 1o |
5P (I-P = - ~ - - -
2._21 i B 0" 0! 0" 0 0 T-l
0 0! 0! ’
- -
ol ! 0| [
0 0 t'1? .;
= & b (2¢ !
0 0 0
0. 0 0
Because the base population is assumed to be non-inbred, 3
|
?11 = %I : ‘ ) (zgi
’
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cherefore, —_;t'T'lT'llt 0
W (1 )70 (1w )7 Ry k= 0 T ot
21 0 i | [l )| 21 “a =
0 0
0 0
1 0
0 3
= 7l
-~ - ~ 0 0
0 0
Y
The scalar:
- ' '
T s e (31)
where W' is the last row of T l.
s'w = 5(142 o 3244 « 3248 . /8% 4 ) (32)
=L(1+%+%+ 1/8+ ..... )
= %(2)
= 15 ”
Substituting (32) into (30) gives: 50 0 0
. " 0 % 0 0
Wop (TP )70 (I5P ) " Py = 1 g g g o | (33)
0 0 0 0

o O o o
I I B

o

o

o
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(30) .

‘the notion of

A bR Ay e TR

. 7.

Adding (33) to 022 gives a diagonal matrix D* where,

di? = 1 if both parents of j}h animal are from the base
sample.
3/u - % Fp if one parent p is from the pedigree

sample; Fp is the inbreeding coeffi-
cient of p.

if both parents are from the pedigree
sample; Fp+F is the sum of the parents’

inbreeding coefficients.

' - 5(FHF)

N
Substituting D* into (22) we get:
' -1 1
Apa = (1-4Ppp) DH(I-P50) = (34)

By different means, Dr. Henderson has shown how the A matrix could

be written:

A= TDD'T' (35)
. : . b
where T is a lower triangular matrix and D is a diagonal matr1x./14

this presentation,

_ -1
T = (I-4P)) (36)
and
D = D% (37)
- ]
where d.. = (gii) "

The Inverse of A

For a non-inbred pedigree sample, the elements of D* can take on v

of 1. 3/4 or 4%, depending upon how many of the parents of an anima’



"known"; i.e., are part of the pedigree sample. This makes it pos-
- sible to compute:

= o |
Az = (I-4P5,)" D¥ (1-3P),) (38)

without ever having to compute 522. Using (38), Dr. Henderson has
devised extremely rapid computing strategies for finding 55; for a
non-inbred pedigree sample. (38) can still be used to advantage
when there is inbreeding, but the necessity of computing D* makes

it a much slower process.
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