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PREFACE TO FIRST EDITION

This manual was written during the teaching of a course in guantitative
genetics at Washington State University and was designed to present many of
the basic procedures used in quantitative sgenetics. An atfempt has been
made to cover areas spplicable to both plant and animals.

Within each procedure the statistical model is given first, and then
the genetic meaning of the various components of the model. The statistical
formulas for computing the procedures are presented with a worked example.
Thrcughout the manual the dot notation has been utilized In the formulas.
Occasionally an example is omitted because a previous example can suffice or
because sultable data were not available. References are made throughout to
more advanced or other procedures that might be of use to the student or
researcher.

Tables are provided at the end of the manual for ready reference.
Standard statistical tables (such as the t or F tables) were not included
because they are readily available in other books. Books whose subject
matter bears upcon population and quantitative genetics have been listed for
the information of the reader.

The author is indebted to the classes in quantitative genetics whose
members constructed Table 3, worked the examples, and contributed many
constructive suggestions. Appreciation is expressed to Dr. Thomas Bogyo
who recommended the use cf the augmented matrix and assisted in, as did
Dr. Surendra Sinha, the preparaticn of portions of the section on selection
indexes. Dr. James Hanover, of the Forest Services Iaboratory, Moscow,
Idaho, kindly furnished the data of the factorial cross.

Walter A. Becker
August, 1964
Pullman, Washington

PREFACE TC SECOND EDITICHN

The first edition of this manual has been extensively rewritten, with
more explanatory text and distinct divisions made between plant and animal
designs in each section. Table 2 (formerly table 3) has been expanded to
include populations up to 400.

Grateful acknowledgment is given %0 Benjamin Hawkes, who was responsible
for the calewlations involving the expansion of table 2 and to seversl persons
who suggested improvements and corrections.

Walter A. Becker
August, 1967
Pullmen, Washington







SYMBOLS

The statistical symbols in this booklet will follow, in general, those in

Federer (1955, pp. 16~17).

I.

Statistical symbols

Symbol

MCF
EMS

EMCP

Dot notation is used throughout.

Meaning

the ith Observation
the first observation, second observation, ete.

.th R
the 1t mean used ag an Observation

the sum of the observations Yl + Y2 + Y3 + ...
+ ¥ = Y.
1

the kth observaticn in the ith and jth clagsifi-

cation. Ixample: the kth progeny of the ith

sire mated to the jth dam,
the sample mean of n observations

varlance

covariance

degrees of freedom
gsum of squares

sum of cross products
mean squares

mean cross products
expected mean squares
expected mean cross products
is less than

is greater than

is greater than or equal to

vii




I1I.

Genetic symbols

These symbols are similar to those used in Falconer (1960).

Symbol

E;:Efdgfiif

etc.

Vs
Ve

Meaning
i i = + +
genotypic variance where VG VA VD VI

additive genetic variance

dominance variance

interaction variance

additive x sdditive
additive x dominance
dominance x dominance

additive x additive x additive

environmental variance
speclal envircnmental variance (developmental)

gereral envirommental variance (microenviron-
mental

maternal effects variance

variance of effects common to families other
than maternal, i.e., cage, pen effects or
Plot effects

gex linkage

genotype x envirconment interaction
thenotypic varistion

genetic correlstion

phenotypic correlation
environmental correlsticon

repeatability

viii



Symbol Meaning

cov additive genetic covariance between traits

AR X.)
172 Xl and Xé
COVD(XlXe) dominance covariance hetween tTraits Xl and X2
cov environmental covariance between traits
E(X.X.)
172 X, and X
1 2
cov. rhenotypic covariance between traits ¥ and
P(XlXE) X 1
2

ix







GENERAL ASSUMPTICNS

In most of the procedures 1t will be assumed that the base reference
population has an inbreeding coefficient of zero. When inbred lines are crossed
and the covariances of the relatives determined, the estimates of the genetic
variances refer back to this base generation from which the inbred lines were
derived. OQOther assumptions include:

1. There is no linkage except sex linkages.

2. Yo interference with segregation and independent assortment, i.e.,
only mendellan inheritance ig acting.

2. Regular diploid inheritance.

L. No selecticn during the formation of inbred lines (Model II assump-
tions only).

These points are more extensively developed for self-fertilizing species
and for estimating genetic variances within an inbred line by Cockerham (1963).

When determining the genetic meaning of a term, the usual method through-
out the manual is to use the general formula for the covariance of relstives
(Cockerham, 1963)

2

- 2 3
cov —=—~<VA+6VD+=-< Vog © X8V ¥ 87 Vo + T V. T o--. ete.

for half and full sibs. The <4 and & are specified in each design. The
variance ccmponents obtained in the statistical analysis are defined in terms
of the covariance of relatives. ©Solving the general formuls gives the genetic
meaning of the wvariance component.

xi







REPEATABITITY

When repeated measurements are made on the same trait of an individual it is
possible to calculate the repeatability, R.

I. Bgual numbers of measurements per individual
A. Statistical Medel
Tem M T g+ 8

where Ykm is the mﬁh measurement on the kth individual .

Analysis of Variance Table

Source d.f. 88 M8 EMS

Between individuals ¥-1 s8 Mg 2 ik g2

etwes W W Te T P19y
Within individuals )

between measurements N (M-1) SSe MSe I e
N = number of individuals
M = number of measurements per individuasl; equal number for each individusl
k.= M

1

B. Genetic Model

Source Va p Van Vap oD VEg Vzs

2 1 1 1 1 1 1 O
w

2

o, 0 0 0 0 0 0 1

The varisnce compcnent, o ;, has a value because of differences among in-
dividuals while S represents the differences among measurements within the
individuals. The ccmponent o ; estimates all the genetic variance and the

perticn of the environmental variance peculilar to the individual.




C. Computations
Analysis of Variance

Source d.f. Sum of Sguares
Correction term {C.T.) 1 v,
me.
Individuals -1 z Y2
X k. -C.T.
'3
M t N(M-1) ZZYz-ZYf;
easurements em km & - .
k

where my is the number of measurements on the kth individual

Estimating o 2, o 2 and R

W
a 2 = M3
e e
- 2 - MSW - Mse
W kl
2
Ty
R = 5 5 = Repeatability
cwtoe
D. Example: Six turkey females were killed and ten tenderness measure-
ments on the breast muscle per bird were taken. Determine the
repeatability of muscle tenderness.
female Birds )
1 2 3 N 5 6
2.3 2.2 2.1 2.3 2.1 2.0
2.2 3.1 2.6 2.4 2.0 1.9
2.2 2.7 2.7 2.1 2.2 2.6
3.0 2.2 2.0 2.6 2.0 2.5
2.4 2.5 1.9 2.0 2.0 2.3
2.8 2.6 1.9 1.7 1.8 2.0
2.6 2.9 1.8 2.4 2.C 2.5
2.5 2.3 2.3 2.1 1.7 2.2
2.2 2.2 2.1 2.5 1.8 2.0
2.3 3.0 2.2 2.7 1.7 1.7
v 2h .5 25.7 21.6 22.8 19.3 21.7
k.
T,. = 135.6 Y2 = 313.52




Analysis of Variance

Source d.f. Jsis] M5

2

Correction ternm 1 Léi%éélm = 306.45 -_—-
2 2

Tndividuals 5 (24-5) #+ ...+ (21.T) _ 30905 0.520

10
309.05 - 306.45 = 2.60
Measurements ' 54 313.52 - 309.05 = L.4h7 _ 0.082

II.

52 _0.520 -0.082

W i1 =0.0438

B 0.0438 B
R =55m38 vo.088 - 0340

Unequal numbers of measurements per individual.

In the apalysis of variance, divide each Yi by m, or the number of
measurements taken on the kP individual. =

The degrees of freedom for MS are the total number of measurements minus
the number cf individuals.

. A 1
The coefficient kl is kl = 51

m. = total number of measurements.
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L

Standard error and confidence limits

A. Approximate method for standard error. Wormality of repeatability
and unequal numbers per group is assumed (Swiger, et al., 1964).

S.E. (R) é'J/e(m°“l) él-R)2 [1 + (kl—l)R}e
kq(m.-N)(N-1)

with equal numbers per group then the guantity under the square

root sign is multiplied by E;E:_l

in the example R = 0.348. The S.E. (equal nos.) is

| 2 2
5.5, ~ A/2160-1)(1—0.348) (1 + {10-1)0.348] <6o~1
= 10%(60-6)(6-1) 60

I

+/(0.03171)(0.3883) = ./0.03117

-t

It

0.177
R=20.3481%0.177

B. Confidence limits for repeatability ({Bogyo and Becker, 1963).
Normality of repeatzbility does not have to be assumed .

The confidence statement is

PEl-Kc_‘\/E SR < 1K _ d\/21 =1~ =
klMSeFr
whers K} =

K.~
M5+ MSe( N l)Fr
Fr = tabled values of F distribution

1- = level of confidence



In the examples, the 0.95 confidence limits (=< = 0.05) would be
cbtained as follows:

The wvalue for F

is given in the F tables for d.f. in the
.025(5,54) *° © ’
numerater and 4O 4.f. in the denominator.
F_025 = 2.90
The wvalue for F 1s obtained by reversing the degrees of freedom

L975
and taking reciprocal of tabled value. Use 40 4.f. for numerator and
5 4.f. for denominator and take reciprocal.

1

975 = g.18 = 0162

¥

Then

B 10(0.082)(2.90) B
K 025 = 57550 + 0.082(10-1)(2.00) - °-8939

K B 10(0.082)(0.162)
.975 ~ 0.520 + 0.082(10-1)(C.162

) = 0.2076

P [1-0.85L < ¢.348 = 1-0.208] = 0.95

P [0.106 = 0.348 < 0.792] = 0.95

Uses of repeatability
A. Maltiple records

Heritability is usually given in terms of one record per
individual. When there is more than one reccord then the heritability
is larger. The factor by which the heritability is multiplied is given
in table 1 for up to six records.

B. TUpper estimate of heritability

The genetic model shows that o estimates all the genetic variance

W
plus a porticn of the envirommentazl wvariance. Thus R would be an
overestimate of heritability.







ESTIMATTION OF VARIAWCE COMPCNENTS AND HERITABILITY

Variance components from the analysis of variance computations provide

estimates of various genetic parameters. The design is usually determined

by the reproductive requirements of the species.
I. One-way layout

A. Equal numbers of progeny per sire group

This design is useful for uniparous animals with a long generation
interval such as cattle. Each sire is mated to several dams and

each dam produces one progeny. The measurement is taken on the

progeny. The reference population is the population from which the

sires and dams were obtained.
1. Models
a. Statistical
Random Model IIX
Yig = b+ @ + e4k

where Yi} 1s the observation on the kth individual from the ith sire.

Analysis of Variance Table

Source_of wvariation d.f. 88 MS EMS
Between sires 5-1 85 MS cﬁ 4+ k02

S S S
Progeny within sires n. - 8§ S8y MSy U%
S = number of sires h
n; = number of individuals within the ith sire = number of dams mated to

the ith sire
= nj in expected mean squares
n. = total number of individuals

P
I

b. Genetic

The size of the variance component c%

half sibs, and therefore, the variance component g§ is
equivalent to the covariance among half sibs.

is due to the fact
that the sire groups differ. These groups are made up of



The general formula is:

2 o 3
s + =+ T .. te.
cov O&VA + GVb e V,, T 6 VDD c«éVhD =<~V ete

The coefficients = and & for covariance of half sibs are:
= 5

OV o 1/h 0

Substituting the ccefficients in the formula

oV = l/lLVA + l/l6VAA + 1/64 Vop Fooereenns

2
The variance component o hag the meaning o 2. cov. where ¢ 2 is
- W T HS T
the total variance.

The two components estimate the following:

Hetero- Hetero-
= 0] gametic gametic
§ % Males Femsles
B E 3 9 & g
o] >
= & Voo Yy Vi Vi Voo Vasa Vg Y, Vg Vo g

og COV g 1/ 0 1/16 0 0 1/64 0 0 1/2  1/h 1/
ci ci—covHS 3/L 1 15/16 il 1 63/6k 1 1 1/2 3/ 1/e

. 2 . - . ]
The variance compcnent Oq estimates l/h of the additive genetice variance, 1/16

cf the additive x additive genetic variance and various amounts of the sex
linkage variance depending upon the sex and species. The variance component

2 . . . . .
ow,estlmates the remsinder of the genetic variance plus all the envirommental
variance.



2. Computation formulas

Source of varistion Sum of squares Mean sguare
Correction Term {C.T.) EEL --
Between sires Z& Y?. ~ C.T. SSS/S-l
n,
1
Progeny within sires = YE - I =S 55 /n.~S
izk ik n; W
Estimating 02 and h2,
3] S
2P My
g~ k ?
2
2 _ s
s 2 .
“s
3. FExample:

Five chicken sires were mated tc eight dams each and each mating produced one

progeny per dam Or eight progeny per sire. Eight-~week body weights in grams
were as follows:

Sires
A B C D E
687 618 €18 €00 717
691 £80 687 657 658
793 592 T63 669 674
675 683 ThT 606 611
700 631 678 718 678
753 691 737 693 788
0L =it 731 669 650
717 732 603 648 690
T, 5720 5321 556k 5260 5LE6
Y.. = 27,331 % Y?k = 18,773,473 n. =4 =n =k =8
ik
12
Correction term Sol 381 = 18,674,589
2 2 2 2
Between sires (5730) + (53§l) + (5524) + (5&26) = 18,691, 786
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With equal numbers of progeny/sire it is easier to calculate the between sires
uncorrected sum of squares as follows:

(5720)% + (531)% + (5564)% + (52602 + (5466)°
5

With unegqual numbers per sire, each term has to be calculated separately
because the denominators will differ from family to family.

884 = 18,691,786 - 18,674,589 = 17,197
ssw = 18,773,473 - 18,691,786 = 81,687
Analysis of Variance Table
a.f. g.8. Mean Sguare
Between sires (5-1)=k 17,197 4,299
Progeny within
sires (40-5)=35 81,687 2,334

CTS=

2 Ly 2Le
hS = gﬂé—%m= b x 0.095 = C.38

B. Unequal numbers of Progeny per sire

2 _ 4,299 ; 2,33% _ s

1. Coefficient, k.
The znalysis of variance is computed as above except that the coefficient
k has to be calculated by the formuls
Zn?
k=_l.._ (n.___J.:_
5-1 .

Exampie: Five sires were each mated to eight dams but not =11 dams
produced a progeny.

Sire No. Prcgeny

HOawh
@ O

The ccefficient, k, is

2 + 42 + 52 + 62 + 82
3T

k = % {31 - 8 ) = 6.10



2.

11
Standard error and confidence limits to heritablliity

a. Approximate method for standard error. (Swiger et al., 1964)
Normality of the intraclass correlation, t, is assumed.

5. B. (12) = 4J/2(n-"l) (1-5)° [1 + (k-1)3]°

g K= {n.-3) (s8-1)

where t is the intra-class correlation

g
t = S
2, 2
9 T %y

This method zlsc applies to equal numbers per sire in which casze
the quantity under the square root sign is multiplied by

n.-1

n.

In the example

3 ol g _
v = 308y B, 33k © 00

- /2 (4o-1) (1~o.o95)2 [1 + (8-1) 0.095}2
8% (40-5) (5-1)
4,/ 0.01976 = 0.562

This would be the solution if the example had unegual numbers.
With equal numbers it is

I V/(o.01976) Lﬁgéil = 4./ 0.01927

S. E. (hS)

4L (0.139)
0.556

So hg = 6.38% 0.56

Thus, with egual numbers the standard error will be lower than with
unequal numbers per sire.

Confidence limits ¢on heritability estimate

An exact method for determining confidence limits when there are equal
numbers per sire is given by Bogyo and Becker (1963). This method is
approximate when there are unequal numbers and the coefficient, k, is
used. Normaelity of the interclass correlation is not required.
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The confidence statement is

P[4 (l_Kx/E) < h2 < I (l_Kl—d/E) = ] =

where
- k MBW Fr
B + k-
ro M3 MS, (k-1) F
Fr = tabled wvalues of the F distribution

1l -<h= level of confidence

In the example, the .95 confidence limits (c< = 0.0S) would be
Obtained as follows:

e nearest value for F in the usual tables is given for
the n e .025 (4,35) g

4L g.f. in the numeratcr and 30 4.f. in the denominator. Therefore,

F oops = 3-25

The value for T 975 is obtained by reverging the degrees of

freedom and taking the reciprocal of the tabled value. Using
30 4.f. for the numeratcr 4.T. because 35 4.f. is not given
end 4 4.f. for the dencominator 4.f. and taking the reciprocal

-1
F-975 R 0.118

Then

. 8 (2,334) (3.25) _
.05 = 5,255 ¥ 5,330 (B-13(3.557 = 1-05735

_ 8 (2,334) (0.1218) B
*.975 T L2855 + 2,334 (8-1)(0.118) — 9-3538

P [4#(1-1.573) = 0.38 < 4(1-0.3538)] =0.95

P [-0.229 < 0.38 < 2.58] =0.95

The standard error is large and the confidence limits are wide because
of the small number of sires used in this example.

C. ©Single pair matings

This design can be utilized with multiparous animals such as mice,
rats or swine, and also animals that produce large ameunts of eEZEs
in a short time (Coturnix quail, chickens, turkeys, Drosophila and
Tribolium). Plants can be mated to fit this design.
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Pairs of individuals are chosen at random from the reference'
population and mated together. Each mating produces several
cffspring.
1. Medels
a. Statistical
Random Model II
R

where Yik is the observation on the kth individual from the itl’l mating.

Analysis of Variance Table

Source cof variation d.f. S8 MS EMS
. 2
Between matings 5-1 SSS MSS UW + ko
2
i . .
Frogeny within matings n.~3 SSW MSW GW

5 = number of matings in
ni = number of individuals within the 1 mating

k= n; in expected mean squares

n. = total number of individuals
. Genetic

The wvariance compcnent, 02 is due to the fact that the

S}
mating groups differ. The members of these groups are
compesed of full sibs and therefore the component is
equivalent to covariance of full sibs. The coefficients

o and & for covariance of full sibs are:
=3 b
L

COVrg Q/M l/

Substituting the coefficients in the general formula

OV = E/uVA + 1/uvD + J_/LLVAA + 1/16 Vip * 2/16VAD +

2/16v + teese... BhC.

2 ) . 2
The component GW has the meaning ch COVFS'
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The two components estimate

+ ©

=t 3]

2 G

o -

3 3 v V. v v v v
3 g A D AA DD AD ABA Ui
og covLe 2/4 1/4 1/4 1/16 2/16 2/16 1
2 2

oy Op = COVag 2/h 3/k 3/k 15/16 L/16 L/16 o

The variance component gg estimates 1/2 of the additive genetic variance, l/h

of the dominamce variance and various emounts cf the epistatic variance.

2 . . .
The component GW estimates the remainder of the genetic variance plus the en-

virommental variance.
2. Computation formulas

The analysis of variance formulas are the same as on page 8 for both
equal and unequal numbers of Progeny per mating.

2

2 2 0g
The heritability is h™ = 5 5
GS + GW

The numerator contains an estimate of 1/2 the dominance variance and all the
maternal effects variance. If the dominance and maternal effects variance

eguals zero then this heritability will be the same s the previous heritability

except for additive intersctions.

The standard error is

5.B. (1°) = 2 ¢/;(n-"l)(lét)2 [1+ (k1) £]1°
k™ (n.-8)(8-1)

Tor unegual numbers. With equal numbers multiply gquantity under the square
n.-1

n.

root sign by
The confidence limits are

Pl2(1-K ;) <n° < 2018, _),)] = 1- =
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ITI. Nested or hierarchal design
In this design each sire (paternal plant) is mated with several dams
(maternal plants) and each mating produces seversl progeny.
The reference population is a non-inbred random mating population.
Hon-related animals or plants can be taken at random from the popula-
tion and mated (inbreeding coefficient F = ¢). Inbred lines can be
formed from this population with no selection among ¢r within the lines.
The lines are crossed (paternal lines x maternal lines) and the esti=-
mates of parameters refer to the base non-inbred population.
A. Animals
The design given here assumes ‘that the individuals are chosen at
random from the reference population and that the inbreeding coef-
ficient is zero.
1. Statistical model
= + + +
Lo =W T =% Y By Y eigy
. th .th
where Yﬁjk is the record of the k progeny of the J dam
mated to the i gire;  is the common mean; =< . = effect of
the ith sire; Bij is the effect of the jth dam mated to the ith
sire and eijk = the unceontrolled environmmental and genetiec devia-
ticns attributable to the individuals.
Analysis of Variance Table
Source of variation d.f. 85 MS EMS
. 2 2
Bet S-1 + +
etween sires SSS MSS Oy kch k3GS
Between dams within sires D-S SS JUR) 2 + k 2
D D W " %1%
- 2
Progen ithin 4 .o
rogeny within dams n..-D SSw MBW’ Oy
S = number of sires
D = tectal number of dams
n.. = total number of progeny

With equal numbers of dams/sire and progeny/dam

kl = kg = number of progeny per dam

k. = number of progeny per sire

3

With unequal numbers of dams per sire and unegual numbers of progeny

per dam the coefficients kl, kg, and k3 have to be computed differently.
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Genetic model

The component, Ug’ is due to the sire groups being different.
2 A
These groups congist of half sibs so g is the covariance of

half sibs.

2 .
The component GD is derived from the differences between dem
2
D
is the covariance of full sibs minus the covariance of sires
half sib groups because the sire effect is removed in the

groups. These groups are composed of full sibs so that o

. . 2
egnalysis of variance. Thus, op = covFS - COVHS.

The coefficients=<and & are:

~ 5
Vg 1/4 0
cov 2/k 1/4

S
The covariance of half sibs estimates

OV = l/lLVA + 1/16VAA + l/6hVAA + ... ces
The covariance of full sibs estimates
cov, g = E/AVA + l/hVD + 1/lLvAA + l/BVAD + 1/16VDD +1/8v o+ ...

The component 55

and the environmental variance.

containg the remainder of the genetic variance

The genetic and environmental interpretation of the components
is given in the table (F = 0).

Heterogametic
Males Females

&d ad
5 oL 9

Components Covariances VA Vb VAA VAD DD VAAA VM VE L VL VL VL
o 1 1 1 101 1
GS COVHS n 0 1z 0 0 N 0 0 0 5 n 5
2 A 1 1 3 1 17 101 1

“p “Ves" s I ¥ 1Z 5 1z 8 L © > § 5 O
2 2 1 3 3 7015 7 101 1 1

Oy °p T %pe 7 L F 8 1 8 ° 1 5 T 1 5
2, 2 111 1 11 1 3 3 1

gt O COVhg 2 I I § 1 8 Y ° 57 §© § 3

Note that oo

contains all the maternal effects variance, Vy, an important ele-

ment of traits measured early in the life of animals.
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3. Computational formulas

Source of variation Sum of squares Meen sguare

Correction term (C.T.)

.
Between sires i Yi.. - C.T. SSS///;-l
n.
i.
-
Between dams ; 7 Y?j. - ? Y?.; SS////;—S
i i D
n. . n.
ij i.
‘e ZZZx ZZ Y?.
Procgeny within dams i3k 13k -y 1 nlJ. SSW e.=D
1]
Estimating'variance components:
2
oy = Moy
o -
a, = MSD MSW
D E
1
MS_, - {(MS +k02)
62: g 7w 2D
S k
3
With equal numbers, kl = k2 and
-
] k
3

With unequal numbers the coefficients are calculated as follows:

A

n. .
J

=
i
™~
e
)

i.
1 D-S or d4.f. for dams

2 Zx =2
A « R < Y
1J 2J 3 2]

k. = n. e

8-1 or d.f. for sires
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= 2
n.. - . n
i i
k= n.
3 5=-1

Standard errors of components

The general formula is (Anderson and Bancroft, 1952)

M82
o 2% 2
S. E. —= ffgiwg = Wvar (o7)
K= B g g

where X = coefficient of the variance component being estimated,
Msg = the gth mean square used to estimate the variance component,

and fg = the degrees of freedom of the gth mean square.
2 2
B R - TR - D-5+2
k
3
Heritebilities
2
2 ko
s 2 b o2 . 2
GS GD Ou
2
2 * oy
S -
% T %p T %

This estimate of heritability contains four times the maternal
effects and 211 dominance variance in its numerator.

2 2>

This estimate, based upon full sibs, contains two times the
maternal effects and one~half the dcminance variance.
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Standard errors of heritabilities (modified from Dickerson, 1960)

2

_ var(cs)

S.E. (hs) =3 N 02 o
°g T %p T w

5 var(Ug)
8.E. (ny) = z. 2, 2
US UD Uw

2 2
BJ/iar(gS) + var(oD) + 2 cov(og o%)

2 -
S.E.(hS+D)= 2+2+2
9% T 9p T %y

2 Mo

52_ var (og) - 5 L
k3 L {n..-D+2)

2 2
where cov (US UD) = -
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and mated, one sire to three dams.

female progeny.

From a large non-inbred population of White Rock
chickens, five sires and fifteen dams were chosen at random
Each dem produced three
The 8-week body weights of these progeny were

recorded to the nearest gram. What are the estimates of heri-
tabllity for this population?

Sires Dams
A 1
2

3

B L
5

6

¢ i
8

9

D 10
11

1z

R 13
14

15

. =

Progeny weight

965
803
6L4

ity
701
S09

696

52
686

979
905
97

809
887
872

813
640

753

798
gh7
800

807
863
832

798
880

721

756
935
811

total number of progeny

number of progeny per sire

number of progeny per dam

number of sires

number of dams

1l

]

15

65
71k

705

g1
209
853

800

732
796

788
770
765

775
937
925

Y. Y.
ij. i.
25k3
2157
2102
6802
2L79
2hs7
2562
7458
2303
2354
2314
6371
2565
2555
2283
7403
2340
2759
2608
7707
Y... = 36,381
LT %
T3k Yise = 29,729,879
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Analysis of Variance

Source of Variation

2
Correction term (C.T.) Lﬁéﬁ%@él_ = 29,412,825

2 2
Between Sires (6802)° + (7498)° + (6971)9 (7h03)” + (7707)" 29, 176,03k

With unequal numbers each sguared sum would be divided by the number of
progeny within the group.

SSS = 29,476,034 - 29,412,825 = 63,209

2 2 2
Between Dams (2543)” + (2157) ; . . -+ (2608) = 29,560,147

88, = 29,564,147 - 29,475,034 = 88,113

Progeny within dams, 58 = 29,729,875 - 25,564,147 = 165,732

Source a.f. Sum of Squares Mean Sguares
Sires (5 -1)= 4 63,209 15,802
Dems (15 - 5) = 10 88,113 8,811
Progeny (k5 -15) = 30 165,632 5,524
oo = 5,524

Ug - 82811;5252u - 1,005

2 g82811 {5 252h) _

5.8. {op) = V/i [ 0 + 2 30 + 2 = 1,284

o -
o = 15,802 . 8,811 _ 776

2 2
2, /e (15,802) (8,811) B
S.E. (og) = 4/22 [ F+r2 T To=+2 = 1,090
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Estimating heritability

he - 4(T76) 220 L o

S 716 +71,095 + 5,52 _ 7,395

2y _ 4(1,090)

S.E. (hS) = i 0.58
2 h(12095} _
T 3 - 0%
2y _ 4(1,284) _
S.E. (hD) = 5% T 0.69
This estimate of heritability is larger than hg Possibly because of maternsl
effects.
2 _ 2(776 + 1,095) _
f(s + D) 7,395 =051
2 _2./1,183,100 + 1,648 656 ~ 478,016
S-E. (g, p) = 7,395 = 09

)2

-
where cov (Gg, Ui) = - % Ll,6h8,656 - 22 (5,524
37 (45 ~ 15 + 2)

This heritability estimate contains lesser amounts of maternal effects and
2

dominance variance than hD.

The standard errors are high because of the small numbers of sires and dams
used in this example.

Unequal numbers

With unequal numbers of dams per sire ang bProgeny per dam the ccefficients
have to be determined by previously given formulas.
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Example. Fach of five sires were mated to differing numbers of dams and
the dams produced unegual numbers of female progeny.
Sires
Tumb
vaber A B c D E
Of dams 3 5 L 2 5
Cf progeny per dam 4,10, 7,5, 1,5,3,
(n, 54,6 6,7,9 b1 8,6 6%
Of progeny per sire
(n, ) 15 36 17 1k 19
i. '
n.. = 101
101 - (52 + 47 4 6 N 42+ 10° 4 67 4 T+ 92 N 72 + 52 ¢ 12 447
K. = 15 36 17
1 14
2 2 2 )
AR R S - 101 - 30.04 _ oo
14 19 1L -
14
30 OLL _ 52 + ;-]-e + 62 + )-!-2 + 102 + . + L!-g 63._(
o 101 = 30.04 -==2+ = 5.933
k. = 101
2 L T
152 4 36° + 17° + 142 + 19°
10 - 101 101 - 23.435
k, = A = T 19.391
2 2 . R
GW and GD are estimated as before but because li% k2 the estimate of
og is obtained as follows:
k
e
e Ty TR (Msy - MS,)
2
US = }:3

The calculatlons for heritabllities and their standard errors are the same as

before.

Cther effects such as years, hatches or farms may be superimposed upon the

preceding model.

Refer to King and Henderson (1954) for a worked example.
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BE. Plants

The mating design is as before with animals except that the full sib

progeny are planted in plots within blocks (replicates). Comstock and

Robinson (1952) bresent this design as Experiment I. The replicates -
are considered fixed and there is only one plot per meting within s

replicate. C(rosses among inbred lines are also included in this design.

1. Statistical model

The formuls is:
= + + + +
zhij M di Bij 6h ehij

where Zhij is the plot mean within the hth replicate of the ith

paternal plant {or inbred line) and the jth maternal plant {or
inbred line). u is common to all Observations, % ; 1s the effect
of the i"" paternal plant (1line), 8, 15 the effect of tne j™°
maternal plant (line) mated to the i®! paternal plant (line),

6h is the effect of the hth replication, and e

.. 1s the environ-
hij
mental and remalnder of genetic variance among plots.

Missing plots can be estimated by the method deseribed by Snedecor
(1956 pp. 310).

Analysis of Variance of Plot Means ~ 1

Source of Variaticn d.f. 588 M3 EMS
?Zﬁiiiiie;lants g:i SgR ﬁgR 2 + 2 + k 2 + k 62
S g Te T BTy T SpYp T X450 )
Maternal within 5 5 5
paternal plots g(a-1) 8s MS o, T mo. t ko
D D c W 1°D
Paternal-maternal 5 _
crosses x replicate (8a-1){Rr-1) 88 M5 o, * SN
R = number of replicates .
S = number of paternal plants (lines)
d = number maternal plants (lines) per paternal plant (line)
L k2 = number of plots per maternal vlant (line)
k3 = number of plots per paternal plant (line)
x
o, = ﬁ%&' H ? ; = = reciprocal of the harmonic mean of the
J o Phig individuals per plot
th

Where nhij = the number of full sibs in the hth replicate from the i

paternal plant (line) crecssed with the jth maternal plant (line).
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Because of unegual numbers of progeny rer plot an estimate of the indiv-
idual variance within plots is obtained using the individual observations.

The formula is:

Yo SH TP+ gy
e e . . th . ... th
where Yfk = the individual observation on the k individual of the f
plot, W is the grand mean, P is the effect of the fth plot and efk is the
envirommental and genetlc variance among full sibs within plots.
Analysis of Variance of Individuals =~ 2
Source of Varlations a.f. 88 MS EMS
Between plots R3d-1 58 - -
Between full sibs o
within plots n,, - R5d SSW MSW T
n = total number of individuals

Séé Kempthorne (1957, pp. 459)

2. Qenetic Model

This model is similar to that given for animals. The variance

2
component, Ogs

paternal plants so this component is the covariance of half sibs.

is due to the half sib groups being different among

2, . .
The component, Iy is obtained from differences between

maternal plants so that g_ is covariance of full sibs minus the co-

D
variance of half sibs (paternal plant groups). Then

2
op = COVFS - covHS
If single plants are used from a non-inbred base population
(F=0) or a single plant represents each inbred line so that there is
g set of paternal inbred lines and a set of maternal inbred lines then
the coefficients =~ and & are:

Covariance o &
1+F
cov S ' o]
HS Iy
2+ 1+
. Fo + ¥ ( Fo) (1 + FD)
FS n 4

where Fg = the inbreeding coefficient of the paternal lines, ezach line
having the same inbreeding ccefficient and Fp = the inbreeding
coefficlent of the maternal lines. If the inbreeding differs amcng
lines within a set an average coefficient may be used although this
introduces some inaccuracies In the estimation of the genetic variances.
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The covariance of half sgibs estimates

1+F 1+FS2
Vy, + ===

5
Vs T UL AT AT

The covariance of full =ibs estimates

2
2+ +
cov__ = =7 FS i FD Voot - FS) o FD) vV_ o+ (‘ FS ED) Vo, o+
FS n A i D

........

The variance compconents estimaste

2 = COoVv

Og T ES

2 = CcOV - OV
“p FS HS
2 = - COov

oy T O TS

If bulked pollen from at least six Plants is obtained from each
Paternal line and used to fertilize at least six Plants in each
maternal line then the analysis can be carried out cn the plct means
or totals. Plants such as cereals require this type of analysis.

Only analysis of variance of plot means ~ 1 is used and the scurce
of variation refers tc lines rather than Plants. The variance
2
component O refers to differences between lines with a paternal line

in common crossed t¢ maternal lines. Thus, there is no reference to
half or full sibs but to one line in common A-, A- and two lines in
common AB, AB. (See Cockerham, 1961).

The coefficients for the general formula are:

Covariances = 5
2 0
covA_J Ae F/
2
COVAB, AB F ¥

It is assumed throughout that the inbreeding of the maternsl and
_ baternal lines are the same.
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With F = 1 in toth pafernal and mafternal inbred lines the genetic

meaning is:

Components Covariances
2 cOov
I3 A-, A-
2 cov ~-COov
“p AB, AR~ A-,A-
2 2 “COov
°w 7 AB, AB
2 =+ 2 cov
°p 7 g 4B, AB

Here the covariance of full sibs
Note that genetic meaning is the

F=1.

Va

1/2

1/2

3. Computational formulas

v Var
0 1/h
1 3/h
0 0
1 1

The symbcl Z designates the plot mean-

Analysis of Variance

Voo Vamn Yy ¥
0 1/8 0
1 7/8 1 0
0 0 0 1
1 1 1 0

estimates all the genetic wvariance.
same when single plants are used if

of Plot Means -2

Source of Variation

Correction term (C.T.)

Replications

Paternal plants

Maternal plants within
paternal plants

Paternal-maternal
crosses x replicates

nij

Sum of Sguares

...

RS

Mean Sguares

SSR/R—l

SSs/s-l

SS:D/s(d—l)

+ C.T. SSI/(Sd-l)(R“l)

In computing with individual plants Y i1s the symbol.

Analysis of Variance of Individusl Plants =2

source of Variation

Retween plots

Within plots

Sum of Sguares

Y2
2 f.
5 ? - C.7T.

3 5 Y
X Y?k B £

f -

He

Mean Squares

SSW/

n.. - Rds
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Estimating variance components

Cr:E_MSS'MSD
= &

S 3
Uesz'MSI

D kl

2
GW = MSW

2. MS_ - n MS
e T o1 kW

Standard error of the components

The general formula is the same as glven on page 17.

2z
v EFT5
g

w
[l
R

where k = ccefficient of varisnce component, MSg = gth mean square,

fg = degrees of freedom of the gth mean sguare.

Heritabilities

Heritabilities of an individual plant are not too useful because most
plants are not selected on the basis of their individual performance.
Certain exceptions should be noted e.g. trees. The concept of the
heritability of a selection unit (Hanson, 1963) is used as a practical
measure. Here the numerator is the additive genetic variance ap-
propriate to the unit and the denominator is the phenotypiec variance

of the unit. gee alsc Namkoong, et al. {1966);Squillace,gﬁ_§;, (1967).
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Factorial design

This deslgn can be used with both plants znd animzls. Each sire (paternal
plant) is mated with every dam {maternal plant) and each mating produces
several progeny.

The reference popuwlation 1s large, non-inbred, and random-mated. Non-
related animals can be taken at random from the populaticn and meted
(F = 0).

Inbred lines can be obtazined from the reference base population and
mated together to obtailn estimates of genetic parameters that refer
back to the base populaticn.

A, Animals

The mgin difficulty with animals is that in most species the female
cannot be mated to several msles simultaneously. Therefore, it is
necessary to shift males from one dam to another introducing a time
element and some uncertainty concerning the sire of later progeny
because of residual fertility. With most marine animals this prob-
lem is overcome because the female produces large amounts of non-
fertilized eggs that can be apportioned and then fertilized by
several sires.

Because a sire can be mated only to z certain number of dams the
concept of a "set” will be used. The mating plan for one set of
sires and dams is given below. Shifts will be considered random.
A number cf sets constitute the experiment.

Dams
Sires 1 2 3 i 5 6
1 X
XI XI XII 11 XIII XIII
X X
2 XII XII XIII XIII I I
3 XIII XIII XI XI XII XII

Thus sire 1 is mated to dams 1 and 2 in shift I, to dams 3 and 4 in
shift IT and to dams 5 and & in shift III. The above pattern
constitutes & set. It is alsc possible to use two sires per set
reducing the number of shifts and decreasing the time element.

It will be assumed that there are no zero subclasses, i.e. all matings

produce measureabls progeny, that each set has the same number of sires
and dams as every other set and that there are unequal numbers of full

sib progeny per mating.

Two analyses will be made. One znalysis uses the mean of the full sib
progeny of each subclass and the other analysis obtains the full sib
variation using the individual progeny's records.
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1. Statistical model

The formula for this model incorporating both analyses ig

= +
Yijklm Wt le + 61111 + Y:L + (o«B)iJl + (o 6)ilm N (Bé)jlm

5 3kIm

where Yi'klm 1z the observation on the kth individual from a

mating of the i
the lth set.
ith sire in the 1

the lth set; &

action of the ith

th

: i th
177 set; (Bé)jlm is the j

th

Im

gire with the jth

I 18 the common mean; <

sire mated to the
(cfé)ilm is effect of il sire x mth

h
dam x mt

dam in the mth

il

ij1

shift in

is The effect of the
set; le is the effect of the jth
igs the effect of the mﬁh
set; Y, 1s the effect of the 1h set; (xB).

dam in
th

shift of the 1
is the inter-

h
dam in the lt set;

shift interaction in the

shift interaction in

the lth set; eijklm is the envirommental and remainder of the

genetic deviations.

i=1,2...
J=1,2...
m=1,2...
in a set.

1=1,2...

.. s8ires

There is the same number of shifts asg sires

The first analysis uses the means of full sib families.

Scurce

Sets

Sires w/sets
Dams w/sets
Shifts w/sets

Residual w/sets

Analysis of Variance - 1

Using means of full-sib progeny

L-1 M,

L(T - 1) g nkci T Ogp tEg ogy * G%M R U:
L{T - 1) M5y nkgg T Ogn TRy gy GEM ks G%
LI -1) M3y nkgi T Ogp TRy Ogy t U%M T kg gi
LE§ i é% M3 Oyt Oap TR Ogy t O%M
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1 I(J - 2)
5, = kg = J/I
=k =7

3 7
By = 3T - /s - 1)
k=1

5

1 Lz 1 .
= == 7 (Reciprocal of harmonic mean)

nk IJL iJ1 nijl
where n. ., = number of full sibs from g mating of the ith sire with

11
the jth dam in the lth set.

A second snalysis has to be completed using individual observations.

Analysis of Variance - 2

Individual Observations

Source a.f. M5 EMS
Between matings IJL - 1 not needesd
Between full 5
51bs—jprogeny n...~-IJL MBW UW
w/matlngs
n... = total number of progeny

An examination of the EMS of analysis of wvariance--1 indicates that the
2
)
If we assume that the shift interactions

interaction dam x shifts ( is confounded with the sire x dam

2 . . .
(USD) interactions in MS. .

are negligible then the wvarlance components can be obtained easily.
2. Genetic model

. 2
The variance component o

3 is equivalent to the covariance of half

2
sibs (sire groups). The component 9y 1s the covariznce of half sibs
(dam groups) and contains the maternal effect. The component UED

is the covariance of full sibs minus the half sibs covariance (sires)
and half sibs covariance {dams).

The coefficients << and & are (F = 0):

. 8
cvaS /4 0
cov 2/L 1/h

S
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The covi, = l/lkVA + l/l6VAA F e

H
= P
covL e/wA + 1/AVD + 1/vaAA + l/BVAD +1/16 Vop ¥ 1/8VAAA
2 = COV
“s T “Vga(a)
2 ov
“p T ““Hs(D)
2
- = &
9gp = Vpg (COVHS(S) + COVHS(D)) :L/lLVD + l/BVAA + 1/ Ve *
l/l6VDD o

The component os

. . 2
the environmental variance or GT - covFS.

contains the remainder of the genetic variance and

The genetic and enviromnmental interpretation of the components is:

Heterogametie
Maleg Females
. 3a g
Relatives! ¥ 2
Covariance zé YQ VAA VAD VDD VAAA EM YE_ YL f; YL iL
1 1 1 1 1 1
COVHS(S) H 0 R 0 0 en 0 0 0 5 T 5
. 1 1 1 1 1 1
““Vas(p) r © B ° © Fan 0 5 5 7 0
cov -
FS
1 1 1 1 3
COVHS(D))

D
1
9
pe
F
n
roj
w
FSTON
€0}-1
N
IS
'\_l
LT
o
e
hVTI



3. Computational formulas.
of each mating within a shift and set.

does not appear.

Source

Correction term (C.T.)

Sets

Sires w/sets

Dams W/sets

Shifts w/sets

Residual W/sets

33

Analysis of Variance ~ 1

of Sguares

Sum
...
IJ
= Z?.l _
1 IJ
2
X 7zi.l
il J
= Z?jl
Jg 1 T
Zz Z?.lm
Imnm J
2
L LI 7.
igJgl 11m

Shifts S8 - i

The second analysis uses individual

Source

Between matings

Between full sibs

n... = total number

C.T.

- Dams SS =

Observations.

Analysis of Varlance - 2

Sum of Squares

of individuals.

Z designates the mean cof full sib progeny
The symbol k for individuals

Mean Sguares

SS.,
S/L(I—l)

35
D/L(J—l)

Mean Sguares

ss
W/n - I7L
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Under the assumption of no sire x shift and dam x shift inter-
actions the components are obtazined as follows:

sp = M1 - m M,

The standard error of the components is given by the previous formula

on page 17.

The heritabilities are

2
h2 = US
3
OS + o+ GSD + GW
L 02

2 + + o0 +
g T 9p T gy T

The standard srrors of the heritabilities are

5 Y./ var (cg)

s/ 2, 2,2 . 2
95 T % T O9%p Ty

b/ var (02)

2 D
S.E. (hD) 5 S 5 5

+ + +
Og ¥ 9y ¥ Ogp * O

e

S.E. (h

2

The model given here is similar to that of Miller, et. al 1963
except that shift effects were separated from sire effecte in our
model. The main point is that with genotype x environment intersc-
ticns (sire x shifts and dam x shifts) estimation of variance
components is affected.
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B. Plants

With plants it is not necessary to employ shifts. Sets may or may

not be used depending on the experiment. This design is Experiment IT
of Comstock and Robinson (1952). The replicates are considered fixed
with one plot per mating in each replicate. Whether or not replicates
should be considered fixed depends upon the experiment. If they are
random then & different model has tc be used involving genotype x
replicate interactions. I these interacticns are present then the

estimate of covHS will be inflated and the estimate of non-=zdditive

genetic variances will be decreased (Morley, 1G60).

Paternal and maternal plants can te randomly chosen from the reference
non-inbred population or Inbred lihes can be mated.

1. Statistical model

There are two analyses because of the difficulty of obtaining
equal numbers per plot (see Kempthorne, 1557, pg. 468).

The formuia for both analyses is:

Tnige M T Sy T By (Bl TRt ey

where Yhi'k = the cbservation of the kth full sib progeny in a plot
in the nt replication of the iJth raternal plant and the jth

maternal plant. W is common t0 all observations,e{ is the effect cof
the ith paternal plang, Bj is the effect of the ith paternal plant,
(= B)ij is the interactioihof the paternsl and maternal plants,

Rh is the effect of the h™" replication, and ehijk is the environ-
mental variance and remainder of genetic variance between full

sibs on the same plot.

Analysis of Variance -~ 1

(Means of full sib progeny in each plot)

Source of wariation da.f. S8 MS
Replications R-1 SSR MSR
Paternal plants S5-1 33 MS 02 + 02 + Rce + RDG2
s S e kO SD S
2 2 2 2
Maternal plants D=1 SSD MSD T + LW + RUSD + RSGD
2 2 2
- -1
Paternal x maternal (8-1)(D-1) SSSD MBSD o, *t oy T RGSD
Paternal-maternal o 2
combinations x (DS l)(R—l) SSI MSI Oc * nkGW
replicates
R = number of replicates
S = number of paternal plants (lines)
D = number of maternal plants (lines)
my = 1l = 1 (reciprocal of harmonic mean)

RSC hiJ g g
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.th
where nhij = number of full sibs in the hth replicate from the i

th .
paternal plant (line) crossed to the j  maternal plant {line).

2 - . .
o, = environment variance of the differences between plots common to

all individuals within = plot.

The variance between individuals of a full sib Tamily on a plot is
obtained using the individual records.

Analysis of Variance - 2

(Individual progeny)

Source of Variation é@.f. S8 M5 EMS
Between plots RED-1 S8 -- --
Between full-sib progeny _ 2
within plots Bees 7 RSD S5 My “w
n... = totael number of progeny
2. Genetic model

2
The variance component Ogq is the covariance of the paternal plants
half sibs while gg is the covariance of maternal plants' half sib
2
groups. The component Teop is the covariance of full sibs minus the
two half sibs covariances.
If single plants are taken from a non-inbred Population or a single

plant represents each inbred line so there are paternal lines and
maternal lines then the coefficients = and & are:

= &)
1+ FS
cov. 0
Hs N
+ +
. 2+ Fg + F (1 FS)(l FD)
F3 n L
where FS is the inbreeding coefficient of the raternal lines and FD is
the inbreeding coefficient of +the maternal lines.
The covariance estimates
1+ Fq (’1 + Py 2
covHS = u—E——* VA + -E——- VAA T o,
2
+
o 22+FS+FDV +(l FS)(1+FD)V+(2+FS+FD}V .
S n A L D L AA
2
2+ Fy + Fy (1 + FS}(l + FD) (1 + FS}(l + FD)
L L Vap * Vpp *



37

The variance compcnents in terms of the resemblance between relatives

are:
2 = COV.

g ~ HS(S)
2 = cov.

°p ~ ES(D)

02 = cov_, ~ (cov + cov }
8D FS H3{8)} HS(D)
22

“w T 7 VFS

ci = plot envirommental variance

When more than six plants represent an inbred line and the in-
breeding coefficient is the same over all lines then only
analysis of wvariance -1 is used. The coefficients =« and &

are different.

o &
Only one line in common, SOV, = 4" F/e C
. 2
B Two lines in common, COVAB,AB F F
The ccmponents estimate
2 2
= - .- = + T oa e
Tq covAJA F/E VA (F/E) VAA
2 . .
o = cov,- - estimates the same genetic parameters.
D A LA
2
= - - =+ - =) = +
Tep = CVap,ap - (€OVy 4T *covs ) FEVD
2 3 b
+ Cre et
7/8 F Vyp P EV L FFL+
02 estimates the remainder of the genetic variance.

W
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When F = 1 i1t dcesn't matter whether one or several plants per
iine are used because genotypically every individual is the
same within a line. The genetic interpretation of the variance
components is:

i v
Components Covariances VA VD VAA VAD VbD v ! M VE
2 1 1 1
Q = J—
g “Vhg(a) 5 % ° ° 3 0©
2 1 1 1
°p ““Vus(p) 5 ° & © ¢ 3z 1 0
2 - 14 30
95D Vg T “VEs(s) T ““Vmg(p) ¢ 1 Tz 1 1 > ¢ 0
2 2- oV
O Ty = COVpg 0 ¢ 0 0 0 o o 1

3. Computaticnal formulas. When Plot means are used Zhij will be the

symbol designating the observation. The designation k will not appear.

Analysis of Variance - 1

Source sum of Sguares Mean Squares
2
Correction term (C.T.) L.
RSD
2
Replications z .. ss_ /R-1
— =~ C.T. R
h D
Z?
Paternal plants z A c.m SSS//S—l
i RD o
ZE
Maternal plants Z .. S8 D-1
—_— - C.T. D
J RS
7 z? 7°
Paternal x maternal LrZd4g 2.4 T4, R SSD//(S-l)(D—l)
iJ R 4 RS i FRD T
Paternal-maternal 2 72
FheTmasTmaterna ZIEZ.. -3 %4
combinations x hoi s ij i3 R -
replicates J J
2
£ Zn..
h e tC-T SSI//(SD—l)(R—l)

A further analysis is completed between and within plots using the observations

on individuals. Yﬁijk is the symbol.
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Analysis of Variance ~ 2

Source d.f. Sum of Scguares M.5.
55z Yoy
Between plots RDS-1 oy SRR
ij o, .
hi)j
o
Within plots ni...-RDS i??ﬁ Yﬁijk - i 3 Yiij. SSW//Q...-RDS
Ohi g
n... = total number of individuals

Estimating variance components

2 B~ e

S RD

2 _ Bp My

D RS
2 - Moep - M5;

8D R

2

GW = MSw

2 . M5_ - MS
e 7 S

henotypiec variance = 2 + 2 + 2 + 2
F P S 9% T 9% T 9% T Iy

2
Whether or not 9, should be included in the phenotypic variances is
debatable.

Standard error of the components is the same as on page 17.

:

e

2
sE. ¥ £ =
g

ke fg + 2

Example. Four paternal (pcllen parent) Western White Pine trees
were mated to seven masternal (seed parent) tress and 2,654 progeny
grown in plots replicated in four replications, one plot per mating
in a replication. The epicotyl length was measured in centimeters
and the heritability calculated in a factorial analysis (Hanover &
Barnes, 1962). It is assumed that F = O.
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Table 1. Plot means of progeny epicotyl length
Maternal Replica- Paternal parent .
parsnt tion M7 A9 o2 458 "
1 hohy 3.1 3.52 3.43
2 L.32 2.6 L.17 3.36
#1973 3 3.50 3.65 5.l L.10
b 3.58 2.97 3.81 3.63
2oy s 15.87 12.4g 16.94 1h.52
J 59.82
1 L.38 3.10 3.27 L .32
2 3.32 2.19 3.43 3.23
#195 3 3.24 2.69 2.72 3.65
L 3.55 2.97 3.38 3.08
Zi . . 14 .49 10.95 12.80 1kh.28
+J 52.52
1 L.80 2.92 3.76 3.19
2 L.74 2.32 3.38 3.73
#97 3 5.14 2.97 3.5k 3.15
b ho2y 2.18 3.38 3.87
Z. . 18.89 10.39 15.06 13.94
J 57.28
1 3.6k 2.92 3.26 3.4
2 2.86 3.10 L.38 2.96
#201 3 2.87 2.48 3.62 3.67
N 2.56 2.52 3.75 2.37
Z .. 11.63 11.02 15.01 12.41
+ 50.37
1 L. .05 L.32 3.46 2.95
2 3.73 L.k 3.21 3.17
#203 3 L .50 3.59 3.14 2.67
N L .33 3.85 3.11 2.8
Zu .. 16.61 15.90 12.92 11.63
+ 57.06
1 3.75 2.63 2.83 2.93
2 2.34 2.36 3.78 3.20
#20h 3 L.11 2.27 3.75 2.52
L 2.62 2.68 3.29 3.13
T . 12.82 g.94 13.65 11.78
+d 48.19
1 4.20 3.23 L. bs 3.73
2 3.31 2.72 3.04 3.31
#0208 3 L .58 2.38 2.89 3.73
L 3.82 2.45 L. .20 3.30
Zeg s 15.91 10.78 14.58 14.07
J 55.34
Loy - 106.52 81.47 99.96 92.63
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Replication (Zh..)

- 2 3 Iy
10C.33 92.26 96.56 91.43
2
R=4h, 8=L4 D= 7, RSD = 112 i?‘? Zh:l_J = 1,343,593

Analysis of Varisnce - 1

2
Correction term 38§i28 = 1,293.22L
2 2 2 2
Replications (200.33)" + (92.26) 28(96'56) + (QL3) | 1,295.046
ssR = 1,295.046 - 1,293.224 = 1.822
e 2 2 2
Paternal (106.52)° + (81.47) ;8£99.96) + (92.63)° _ 1,305.578
sss = 1,305.578 - 1,293.224 = 12.354
2 2
Maternal (59.82)7 + . = + (55.34)° _ 1,299.722
88, = 1,299.722 - 1,293.22%k = £.498
Paternal x (15.87)2 + (12.49)2 + ..t (ll.t.58)2 + (lh.O?)e - 1,325.537
maternal N - )
ssSD = 1,325.537 -'1,299.722 - 1,305.578 + 1,293.224\=
13.461
Paternal-maternal
combinations x ssI = 1,343.593 - 1,325.537 - 1,295.046 + 1,293.224 =

replicates

16.234
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Source da.fr. Sum of Squares
Replications b w1 = 3 1.822
Paternal hwl= 3 12.354
Maternal 7T-1= 6 6.498
Paternal x maternal 3x 6 =18 13.461

Paternal -maternal
combinations x (28 - 1)(3) = 82 16.234
replicates

Individual observations on 2,654 trees were analyzed below.

Analysis of Variance - 2

Scurce Sum of Sguares d.f.
Between plots 32;8§Té§;.é731’651‘37 112-1 = 111
Ezgﬁiiguals, 35;6g5é§g.él32,867.2u 2;6gu5;2112
within plots ? ’

n = E%E-(E% + ...+ %) = 0.0461

Obtaining variance components

O2 _ L.118 580.7h8 - 0.120

2 _1.083 - 0.748 _
D= T = 0.0209

2 _ 0.748 - 0.200
Ysp T N

= 0.137

2
Ty = 1.109

gf = 0.200 - 0.0k61 (1.109) = ¢.1kgy

Phenotypic variance = 0.120 + 0.0205 + ©.137 + 1.109 = 1.386

Mean Sguares

0.607
4.118
1.083

0.748

0.200

Mean Squares

(e

z
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Standard errors of the components

2 2
2, 2 [L4.118 0.748 ~
S.E. (US) = ;8'—2“&——5———" + TO") = 0.093
2 2
S.E. (gg) =4 22 (;1'883 + 0‘228 ) 2 0.037
16
2 2
2\ o 2 /0.748 0.200° \,
5 logy) 5 /05 (“—26— t e )— 0080

Heritability estimates if the individual trees that were neasured were mated
together would be:

2
L g
2 S 4{0.120) _
hg 5 “if§86§i’ = 0.346
I

2 4 Gg 4(0.0209)

T
o 2(62 i Gi) 2(0.120 + 0.0209)
Ay T = = 1.3860 = 0.203

IT genctyps x environment interactions are Present then these estimates are
inflated in the following way {Dickerscn, 1963):

Megt Performance of h2
Praogeny
vV, +V
One environment Same environment T VA T VGE "
A D GE B
VA
One enviromment Cther environments

+ + +
v Vb v v




Standard errors of the heritabilities

4 (0.093

2
5.8, (hg) = 1385

= 0.P68

2 _ 4 (o.037)
S.E. (hD) = T3R8 = 0.107

4l
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Diallel Crosses

2
A set of p lines are crossed amongst themselves. There would be p

crosses dividing into three portions: the p lines, a group of 1/2 D
{p-1) F,'s and the reciprocal 1/2 ¢ (p-1) F,'s. Griffing {1956) has
given the models for four methods: (1) all possible p crosses,

(2) parental lines and one set of Fl's, (3) ome set of F 's and

the reciprocal set, and {(4) one set of F,'s.

A. Animals

Here one set of Fl's and its reciprocal will be analyzed. The
mean of the crosses will be usged in one analysis and the

individuals within ecrosses in another analysis.
1. Statistical medel

=p+gi+gj+s__+r, + e

7. - . . -
i] ij ij i

where Zij i1s the mean of the cross between line i (when used
as a sire) and line j (when used as the dam), u is overall

mean, g. is the general combining =ability of the ith line,

gj is general combining ability of the line j, S5 - is the
interaction of the i°F and jth lines (i + j), r.. is the
reciprocal effect of the ijth versus the ji cross and ei.

is the random error.

Two models zre considered. In Model I the lines are fixed
while in Model II the lines are a random sample. Although
it is possible, it would be relatively rare that lines of
animals would meet the assumptions for a Model II analysis
{211 inbred lines derived from the same non-inbred reference
populations, no selection of lines, same inbreeding in each
of the lines).

The animals of each line are mated at random with animals
of each of the other lines.

Using the means of each cross Analysis of Variance -1 presents

the expected mean squares for Models I and II.
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The second analysis uses individual data. If individual data
are not available (pen means, etc.) then ANOVA-1 is used alone.
The second znalysis estimates e

The formula is Y = + O

fk P Sy

where Yfk is the individual observation cof the kth progeny in the
th

T cross, W 1s the general mean, ¢ is the effect of the fth CTross,
and efk is the environmental and genetic variance among individuals

within crosses.

ANATYSIS OF VARTIANCE - 2
(Individuzal datz)

Source d.f. MS Ixpected Mean Sguares
Crosses p{p-1)-1 MS -- --
Individuals 2

within crosses n.--p(p-1) W W
n.. = total number of individuals

See Eisen et al. (1967) for an analysis where crosses were made
over several years.

2. Genetic model
In Model T estimates of the parameter g. involves the accumulative
additive genetic effects of autosomal génes of line i, plus some
sex linked and maternal effects, 51+ is the cumulative non-zdditive
genetic effect of the cross 1j and Ji, r.. is the reciprocal effect
and with animals contains mainly maternai and sex linked effects.
In Model IT if we assume that the lines are completely inbred then
estimates of the variance comPOnents have the following genetic
meaning:
Heterogametic
Males Females
3¢ g9 48 o9
v v
Components VA VD VAA VAD VDD v A VM B VL VL I VL
2 ‘
“gea 1 o 1 0 0 1 /4 ¢ 1/4 1 1 1/k
52 o 1 o 1 1 o o o 0o 0 0 o
sca
cf o 0 0© 0 0 0 /2 0o 1/2 o o 1/2
6% o o o o 0 0 o 1 0 0 o0 0
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Heterogametic males include mammals and insects, heterogametic
females include birds. The genetic interpretation of this design
is discussed by Eisen, et al. (1966). Note that the general

combining ability variance includes estimates of maternal variance.

Designs incorporating general and specific reciprocal variances
have been given by Cockerham (1963) and Eisen, et al. (1967).

There are some differences concerning the interpretation of the
effects.

When the lines are not completely inbred the variance components
estimate less of the genetic variance.

3. Computational formulas
The symbel Z designates the mean of the specific cross.

Analysis of Variance - 1

Scurce of Variation Sum of Sguares
GCA §T§f§7 z (zi_ + z.i)g - %%ﬁfET
Sca % §<:§ (Zij + zji)2 -3 ;_2 z (zi.+ z_.)2
T
Reciproeal % §<:§ (Zij - ZJI)E

The second analysis utilizes the individual observations.

Analysis of Variance - 2

Source of Variaticn Sum of Squares Mzan Sguare
Crosses z Yfg - C.T. Not needed
7 .
Individuals within
crosses Z Yik - L Yi. SSW///ﬁn.. - p(p-1)]
fk T
Estimating variance components in Model IT
2
oy =My
o) -
c = Mss nk MSW
* 2

o -
) Mssca nk MSW
sca 5

2 Msgca - MSsca

Gca
& 2(p-2)

Il

1l
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B. Plants

The most common diallel cross in plants consists of cne set of F.'s. It

1

will be assumed that p lines are inbred and that all of them have the

same coefficient of inbreeding. It 1s possible t¢ mate random individuals
from a reference population but the usual situation is a group of lines
selected for some trait such as yield.

1.

Source

Statistical model

xp+gi+gj+s,_+e

Z. . .
ij ully ij

where Zij = mean performance of the ith rarental line mated to the
J 7 parental line. U is common to all observaticns, g; (gj) is the

th ,.th
(5

general combining ability of the i ) parental line. Sij is

the Interaction of the ith and jth rarents, and e, 1s the random
error.

Using the means of the crosses, the first analysis of variance is
given for two sampling assumpticns, Model I and Model II.

Analysis of Variance -~ 1

a.f. ss MS EMS

GCA

SCA

Mcdel I Mcdel IT

2 1,22
p-1 S5 MS noy + (p=2)(577) je;

2 2 2
gea gca -1 ncw Ta a - (p-2) ch

s5C a

2 2 Lz 2 2 2
P(P'3)/2 Sssca MSSCa l’lcrW + (m) i< Si,j l’lCITWT + Gsca

n = reciprocal of average number of plants per cross. With unequal
numbers of plants use the reciprocal of the harmonic mean.

The second analysis of variance is used where individual data are
avallable. The formula is

- x
Tpoy =M ¥ 0y F X+ (Bx) . v

where Yhfk = the observation of the kth individual of the fth cross

in the hth replicate. W is common to all observations, Gh is effect
cf the hth replicate, X £ is effect of fth Cross, (6I)hf is inter-

action hth replicate and fth crecss and € Pk 1s the genetic and en-

vironmental effect between full sibs in a plot. There is only omne

plot per cross within a replicate.




Source d.f. 58 s EMS
Model T Model IT
. . 2 2 2
Replications R~-1 Ssp  Msp o+ FKZ(R) oy * K ap, + FXo
Crosses (F.'s) F-1 fs MS 02 + RKP(F) 02 + K 02 + RKo
1 F F W W RF
Crosses x 2 2 2
- - S M3 + K RF + K
replications (R 1(F l) S RE REF UW ¢ ( ) GW GRF
Between full sibs 2 2
within plots RF(x-1) Sy M5, oy y

R
i3
K

It

It n
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Analysis of Variance - 2 (observations on individuals)

number of replications
number of crosses (Fy's)
number of full sibs within a plot

It is possible to consider mixed models where replications are random

with crosses fixed and vice versa. Criffing (1956) gives some
of these models.

. 2 .
To estimate n and error term o.. in ANOVA -~ 1 for Model I assumptions,

W
use 1/RK and utilize MSW. For Model IT assumptions use n = 1/RX

and MSRF' These error terms are then on the basis of means.

Genetlc model. Model II assumptions (sce Matzinger and Kempthorne,
1956)

If only one plant is used rer line, then the coefficients =4 and §
are.:

= 8
cOov. 1-F O
HS n
cov 1+ ¥ (l x F>2
s 2 2

The covariance of half sibs estimstes

1+ 7 1+ F)e
cov... =

o T VA+ v R PR

AA

and the covariance of full sibs estimstes

> 2 3
1+ F 1+ F 1+ F 1+ F
Vs T T2 VA+( 2) VD+(2> VAA+( 2> Vap
i
1+F
+( 2) VDD+..............

o o\
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The variance components in terms of the covariances between relatives

are
2 = COV

“gca HS
e = cov - 2 cov

“sca - ““Vrg S

GS = the common enviromnment of a plot
2 = 02 - cov

T T FS

When mere than six plants are used per inbred line and the pollen

is buiked, the coefficients = and & are:

=< )

COV4_ 4 F/2 0
2

COVAB,AB F F

The components estimate

2 2
Ogea = COVp po = F/2 v, t (F/2) Vap T ooeereennnn
02 = cov - 2cov = ng + 7/8 sz +FY o+ FhV
sca AB, AR A=, A= D AA AD DD
Computational formulas
Analysis of Variance - 1
{using means Zij)
Sourca Sum of Sguares
1 .2 L 2
G.C.A. -7 1 Zi. " (o Z..
2 1 z 2 2 2
S.C.A. 1< Zij 5 -2 i Zi. 5-1)(5-2 7.
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Analysis of Variance - 2
(using individual cobservations)

Source Bum of Sguares MS
Correction term ngﬁ
Replications iyin - .
K el
5 -
Crosses (Fl’s) ? e, . om
T .
Replications x Zz Y2 Z Y2 = YE
o nr L oy B | p I L og MS
crosses % T T LT - -
Between full sibs, SHDHDY Yifk -ZZ Yﬁf
within plots htk h f x MSW -
&. Model T
2
noW—MSW/RK

Estimating Cenersl Combining Ability of the ith line.

_ 1
gi ——m [P Zi. QZ..]
Bstimating variance of QCA of the ith line.

B~1 2

o o 4
T
Estimating 8;5 for each cross (Fl)

;s 1 2
=7 - = . T2 L) .
1#J p-2 (Zl. Z-J) p-1}{p~-2 z —

Estimating variance of Specific Combining Ability of ith line.

2 __1 & 2 _p3 2
e, T e2) iA P13 T b2 Mw
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b. Model II

2
oy = MSRF/RK
2
sca T sca MSRF/RK
o M3 - MS
_ _&ca sca
cha p-2

(12

S.E.

where k = coefficient of the varlance component being esti-
th
mated, MSg = the g mean sgquare used to estimate the wvariance

component, and fg = the degrees of freedom of the gth mean

square. Estimating the S.E. of Ugca

2 2
( 2 ” 2 Msgca Mssca

o___) 2 +
ca 2 +1 2+ - 2
g (P*E) P P(P 35;

4. Exemple. The worked example for nine inbred lines of Zea mays in
Griffing (1956) is presented with permission of the author and the
Australian Journal of Biological Sciences. Total yield is the trait
considered and the experimental design was six randomized blocks.
The Fl plots in each block contained 13 plants. The means for total
yileld for each cross are given below.

5.E.

Inbred Inbred ILine Number
Line 2 3 L 5 é 7 8 g Z3

Number
1 2hc.0 260.0 230.4 257.0 2Ll.5 266.9 240.1 300.4 2,036.3
2 209.0 217.3 233.1 229.5 266.9 216.3 214.2 1,826.3
3 183.7 253.7 250.1 268.8 222.3 252.1 1,869.7
i 233.8 213.7 255.7 197.4 281.c 1,813.0
5 206.8 272.2 2hp.9 260.8 1,960.3
6 2638 270.3—R83-9> 1,957.6
7 273.2 302.2 2,167.7
8 259.6 1,922.3
g 2,154.4

7.. = 8,868.8

p =9

example of Di
Zg (see line) = 241.5 + 229.5 + 250.1 + 213.7 + 206.8 + 261.8 + 270.3
+283.9 = 1,957.6.
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Calculating Anglysis of Variance - 1

Source Computations

L

GCA 535

(2,036.3% + 1,806.3% 4 .n..... + 2,158.4%)

(35,088,292.26) = 5,012,613.1

= =~

(8,868.8)% = 1,00k, 007.20
5(5-2)

5,012,613.1 - 4,99k 007.2 = 18,605.9 = ssgca

S,y = 18,605.9/8 = 2,325.7

SCA eho.o2 + 260.0% + uun... + 259;82 = 2,212,645.0

2

TS (8,868.8)° = 2,809,129.0

2,212,649.0 - 5,012,613.1 + 2,809,129.0 = 9,164.9 = 88cca

MS_., = 9,164.9/27 = 339.L

fnalysis of Variance - 2 has been calculated and is given by Griffing (1956).

Source . d.t. M.S3.
{ oat
?ﬁﬁiﬁ;j)lons 5 257,943.53
Crosses (Fl's) 35 61,889.36
Replications x
crosses 175 121,803.61
Between full sibs 2558 1,642.48

The degrees of freedom for between full sibs should be 2592 but was
reduced because of missing data.

n/= 1/RK = 1/number of replication x number of plants per plot = 1/(6x13) =
1/78.
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For Model I, estimates are obtalned as follows:

Source d.f. Mean Square
GCA (9 -1) =28 2,325.7
sCA 9 (9 -2)/3=27 339.4
Error Term 2558 21.05

The error term is 1,642.48/78 = 21.05.

The components

2 _ - 9-2
- (2,325.7 - 21.05)/f = 2,633.88

X 2

2
i>jsij - (Mssca h M%¢/78)/(§WT§:§T)

[

(339.4 - 21-05)/5% - 8,595.5

Estimating general combining ability g: of each line

1
g, = 30527 [9Zi. - 2 (8,868.8)]

for line 1

5, = 27 19 (2,036.3) - 2 (8,868.8)]

9.35
The wvariance of the GCA of a line

For line 1

o = (9:35)° - giatsy (21.05)

€1
= 84,78
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The general combining ability of the lines

Iine

O D1 W W o

Estimating specific combining ability for each cross

For creoss 1 x 2

1

s, = 2h0.0 - =—

12

9-2

g,

1
9.35
-20.65
-10.16
-22.55
-« 1.51
- 1.89
28.12
- 6.43
26.22

(2,036.3 + 1,806.3) + T§?i§%§?§7 8,868.8 = 4.9k

100.
505.
-0.

788.
L5,
58l

The specific combining ability for eazch cross is given below

82

Line Line Number
Number 2 3 b 5 6 7
1 L. gl 1h .46 -2.76 2.80 -12.31 -16.93
2 -6.54 14,14 8.90 5.68 13.07
3 ~29.94%  1g9.01 15.80 L L8
b 11.50 -8.21 3.77
5 -36.16 -0.77
6 -10.78
-
8
9
The specific combining ability variznce for line 1
2 1 2 2 _9-3
O, = Tomy (heoh + 1hb6” 4 L 18.47°) 25 (21.05)
The scaz variance for the lines
. 2
Line Gsi
1 139.60
2 264k .69
3 258.26
L 361.40
5 270.42
6 435,28
7 73.80
8 221.08
9 431.51

-8.67
-2.h7
-6.66
~19.47

4. 99
32.77

5.66

139.60

18.47
-37.73
-10.31

30.97
~10.27

13.22

1.50

-5.85
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Under Model II assumptions

Source d.f. Mean Square
GCA 8 2325.75
SCA 27 33G.4k
Error 175 151.33

2 _2,385.7 - 339.L _ £83.76

gea g-2
2 2
2y 2 [ 2,325.7 339.4
S-E-log,) = 2 (\ 10 55 ‘)
= /22,23 = 14g9.12
Osci = 339.4 - 151.3 = 188.11

no
~—
I

2 2
2 [ 339.4  151.3
oa e ¥ 2 (B

J 8,202.96 = 90.57

The estimate of the additive genetic variance, assuming the additive x
additive interactions to be zerc, is

it

vy =20, =2 (283.76 * 1h9.12) = 567.52 ¥ 298,24

The estimate of the dominance variance, assuming the higher order interactions
t0 be zero, is

2 _ +
VD = Ogon = 188.11 * 90.57

The environmental variance between plants on the same plot is

2
Vo = o, = 1,6Lk2.48

The S.E. 1is

2
/2 1642.48" _
S.E. = /T S 2107.61 = 45.91

Vg = 1,642.48 * L5.91
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Diallel designs utilizing parental information

Completely inbred, partially inbred or random-mating varieties, provided
the last two types have reached a Hardy-Weinberg equilibrium, can contribute

- congiderable information about heterosis when the parental lines are

reproduced. A general model has been brcposed by Gardner and Fberhart
(1966) 2nd Fverhart and Gardner (1966).

With p 2 4 and one set of Fl's and the parental line data their analysis is:

Source d.f.
Populations [p(p-1)/2] -1
Varieties r-1
Heterosis (hij) p{p-1)/2
Average (h) 1
Variety (hj} p-1
Specific (s, ) p(p-3)/2
where
hij = het§r0§is due to differences in gene frequency between i and J
varieties and to dominance.
g = gverage hetercsis contributed by the particular set of
varieties used in the crosses.
h. = average heterosis contributed by variety j in its crosses
J measured by the deviation from average heterosis.
Sij = the specific heterosis when variety 1 is mated to variety j.

Required is the restriction that

i J

When the selfed progenies of the varieties and/or the selfed progenies of the
crosses, the random~mated varieties, the variety crosses random mated, and

the variety crosses are availsble then the Tellowing information can be
obtained:



o9

Source a.f.
Populations [p (3p + 1)/2] - 1
Additive Effects n=-1
Dominance Effects n
Heterosis (Hij) p (p-1)/2

Average (h) 1
Variety (hj) p -1
Specific (s ) r (p - 3)/2
Residual v (p-1)

Model T assumptions hold throughout and certain of the parameters are non-
orthogonal requiring = computer to provide the least square estimates.
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REGRESSION OF CFFSPRING ON PARENT
AND HERITABILITY

The reference population is the population from which the parents are derived.
The symbol X will denote the observation on the parent. When the mean of the
offspring is used Z will be the symbol. It is assumed that the population is
not inbred and randomly mated. If the parents are assortatively meted ses
Reeve, 1952; Dawson, 1964; Wilson et al. 1966.

I. Sire--coffspring mean

This design is useful when & sire is mated to a series of dams and each
dam has one progeny.

A. Statistical model

where Zi i1s the mean of the offspring of the ith sire, X is the

. . .th . )
Observation in the i sire, B is the regression of Z on X and ey

1s the error associated with the Z's.

B. Genetice model

The model is given in terms of the covariance of % and X, conZ.

Hetercgametic
Males Females
5 o I o9

source ‘s p Van Yap Vop Ve Yy Vp Vo VL v, T
€
T

1
cov > 0

1 1
- °© ¢ § ¢ 0o 0o 1 3

M-

C. Computationzl formulas

1. Obtain 222, ng and Ixz

2
w2 = xo? o {22

N

2
ot = o - (ZEL

N
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Zxz = ZX% - ZX)\ZZ

N

where W = number of sire - offspring pairs

The regression of offspring on parent (b)

2. Heritability

X7

x denominator)

2

Twice the regression is heritability. h° = 2%

3. ©Standard error

2

222 _ TXz )

52 N Ix
s H-2

S2
b

S-E.(b) = =
X

5.5. (8°) = 2 8.5.(b)

5 (because W - 1 is common to both numerator and

Example: Seventeen chicken sires were mated and the progeny
weighed at eight weeks of age.
sires and the mean of male progeny are as follows:

Sire weight
X

601
733
793

795
818

838
854
880

Progeny weight

The 8-week weights of the

Sire weight

Z X
910 882
983 895
976 952
1,050 953
1,080 961
1,040 979
1,040 995
1,025 997
1,0k0

Progeny weight
Z

9ok
1,030
1,021
1,078
96k
976
1,110
1,0k
1,035



63

X = 14,966 N =17
5X° = 13,375,506
2
%o - 13,375,506 ~ b §$6) « 200,14k
£XZ, =601 x 910 + 733 x 983 + ..... 1,040 x 1,035 = 15,319,806
A = 17,353

Lxz =

cov, = Eiigﬁé _ 2,600
b = E%%f%%% = 0.215
n® = 2b = 0.430

Standard error

27 = 17,353

2
LZ = 17,752,029
C.7T. = 17,713,329
Eze =

2
(43,042)
2 _ 38,700 - 200,1

b B 15

1,963

‘ 9
F.(b) = = 0.0
- )
g.E. (h™) = 2(0.099) = ¢.198
Heritability estimate

e _ 0.43 % 0.198

15,319,806 - 15,276,764 = 43,042

17,752,029 - 17,713,329 = 38,700

1,963
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II. Intra-sire regressicn of offspring on dam.

With certain species one sire can mate with several dams and esch dam
produce several offspring.

The sire effect is removed by obtaining the regression of offspring on
dam within the sire.

A. Use of mean of dam's offspring

The symbol Z is used to designate the offspring mean while the symbol
Y will designate the record on the individusl offspring. X will
designate the dam's record.

1. Statistical mogel

Zij - S =M+ (Xij -X..) 4 €1
where Zi' is thihmean of the regﬁrds of the cffspring from a
mating of the i sire to the dam; [l = common mean; Gri = the
effect of the ith sire; B is the regression coefficient of % on
X3 Xij is the record on the jth dam mated tc the ith sire; x.. is
the phenotypic mean; eij = the deviation of the means of the
progeny. The regressions from the sire families are pooled to

obtain the common regression coefficient, B.

2. Genetic model

Tt is assumed that the populstion is not inbred.

Heterogametic
Males Females
35 9e I 99

Voo Y Vap Ypp Ve Yy Vg VW . V1
1 1 1 1 11
c OVD (ZX ) > O E o O "8- -2"- 0 -é- E 1 ¢

The covariance estimates one-half of the additive genetic

variance, so multiplying by two gives an estimate of all VA'

Note that this method also includes the maternsl effects VM.

Dividing the covariance by the variance of the dams, within

sires, gives the regression. Twice the regression estimates
heritability.
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3. Computatioconal formulas
The sum of sguares for between dams, within sire are needed for

X, Z and ¥X%. The table below gives the required estimates,
SSD(XX)’ SCPD(ZX)’ SSD(ZZ)' SCP 1s Sum of Cross Products.

Sum of products

Scurce a.f.

—— Dams XX Dam x Progeny X7 Progeny 47
Between sires 5-1 not needed
Retween dams within
sires D-5 580 (%) S (zx) 55 (z2)
Total D-1

where 8 = no. of sires and D = no. of dams.

a. Analysis of variance for dam's records

Source Sum of Sguares Symbol
2
' 5 %4
Sires ——
in,
i
2
Dams/sires ? ; Xij _ ; Xi. SSD(XX)
13 i ng

where ni is the number of dams mated to the :'Lth sire.

b. The SSD( is obtained in the same way using the mean of each

77)
dam's progeny, 7.

¢. The Sum of Cross Products, SCP is obtained in a similar

2
manner. D{zX)
Analysis of Covariance
Source Sum of Cross Products Symbol
Xi Z1
Sires z - -
n.
1 1
X, Z.
i Xz .. = Z i. . 5CP
Dams/51res L L Xij Zl'J . i i D(zX)
i3 i n_
1
SCPD X
cov.

D(zx) ° T D-8
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d- Regression is obtained

SCE
b o= - D§ZX!
®p(xx)

h2 = 2b

e. The standard error of h2

(SCPD 7 )2
si - S8p(gg) - S5 )
(D~5-1)
2
5.2.(p) = b
SSD(XX)
§.E.(n°) = 28.5.(p)

L. Example: Six sires were mated to differing numbers of dams and
the B-~week body welghts of the chicken females obtained. The
dams' 8-week weight and the mean of the offsprings' records are
given.

Sire  Dam (Xij) Progeny mean (Zij) Sire  Dam (Xij) Progeny mean (Z..)

iJ
# 754 808 i 569 850
648 700 8ho 8o2
881 720 732 830
T 2283 n, =3 2228 5. 2550 n, =3 2he2
72 A0 725 45 T4O 806
12 8ho 7h1 835
812 800
L 226l m, =3 2365 Z 1481 n, = 2 1641
#3 765 780 #6 831 830
807 8Lo £39 8ce
733 50
L 1572 n, = 2 1620 I 2203 n, =3 2134
a. Ubtaining SSD(XX)
Source 5 5 5
Sires (2’283) + £?’§6h) + ...+ L§L§9i2- = §,563,436
Di?iés (154)7 + (648)% + (831)% + (1h0)® + . . . (733)° - 9,643,381

9,643,381 - 9,563,436 = 79,9L5 SSD(XX) = 79,945



Source

Sires

Dams/
sires

Source

Sires

Dams/
slres
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b. Obtaining SSD(ZZ)

(2,228)2

, (2,365)°
3 3

(808)2 + (700)2 + (720)2 + (725)2 + .

¢. Obtaining SCPD(ZX)

(2,283)(2,228) |
3

= 9,645,541

(75L) (808) + (648) (700) + . .

.+

9,653,557 - 9,645,541 = 8,016 SCP

8,016

COVp(zx) T 16 - 6

= 801.6

(2,264)(2,365) .
3

D(ZX)

2
T +£E%£)— = 9:7)*91135

(501)° = 9,830,870

(2,203)(2,134)
3

. +

(733) (50k) = 9,653,557

= 8,016

The estimate of the additive genetic variance is 2(801.6) =

1,603.

d. Cbtaining the regression coefficient

8,016

75,985 = O-10
2

h“ = 2 (0.10) = 6.20

L =

e. Standzrd error of h2

_ (8,016)°
2 BLT35 - =i

s =

b (16 =6 - 1)

8,992

5.3.(n°) =2 ./ 5.1125 = 2 (0.335) = 0.670

The heritability estimate is 0.20 & 0.67.
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Other methods

The previous two methods are the most commorn. If the number of off-
spring per dam is unequal, then other methods may be used. Individual

observations of Progeny can be regressed on the dam's record (Bohren,
et al., 1961).

Ancther method of obtaining the heritability from the regression is to
welght each family (Kempthorne and Tandon, 1953). An explanation of this
method with a worked example is given by Falconer {1963).

Correcting for inequality of male and female phenctypic variances. When
sire-daughter or dam~son regressions are obtained a correction has to
be made because of the differences in the varlances of the two zexes.

Clayton, et al. {(1957) nave suggested that the regression coefficient be
multiplied by

5
g &

when dam-son regressions are obtained. The o 1s the phenotypic standard
deviation of the unselected sexes. The standard error of b correspond-
ingly has to be multiplied by this guantity.
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CORRELATIONS

The genetic, environmental and phenotyple correlstions between two traits can
be obtained by methods similar to those used to estimate genetic variances.

X will be the symbol for cne trait and Y the symbol for the other trait. It
will be assumed that the inbreeding of the reference population is zZero,
although correlations probatly can be estimated when inbred lines are crossed
using the same assumptions and genetic models as given previously for the
estimation of genetic variances.

T. Analysis of varlance and covariance

Two designs will be used to estimate correlstions, the nested and factorial
designs. Diallels can be used in the same way.

A. Nested desgsign

Fach sire 1s mated to several dams each of which produces seversl
offspring.

1. Statistical model

The model is the same as on pages 14 and 23 (plants). The analysis
cf variance for each trait X and Y separately is the same as given
previously. The anzlysis of covariance between ¥ and Y is as

follows:
Analysis of Covariance

Source a.f. Mean Cross Products EMCP

i - + +
Sires 3~1 MCPS covw k2 covD k3 covS

- +

Dams D-8 MDPD covW kl covD
Sibs n.. =D MCPW covw

2 2 2 2 2
5 s(x)’ “s(¥y “p(x)’ ‘DY) TwW(x)’
GW(Y) are obtained as before. The components of covariance

The components cof variance for o

can be derived from the above analysis of covariance using the

mean c¢ross products.
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2. Genetic model (see Mode and Robinson, 1959)

The components of covariance have the following genetic and
environmental meaning in terms of genetic covariance between
X and Y.

Component of . . .
P Genetic and envirommental covariances

Covariance
cov, covy COV, . CDVAD CovLy cov covy,
1 1 1
o
cov, I C 18 0 © an
cov. L L 3 x - L G
D i L 16 8 16 fan
1 3 % I 1> 1
eovy 2 n 3 1% 5 t
+eo 1 1 1 1 1 1 o
cov,teov, > L n 8 16 8
Thus, covS estimates l/h additive genetic covariance, 1/16 COVyas
ete.

3+ Computationzl formulas

The components of variance are derived as before. The formulas
below refer to cbtaining the components of covariance Letween

X and Y.
Analysis of Covariance
Source Sum of Cross Products Mean Cross FProduct
Correction term Z ---n L --
Z Xi Yi
Sires i ———= . .7 SCP 8-1 = MCP
ni 3 S
X.. Y.. X Y
Z = ij. "ij. Z 1., Ti..
Dams . . - SCE D~-5 = MCP
i] nij i ni‘ D D
X.. ¥
Z - . 1id.
Sibs “LE X Yy -ZETA. 8 SCP._ /n.. -Dp =
i k i ::1]._‘j 1
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Estimating covariance components

covw = MCPw
o - MCPD - MCPW
D kl
o = MCPS - MCPD
3 k
3

Estimation of correlations

The general formulz for estimating correlations is

c OVXY

%%y

Nocting the genetic and environmental meaning of the components
Of variance and covariance the proper covariances and wvarisnces
are substituted in the general formula.

a. Genetic correlations

1.) Sire components of variance and covariance

b covy
r (the fours caneel)

G = o o
/ Ysx) "s(x)

The genetic interpretation is

r, = cov, + 1/4 oV,

S ) * V% Va0 Oy = % V)
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T2
Dam components of variance and covariance
4 cov
D

r, = (fours cancel)
g / b ol P
D(X) D(Y)

The genetic meaning is

covA + covD + epistasis

Ty * Vo T gy * ogmy *en)

The genetic correlation obtained from these components

has dominance and epistasis involved in its formulation.

Dam + sire components

cov, + cov
S D

'« T /o > 5 5
/C’s(x) "%y /%) T Oo(y)

This correlation also has dominance ang epistasis
involved in its estimstion.

Environmental correlationsgs

The objective is to obtain an estimate of the environmentsal

correlation as free as possible of genetic variances and
covariance.

1.)

2.)

covW -2 covs

Tg 2 > 2 o
: /GW(X) " 2 T5(x) /GW(Y) " 2 T5(y)

This estimate contains 3/4 covD and varying amounts of

epistatic covariance in its numerator.

COVW - 2 covD
"= /2 2 2 2
/“w(x) " 2 9(x) /GW(Y) " 2 9p(y)

This estimate contains l/h covD and smaller amounts of

epistatic covariance than in 1.) above.
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3-)

cov._ + cov_ - COovV,
W S] 3

5 fe 2 2 2 2 2
v{?w(x) T %) T3 UD(X)) (UW(Y) T %) T3 OD(Yﬂ

This correlation has only small amounts of epistatic
elements involved in its estimstion.

r

¢. Phenotypic correlation

cov.. + cov, + cov
W S D

s = 2 2 o > 2 2
: /C’w(x) T %) T %p(x) /C’w(x) T 9s(v) T 9p(y)

Standard error of the genetic correlation (Mode and Robinson,

1959).

The variances of the mean squares and the mean cross products
are obtained along with the covariances of the mean gquares
end the mean cross products in different combinations.

a. The variance of a mean sguare

2 M82

var (MSg) = fg -

where M5 1s the gth mean square and fg = the degrees of

freedom of the gth mean sguare.

The variances of the sire, dam, and full sib mean squares
for each trait X and Y are calculated.

b. The variance of the mean cross products

2
var (MCPg) = [(Msg(x)) (MSg(y)) + MCPEJ fg + 2

where M.CPg is the gth mean cross product, Msg(x ig the
g€ mean square for trait X and MSg(y) is the g~ mean sqguare
for trait Y.

c. The covarlance of mean squares

2 MCPZ
0 M3 M5 =
oV Wg(x) Wg(y)) = 7573

d. The covariances of the mean square and mean cross product

2 M3 MCP
(MS MCP £(x) =
g(x)’ S) fg te




cov (Msg(y), MCP ) =

T

2 MS MCP
gly)
Ff + 2
g g

g

e. The variances of the analysis of variance and analysis of
covariance components. These are obtained by summing the
variances of the mean sguares involved in estimating the
component and dividing by the square of the coefficient of

the component.

var (65,y)

2
var (UD(X))

2
var (GW(X))

var (MSS( %) + var (MSD(X))
3

k
ver (M5 () * var (MSy(.)
)

var (MSW(X))

The variances of the components for the trait Y are similarly

Obtained.

These formulas give the same results as the formulas on page

18.

f. The variance of the cross product components

var (cov

var (covD)

var (covw)

g. The covariances

2 2
cov (GS(X); Gs(y))

2 2
oV {op(x)> Ip(y))

2 2
cov (GW(X)’ GW(y))

[}

]

var (MCPS) + var (MCPD)

k2

3

var (MCPD) + var (MCPW)

2
kl

var (MCPW)

of the variance components

cov (MSS(X)} MSS(y)) + cov (MSD(X)_, MSD(y))

cov <MSD(X)’ MSD(y)) + cov (MS

k2

3

Wix) wW(y)

2
kl

cov (MSW(X)’ MSW(y))
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Source

Sires

Dams

Sibs

Example
Iin

>

The covariances of the analysis of variance and analysis of
cocvariance components

wv(M%&y M?Q-fmv(mﬁﬁ)mmy

k2

3

cov (02 cov,,)
s(x)’ S

COV(M%MXY MED)+cov(M%MX)Mmh)

I

cov (62 cov_ )
D(x)’ D N
1

I

cov (GW(x)’ covw)

cov (MSW(X), MCPW)

The components of trait Y are similarly treated.

The general formula for the variance of the correlation
coefficient, r

N var (cov ) var (02 X ) var (02 }
var (rg) 2 7 5 & 4 2 g(); + 2 g(g)
covg Gg(x) (Gg(y))
2 2 2 2
v (og(x), covg) eV écg(y), covg) ) COVE(Gg(Xg, Ug(y))
% (x) covg T (y)’ covg ch(x) Tel(y)

The standard error would be the square root of the above
quantity. For S.E. of genetie, environmental and phenotypic
correlations of single pair and one-way layout designs see
Scheinberg (1966).

Broad Breasted Bronze turkeys, seventeen single sire matings,

four dams to a sire, were made and each mating produced three male
progeny. At 24 weeks of age body weights and the chank length
were measured. The mean body weight was 10,922 grams and mean
shank length was 190.2 mm. What are the correlations between
these two traits? Obtain the components of variance for each
tralt along with components of covariance.

Mean Squares and Mean Cross Products

d.f. Bedy weight B.W. x 8.L. Shank length
MS MCP MS
16 1,456,187 5,171 86.30
51 1,033,392 3,658 45.51

136 810,551 3,105 36.47
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Components of Variance and Covariance

Body Weight B.W. x S8.L. Shank Iength
og = 35,233 covS = 126 Ug = 3.399
02 = 74,280 cov_ = 18L 02 = 3.013

D ’ D D ’

2 2
o = 810,551 cov, = 3,105 O = 36.47

a. Solve for genetic correlations
1.) 8ire components
Ty = 126 = 0.364
v 35,233 ./ 3,399
2.) Dam components
184
‘e T /L, E80 L/ 3.e18 C ©0389
3.) Sire and dam components
126 + 184
e T /35,233 7 75,880 /3.399 + 3.013 ~ 0+3%9
b. Solve for environmental correlations
1.) Subtracting sire component
3,105 - 2 (126)
o= = 0.608
E ./ 810,551 - 2(35,233) ./ 36.47 - 2(3.399)
2.) Subtracting dam's component
r = 3,105 - 2 (18%4) = 0.609
/ 810,551 - 2 (75,280) ./ 36.L7 - (3.013)
3.) Adding sire's component minus 3 % dam's components
r 3,105 + 126 - 3(18%) = 0.695

v 810,551 + 35,235 ~ 3(75,280) ./ 36.547 + 3.339 - 3(3.013)



T

¢. ©Solve for phenotypic correlation

126 + 184 + 3,105

r, = = 0.544
W 35,233 + 74,280 + BI0,551 ./ 3.309 + 3.013 + 36.47
d. Standard error (worked out for the sire and the dam component
genetic correlations).
1.) Variance of the mean squares and mean cross products
2 (1,456,187)° 5
var (MSS(X)) = 15 =5 = 2,356,089 x 10
2
ver (ucpy) = 12290,1870(86:30) ¥ 5.AT" g 167 15
2
2 .
var (MSS(y)) = —~§g§1igl— = 827.52
ete.
Souree Body Weight B.W. x 38.L. Shank Iength
Sires 2,356,089 x 10? 8,467,121 827.52
Dams 402,981 x 1o5 1,139,823 78.16
Sibs 95,216 x 10 285,071 15.28

2.) Covariances of mean squarssg and cross products.

a.) Bires

o
i _(2) sim)”
cov (MSS(X), MBS(y)) = Lulié—I—gl— = 2,971,027

_ {2) {1,456,187) (5,171
eov (M5g)s MOPg) = el 16+ 2 ( )

= 836,660 x 10°

) = (2) (86-30) (5,171) _ 49, 58k

jafenvy (Mss(y); MCPS 16 ¥ o
b.) Dams
2
_ 2(3,658)" _
cov (MSD(X)’ MSD(Y)) = —éiLI—EA“'— 50@,9&2

_ (2) (1,033,392) (3,658)
cov (MSD(x), MnPD) = S5

= 12,647 x 107

- _ {2) (45.51) (3,658) _
cov (MSD(y), MCPD) = 51+ 2 = 6,282.10
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c.) Sibs

2
_ 2 (3105)°

(810,551) (3,105)
136 + 2

cov (MSW(X),

no

cov (MBW(X),

MCPW) = = 36;‘)4'71") 795

no

_ 2 (36.47) (3,105) _
cov (Msw(y), MCPW) = T35+ 5 = 1641.15

Varlances of the components of the analysis of variance and
covariance

k) =3, ky = 12

_ 2,356,089 x 107 + 402,981 x 107

= = 19,160 x 10°
12

var (Ug(x))

. 5, >
var (Gg(x)) . k02,981 x 10 3; 95,216 x 10 - 55,355 x 107

) = 827.52 + 78,16

(¥) 2

2
var (US
12

= 6£.2894k

var (Ui(y)) _ 18.16 +219,28 - 10.8067

3

var (cov,) = 8,467,121 +21,139,823 - 66,715

12

var (COVD) = 1139, 8232+ 284,071 = 158,210

3

Covariances of components

2 ) = 2,971,027 + 504,9Lp

cov ( 2
77 Vs(x) %s(y) -

= 24,139

2 2 _ 5Ch,ok2 + 139,725 3
cov (UD(X)’ CTD(y)) = 2 ) = 7].} 630

3

3 3
cov (Ug(x), cov,) = 836,660 x 10 +21u2,6u7 x 107 . 5 800,743

12

3
2
cov (GD(X)’ covD) - 1h2,6h7 x 102 + 36,474, 795 = 19,902,422

3
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2 _ 49,584 + £,282.10
cov (Us(y), covs) = 2 = 387.959
2 _ 6,282.10 + 1,6L1.15
cov (GD(X), covD) = =2 32 = 880.361

5.) Variance of the genetic correlation

a.) Sire components

ry = 0.364
5
var (zy) 2 0.3642 66,7;5 L 19,160 xglO . 6.289&; _ 6,800,743
126 (135,233 (4)3-399 (35,233)(106)

387.959 . 24,139 B )
T (228Y (3.399) 2(35,2333 (3.399) } = 0.1325 (2.3872) = 0.3153

N, var(rG) = 0.562

The correlation is 0.364 T 0.562

©.) Dam's components

ry = 0.389
N > | 158,210 55,355 x 10° . 10.8267
var (rG) = 0.389 —w—i—Em— + 2 5+ 5
18k {474,280 (4)3.013

19,902,422 880.333 71,630 B
" Th, 280 (18%) 3.013 (185 T 377%,280) (3.013)} = 0.1513 (2.3379)

= 0.3537
. vareri = 0.595

The correlation is 0.389 * 0.585

The standard errcors are high because of the smzsll
numbers of sires and dams.
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orial design

lants a factorial design can be easily planned and genetic correlations

obtained. BElock and plot effects mske it difficult to define environmental
correlations because it would be expected that these environmental factors
would change from one experiment to ancther.

1. BStatistical model
The genetic variances are estimated as cn page 34 for the factorial
design. The analysis of covariance between the two traits ¥ and Y is
glven for the following design: paternal and maternal plants are
chosen at random from a non-inbred populaticn. Fach paternal plant
is mated to every maternal plant and the full sib progeny of each
mating planted cne plot per mating to = replicate. There are zeveral
fixed replicates. The mean of the plots are used in the analysis:
Analysis of Covariance
Source a.f. MCP EMCP
Replications R~-1 MCPR ———————————————————————
Paternsl g -1 MCPS nkc0vW + RcovSD + RDCOVS
v - +
Maternal D 1 MCPD nkcovW + RcovSD RScovD
Paternal 1 - -
aternal x materna (s -1(@®-~-1 MCP m, GOV, + Reov
Paternal - maternal (sp-1)(R-2) MCP. D, COv,

Matings x replications

= nunber of replications
= number of paternal plants

D = number of maternal plants

1l X2z X 1 . .
R ; E;;E (reciprocal of harmonic mean)



Source

cov

cov.

cov

ED

cov.

2.

3.

Genetlc model
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In terms of the components of covariance

cov

1

=1

|-

cov

He o

o

cov

Bl Bl

Coj

Fw

cov cov,

o]
o]

ool
&

-3
NG

Estimation of genetic correlation

Qe

cov

A B

Rl

Paternal component of variance and covarisnce

COVS(XY)
‘o T 2 2
Is(x)  %s(Y)

Maternal components

I‘G = /02
D

COVD(XY)
2
x)  p(y)

Maternal and paternal components combined

cov, + cov
5]

D

r, = J/[%

> >
s(x) T 9p(x

ﬂ [jg(y) ¥ G%(Y)]

cov
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Genetic

33

Estimsting covariance components

_ MCPS - MCPSD
cov, =

S ot

MCP. - MCP

CcCOov. =

tandard error of genetic correlstion

The standard error is obtained using the formulas on pages T1-73.
Pecause Ug is estimated bty subtracting the interaction mesn

square (MS from the paternal mean square (MSS), when

SD) o
calculating var (US), use the var (MS

rather than var (MSD)

applies to var (covs). The coefficients for og and covg

will be RD and the coefficients for c% and covD will be
RS.

SD) in the numerator

as in the nested design. The same

Diallel crosses

manner. See Griffing (1956) for a worked example.

correlations can be obtained from diallel crosses in a similar
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Parent-offspring regression

The parent-offspring covariances can be used to estimate the genetic

cocrrelations. The same statistical procedures are used when covariances
between the parent and offspring were obtained to estimate heritability.

A. Bilre-cffspring mean

This analysis follows that given on page 58. It is necessary to

obtain four covariances between the sire and the mean of his off-

spring.

The general formula is

Sxz = Txz - AZX)(ZZ)

N

XXz

cov = -1

where N = number of sire-offspring pairs.

Consider traits as numbers 1 and 2.

cov, covariance of trait 7_ in offspring and trait ¥ in
Z2X1 2 1

cov = covariance of tralt 7. in offspring and treit X. in
ZlX2 1 2

cov, = covariance of tralt Z. in offspring and trait X in
Z_X 1 1
1

cov = covarlance of tralt 7_ in offspring =nd trait X in
ZEXE 2 2

The genetic correlation is obtained by:

1. Arithmetic method

cov + cov
2%y 2%

sire.

sire.

sire.

gire.
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cov
Z1%5

b. g T cov cov
N/nglxl 2%,

cov
2oty

G cov cov,
v/ 21Xy ZoXs

Geometric method

cOov cov
ZoXy Z1%5

G cov cov
Z1%y Lok

Note that N - 1 is common to the numerator and denominator in all
formulas. Thus, it is possible to use Zzx instead of the co-
variances, thereby eliminating an operation. Thus in 1a,

Zzgxl + Zzlx2
r = T ——ee
G %/Zzlxl Zzex2

Intra-sire dam mean of offspring

The analysis of covariance for each trait is the same as on page 62.

Analysis of Covariance

Source Sum of Cross Products MCP

X 7.

Sires ; eI L
i n,
i

X, Z,
Dams/Sires ; ; X .2,, - ; TN SCP
i) ij7iJ 1 n, D -5

The four covariances as obtained previocusly in sire-mean of off-
spring are calculated: cov » cov s COV, s COV .
Z2Xl ZlXE Zle 22X2

The genetic correlations are derived as before in sire-mean of off-
spring. Note that the sum of cross products (SCP) can be used instead
of covariances (or Mean Cross Products) in these formulas because the
degrees of freedom cancel.
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C. Standard error of the genetic correlation (Reeve, 1955 and
Robertson, 1959).

2

2 S.E. (h7) S.E. (1n2)

S.|. (I' ) ~ 1 I'G 1 2
¢ J 2 hS 1o
W 12

The standard errors of the heritabilities are estimated from the
regression analysis (see pages 60, 6h4).

. Ixample

Fifteen single pair metings were made with Coturnix guail. The hL-
week body weights and body temperatures were measured on the parents
and the offspring. The covariances of the female offspring and the
dam's observation were calculated.

Trait 1 = Dbody weight
Trait 2 = body temperature
Means
Body weight (grams) Body temperature (°C)
Dams 90.80 h0.21
Female progeny 93.02 40.40
cov = 23,16 cov = 0.3033
2% 2%
cov = 0.0507 cov = 0.1h53
Zoks 7oKo
hi (vody weight) = (2) 0.208 = 0.596 7 0.529
hg (body temperature) = (2) 0.125 = 0.250 7 0.550
1. Arithmetic method
e 1, = 0.3033 + C.1453 _ O.4h86  _ 0.207

2./ (0.0507)(23.16) 2V 1.1752

b. r, = 23933 _ 4 g

« S 1.175h2



87

c. T, = 0.1453

S L1.17%2

If there are large differences between the variances of the
dam's observations and the offspring's records, then a cor-
rection has to be made to b and ¢ above (Dickersom, 1960).

0.13%

Geometric method

r, = (6.3033)(0.1453) = ©.164
(C.0507)(23.16)

Ven Vleck and Henderson (1961) have run a genetic simulation
problem and have compared the use of these methods. They found
Tormula la is preferable to 1b and lc. Situations where only
one cross covariance would be available that would necessitate
using 1lb or lc are probably rare.

Standard errors (for arithmetic method)

~ 1 - 0.414% {0.529)(0.550)
G JE (0.596)(0.250)

e,

0.819

H
1l
O

Jak t 0,819
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SELECTION INDEX

I. Intrcduction

A selection index is used when the breeder simultanecusly selects for several
characters. They are alsc used wheh selecting two or more traits and informa-
tion is available on the individual and its relatives. When selecting line
crosses it is possible to utilize indexes (Henderson, 1963). This section
illustrates how to construct a selecticn index based on the economic weights
and genetic parameters when two or more traits are measured on an individual.

A,

Required information:

1. The genetic and phenotypic variances: VA and Vf for every

trait considered in the selection index.

2. The genetic and phenotypic covariances: covA and covP between
each pair of traits. OQOccasionally heritability and genetic
correlations are given for the different traits. Then these
Particular estimates have to be solved to obtain the estimates
reqguired above (1 and 2). BRBecause of rounding errors, signif-
icant digits are lost in this process, and therefore correla-

tion coefficients are not used in this section.

3. The economic weights (al, By voe ak) for each trait. These
economic weights are based on the value in terms of the price
data and net profit. See Hogsett and Nordskog (1958} for an

example of economic weighting in chickens.

The aggregate genotypic value of the index is:

H = G, +ta. G. +

By TRy T e ay G
where the a's refer to the relative economic values, the G's are the

genotypic values of the trait, and 1 = 1, 2, . . . Xk traits.

Set up normal simulfaneous equaticns: Normal simultaneous equations
are used to cbtain the bi‘s which are the partial regression coeffi-

cients needed to construct a selection index, I.

I-= lel + b2X2 + . . .t kak

where Xl’ XE’ .« e ey Xk are the phenotypic values of the traits 1, 2
.+« oy k3 and b be, o ey bk are the coefficients for each trait.

lJ'




S0

The normal simnltaneous equations for k traits are given below:

Y B, o+ ocov b, + ... + cov b, =V a, + cov B T o
P(Xl) 1 P(XlXE} 2 P(Xle) k A(Xl) 1 A(XlXE) 2
+ cov
a0 % )%
cov. b, + V. b, + .. + cov b, = cov a + v a- + ...
P(XEXl) 1 P(Xe) 2 P(Xng) k A(XEXl) 1 A(Xg) 2
cov a
A(X % )k
cov. b, + cov by + 4. + T b = cov a, + cov a, +
P(Xle) 1 P(XkXE) 2 P(Xk) k A(Xle) 1 A(kag) 2
e + V¥
a(x )%
. . .th A L .
where VP(X ) = phenotypic variance of i trait, VA(X ) = additive genetic
1 th 1 th th
variance of the 1 trait, COVP(X %) = phenotypic covariance of i and J
17
trait, a, = econcmic weight of the ith trait, bi = partial regression

coefficlent of ith tralt. COVA(X X.) = additive genetic covarisnce.
173
These equations are solved for the b's. Two methods will be given in
this section, one involving two tralts and another with k numbers of tTraits
utilizing matrix algebra.

ITI. Two traits

The construction of a selection index involving two traits is given below.

A. Computationzal formulas
1. Set up the normsl simultaneocus equations

+ COv.

V. D b, =V a, + cov
P(Xl) 1 P(XlXEJ 2 A(Xl) 1 (

a (1)
A,XlXE) e

cov. b, + ¥ b, = a, +V a (i1)
P(XlXe) 1 P(Xe) 2 A(Xle) 1 A(XE) 2
2. Multiply the a's times the estimates of genetic parameters.

3. Divide equation (i) by COVp (3 %) and obtain equation (iii).

L. Divide equation (ii) by VP(X y and obtain equation (iv).
2

Note: operations 3 and 4 could also be carried out by dividing each equation

by the coefficients of the bl’s.
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5. Subtract equation (iii) -~ (iv) and obtain (v).

6. Solve for b, in (v).

1
7. Substitute b, in equation (ii1) or (iv) and solve for D,
8. Construct selection index I-= bl Xl + b2 5
9. To simplify index, divide right hand side by b2 or bl.

Example. Two traits in swine, feed conversion and eye muscle area,
were measured in a British testing program (slightly modified data
from the Animal Breeding Organization, Edinburgh, Scotland).

1. Reguired Estimates
a. FBeonomlic Weights

1.) Feed Conversicn. A 0.1 increase in feed conversion
(expressed as the ratio of body weight galn to the
amount of feed consumed) corresponds to an
increase of 15.5 pounds of feed. If the cost of the
feed 1g 360 pence per 112 pounds, then the loss is

égig-x 360 = =50 pence for 0.1 increase

2.) Eye Muscle Area. In the range of weights the eye
musele area of the last sib would have an influence on
the wvalue of the carcass of 12 pence for each squars
centimeter.

8y = 12 pence per increase in one square centimeter

b. BEstimates of Biological Parameters

1.) Teed Conversion (Xl)

= 0.062
V?(Xl) 0.0625
e -
h(Xl) = 0.50
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2.) Eye Muscle Area (XE)

VA(Xe) = 1.05
2 —
h(Xe) = 0.h5

7 <r
3.) Covariances ( lAE)

cov = =0.481
P(XlXe)
T = =0.356
G(XlXE)
T = ~0.65
P(xlxe)

Normal Eguations Soluticn
a. Set Up Equations

0.062511 - o.h81tb = 0.03125 (-50) - 0.1125 (12) (i)
-0.481 by + 9.0 by, = -0.1125 (~50) + 4.05 (12) (ii)

b. The right hand portions of the equations are multiplied and

summesd
0.0625 by - G.h81 b, = -2.9125 (i)
-0.481 by + 9.0 b, = 54.225000  (i1)

c. Divide (i) vy -0.481

~0.129538 by + by = 6.055093  (ii1)

d. Divide (ii) by 9.0
~0.053444, by + b, = 6.025000 (iv)

e. Bubtract (iii) - (iv)
~0.076454 bl = 0.030093
b = ~0.393403
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f. Substitute b, in (iv) (cr iii) and solve for b

1 2

~0.053444 (-0.393403) + b, = 6.025000

2
o, = 6.00397k

g. Construct selection index

I = -0.393403 X+ 6.00397% X,

h. BSimplifying the index (divide by 0.393403)

T=-% = 15.261640 %,

More than two traits (matrix algebrs)

Al

General formulas

The normal simultaneous equations used previously can be
represented by matrices. In this work it is essential to
carry as many places as possible because of rounding errors

(see Searle 1966, pgs. 102-104).




cov.
P(XX,)

cov

A(XEXJ_ )

cov

A(Xle)

oL

Phenotypic matrix

COov. cCov.

Px) T P(X,X )
VP(XE) COVP(XEXK)
cov e e e v

2(%,X,) P(x)

Genotypic matrix
—
COVA(XlXE) COVA(Xle)
VA(XE) COVA(XeXk)
cov v
A(kag) A(Xk) _J

and the selection index can be represented as

[} = [b

I = lel

1

b

2......bk] Xl

+ 0. X, + ...
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These matrices can be symbolized as Pb==0GCa

- where P is the varlance-covariance matrix of phenotypic values, G is the
varlance-covariance matrix of genotypie values, b is the vector of partial
regression coefficlents of the X's in the index,

e I=31X

and a is the vector of relative economic values.

The matrices each have 1 rows and j columns and the elements can be
designated by P‘j or gij for the phenctypic and genctypic matrices respec-

tively. In regression problems, the metrices are symmetrical sc the number
of rows = the number of columms = k. The regression coefficients and
economlc values vectors can be considered as one column mstrices.

- B. Augmented matrix solution P b =G a

The genotypic matrix G is multiplied by the economic weights vector a.

811 Bip * » n e e e e glj aq

— = S ggj a,

&1 T N TP - ay

8o1 # T By Ep - e -t 8y By = dp

i

811 81 T Bip Bp T o 0 0 T By By T G
This vector, d, is the product of Ga. Then P b = 4.

The abbreviated Dcolittle method can be used to solve this equaticon for the
©'s. The reader is referred to Dwyer, 1951; Anderson and Bancroft, 1952
{pp- 191-200); Steel and Torrie, 196C (pp. 289-296); Searle, 1966, or other
suitable hocks.
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The notation and instructions are similar to that of the example given in Steel
and Torrie (1960), page 290.

Set up a table

Instruction P Matrix Ga Matrix Check
Xl X2 P Xk N c
X P13 Pip 0 s Pyy I “1
L% Pop = v« Py o s
L Prx i “k
A By A e Al Ay A
2
B 1 Bip -+ - By B, By
= Bop v v - Ay Ay Aap
3
B,. 1 ...8B, By, B,
Instruction

l) Enter the values of the P and Ga matrices. The check column
consists of the sum of the Cobservation on that line, e.g.

€y = Psy + Pop e v Py, * Vs where Ppy = ISP The full matrix
should be used even though it is not all filled in.

2) Copy first line of instruction 1. Divide each element by P11
312 = A12/ All = PlZ/Pll' The subscripts y and ¢ refer to loca-

tion in the instructiong; vy is the Ga matrix and ¢ is the check.
The check is obtainea by Blc = Alc/All and is checked =zgainst

the sum of the elements in the line.

3) The A entry for the jth column is obtained wvhere J=2,3, - « . ky,c.

A = Lo -
25 T P2y " M1z Byy 0T By - Ay B,
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The B entry is computed by dividing each A by A22

Bpy = Applhny = 1

Boy = Ay /Aoy

This procedure continues for each additional trait. The number of columns
in the P matrix should equal the number of traits and the number of instruc-
tions is k + 1. The last instruction then has Bkk = Akk/Akk =1

h) Obtain the partial regression coefficient b's.

and the b's are computed by working backwards, so

b =B( b

Blk-1)x Pk

k-1)y ~ (
k2 = Br-2)y © Greep)e-1) Pli-1) * Bl-2)k %)

ete.

= - + . ..
by =By, = (Bp by + Byg Byt * By By

If the inverse of the phenotypic matrix, P-l, is desired, as in the
next section, then the following steps are followed.

5) A c matrix is cbtained with ¢117 C9p - . etc.
Cr = Wy
“e-10% = 7 Br-1)k Ckx
Ck-2)k = T P(k-2)(k-1) Sfe-1)x T B(r-2)k Ckx
Te-30k T 7 P-3)(-2) C(x-2)e T Plr-3)(8-1) ©(-1)k - B r-3)k “xx
ete.
where k = L
Cle-1)(x-1) T l/A(k-l)(kml) " B(k-3)(x-2) C(k-3)(k-2) T Pr-2)(x-1)

(k-2)(x-1) " Blr-1)x S(x-1)k
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Note cij = cji
Inverting the phenotypic matrix.

The b's can be computed by b = Pml G a

The phenotypic matrix is inverted as given previously and this inverse
is rultiplied by the genotypic matrix.

cll c12 c o s 4 o a4 o a Clj—] gll g12 e e e s o e o . glj
C2l 022 s e o s e s o o cgj gEl g22 o s s s e e g2j
c, C. © ¢ @ e ¢ & 5 o c g, g_ e 8 o s o s 8 @ gk
kk 1 2 k

m_ll i2 J __1 i <

Multiply the elements of the ith row of the inverted phenotypic matriyx, C

2
by the corresponding elements in the kth column of the genotypic matrix and

sum. Thus, to obtain the d elements of the new matrix, D

.. =

11 T G171 &7 7

‘12 81 T C13 83 F - v st egy By

o1 = Con Byy FCpp Bpp *Cpy By T oo - .t o3 &1

127 %11 812 T C1p Bpp G5 Bgp - - - oy g, ete.

The economic value vector is multiplied with matrix D. b=Dga

-
dll d12 s s e e e o e dlj ay
d2l d22 e s e e e o e dgj a2

E =
dil di2 5 o & o & o s dkk akJ

Muitiply and obtain the vector b with elements bi°
T L s ; a;} = | by
dEl al + d22 a2 + . . . + dgj ak = bg
dil ay + g s @ T oo e . + dkk ak = bk

- _J _ 1
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The augmented matrix method is simpler to do by hand calculator than the
inverse method but the inverse method has the advantage that the economic
value vector multiplication can be left to the last. Thus, any change in
the economic values requires only that the new economic value vector a be
multiplied with the D matrix to obtain the new b's for a new index.
D. Variance cof the index

2
GI ="' Pb

where Ef is the transverse of b vector.

The transverse of b vector is

E. bBxample. Same as given previously using two traits, feed conversion and
eye muscle arez in swine.

1. Augmented matrix method

a. Set up matrices Pb=0Ga

P b G a
C.0625 -0.481 rﬁl 0.03125 -0.1125 50
-C.481 9.0 ) ~-0.1125 L.c5 12

bEJ
b. Multiply the genotypic matrix times the economic values vector.
0.03125 (-50) + =0.1125 (12) -2.912500
-0,1125 (-50) + L4.05 (12) 54.225000

The augmented matrix is

Pb = d
0.0675  -0.481 b, (—2.912500
-0.481 9.0 o, L5u.ee5ooo

c. Set up abbreviated Doollittle table and solve for b's.
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P matrix d Check
Instruction Xl X2 ¥ c

1 Xy C.0625 -0.481 -2.912500 -3.331000

Xy 9.0 54 . 225000 62 . 744000

2 1] 0.0625 -0.481 -29.12500 ~3.331000

15 1 -T.696000 -46.6C0000 -53.296000

3 AEJ 5.298224 31.810400 37.108624

BEJ 1 6.003974 7.003974

Instruction 1. Insert augmented matrix values

it

€1

5 -0.481 + 9.0 + 54.225000 = 62.744000

0.0625 - 0.481 - 2.912500 = -3.331000

Ii

c

Instruction 2. ILine Aij is copled from line X

1
0.0625/0.0625

By = =1
By, = -0.481/0.0625 = -7.696000

Big = ~2.912500/0.0625 = -46.600000
B, = -3.331000/0.0625 = ~53.256000

which checks with

1 - 7.696000 - 46.600000 = -53.206000
Instruction 3.

Ayn = 9.0 - (-0.481)(-7.696000) = 5.298224

Aeg 54.225000 - (-0.481)(~46.600000) = 31.810400

Ir

Ay, = 62. 744000 - (=0.481)(-53.296000) = 37.108624

which checks with

5.298224 + 31.810400 = 37.108624



2.

1c1

Bp = 5.208204 /5,008p2 = 1
Bey = 31.810L00/5.29822% = 6.0039Th4
By, = 37.108624/5.29822h = 7.00397k

which checks with

1 + 6.003974 = 7.00397h

Obtalining the regression coefficients, b's

b, = Bey = 6.003974

by = Bly = Byoby = -46.60000C - (-7.696000) (6.003974) = -0.393415

which differs from the previous estimates in the fifth place because
of rounding errors.

Inverse matrix method

a. Obtain the inverse of the phenotypic matrix. The elements (c's) are:

C

- 1/AE2 = 1/5.29822k = 0.188743

C = C =

51 15 = "Bpp Cop = - (7.696000)(0.188743) = 1.452566

I

= 1/0.0625 ~ (~7.696000)(1.452566) = 27.178948

ey = /A - B, e

Thus
a T27.1789u8 1.452566
T L;.u52566 0.188743
b. Multiply the inverse phenotypic matrix times the genotypic matrix
p-1 G
27.178948  1.L52566 0.03125 -0.11251
L}'h52566 0.188743 -0.1125 .05 J

The elements (d's) of the D matrix are

dy7

(27.1789483(0.03125) + (1.452566)(-0.1125) = 0.685928

d

li

51 (1.452566)(0.03125) + (0.188743)(-0.1125) = 0.0241591
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dip (27.1789L8) (~0.1125) + (1.L452566)(4.05) = 2.8252606

3y = (1.452566)(-0.1125) + (0.188743)(4.05) = 0.6009954

The D matrix is multiplied by the economic values vector, a, and the b
vector ¢obtained.

D }
B
[0.685528 2.825261 F~50'1 -
b =
- C.0241591 0.600995 L 12_J
b, = (0.685928)(-50) + (2.825261)(12) = -0.389080 -

=2
Il

(0.0241591)(~50) + (0.600995)(12) = 6.003985
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INFORMATION FROM RELATIVES

It is possible to estimate the breeding value of an individual from
relatives' information.

I.

IT.

III.

Assumptions

A. No sex linkage.

B. The mated animals are unrelated (however, see Jardine, 1958, pg. 505).
C. Additive genetic variance only is considered.

D. No herd effects (however, see Skjervold and Odegard, 1959, pg. 3L47).

E. No common environmental effects, maternal, etc. (see Jardine, 1958,

pg. 501).
Several records per individual

The heritebility increases when several records are compiled on an animal.
Examples would be successlve shearings of sheep, lactations of a cow,
number in successive litters of savine. The mean of these records is then
used as the phenotypic observation on that animal.

Because it is a mean, heritability increases in accordance with the formula

2 .2 m
hm - hl 1+ (m-1)R
where m = number of records on an individual; hi = heritability when m
records are taken on an individual; hi = heritability of single records;

R = repeatability.

The formuls T mm-l R is given in table 1 for different numbers of records
and repeatabilities.

Estimaticon of hreeding value

Breeding value of individual = b, (XI - xP) + by (XD - xP) + b3 (XS - xP)

+oy (- %) B (X - %) + b (g - x,) b, (¥pg = %) *+ g
(x, - %)

where the symbols I = individual, D = dam, S = sire, MD = maternal grand-
dam, SD = paternal granddam, HS = half sibs, FS = full sibs, 0 = offspring,
X, = vhenctypic mean of the populaticn. The breeding value of the indivi-

dual 1s expressed as the deviation from its population mean.

The regression coefficients (b's) are given below for several common
situations

A. Ancestor records only

1. Dam or sire record
by = 0.5 1 or bz = 0.5 b




B.

2.

10kL

Dam's reccrd and maternsl granddawm

2 2
L by (3 - hy) |
o2 -l
2 2
b, - 2 ny (1-np)
2.2
2 (L - hy hMD)

Example. In dairy cattle the maternal granddam of a young bull
hed four records of milk production averaging 12,000 pounds. Her
population mean was 9,500 pounds. The dam had two records aversg-
ing 11,500 and the mean of her population was $,200. With
heritability of milk production 0.3 and repeatability 0.4, what

is the estimated breeding value of the bull?

&. Obtain heritabilities of multiple records using table 1.

h, = 0.3 (1.43) = 0.429
h) = 0.3 (1.82) = 0.546
b. Solve for b2
b 0.4k2g (L - 0.546) 1.482

2 T 2 T{ - (C.529)(0.548)T = 7.532 = 020

¢. Solve for bh

b, = 2 (0.546)(1 - 0.k29) _ o0.623 0.083

7.532 Co7.532 T
d. Using general estimation eguation, solve for breeding value.
B.V. = b, (XD - xP) + b, (XMD - xP) = 0.20 (11,500 - 9,200}

+ 0.083 (12,000 - 9,500) = L60 + 207.5 = 667.5

The estimated breeding velue of the bull is 667.5 1bs. of milk
expressed as the deviation from his population mean.

Dam + maternal granddam + pateynal granddam

; _ 2
bg and bh are the same as in B above b5 = 0.25 hSD

Ancestors and Individuals

1.

Individual alone
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Individual + dam's or sire's record

2 (4 - b2)
By = . 2 2D

T i

2 hg (1 - hi)
by = 55

TN hI hD

If b2 is used instead of b3 then hg is substituted for hg in

formula for bg.

For further combinaticns see Skjervold and Odegard (1959).

Ancestors and sibs

The reccrd of the individual is not included in +the mesn of the sibs.

nd

N = T Ty T

where n = number of full sibs per family.
d = number of dams mated to & sire.
t = intraclass correlation which in the case where n = 1 is
0.25 n2.
l. Dam + paternal half sibs

b

I

2
o 0.5 hD

= 0.25 hES N

Sire + paternsl half sibs

2 2
oy (b - g W)

[o)Y
i

3" 2.2
2 (4 hg hpg N)
2 2
o - Do § (1 - hs)
2 .2
g hg b N

Individual + dam + paternal half sibs

2
HS

i n
16 - L hD + hHS N

2 2
g (16 - k4 hp + B N)

bl =
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2 2
8 nj (1 - 1))

b =
2 16 - L hg + his N
2 2
o bhgo N (1 -5
6 N L

16 -« L hD + hHs N

For further combinations see Young (1961).

D. GSibs

It is assumed that only one record is availsble con each animszl.

1.

Individuzl's record included

Full and half sit information is given along with the individusl'
record.

S

2
By = 2 5
2 ~h
- bnd (1 - h2) ne
bg = 5 5
b+ (@m=-2)p1 [+ (@@+1)-2)]n
B e 2n (1 - he)
br=""3 2
2 - h L+ (n-2)n

Individual's record is not includsd. An exarnple would be the
selection of males in poultry.

b < 2 nd h° (2 - he)
6 {F + (n-2) he} {h +[n (a +1) - 2] he}
2
nh
b7 = 5

b+ (n-2)n

when n varies among full sib families, replace nd by the number of
individuals in the sire family. Compute the partial regression
coefficients separately for each full sib family and determine the
coefficients for each sire family using nd.

See Osborne (1957 a,b)
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Progeny

N is as defined hefore.

t

n(d+1) -2
4 (dn ~ 1)

Progeny only

2
b8 = 0.5 hO N
Individual + progeny

2dn (1 - he) b
L+ (n-1)2 w2 4 n(d-1) h2] - dnh

n

h2

(1L-20v

by 1)

where n is equal for each full sib family. See Jardine (1958)
for coefficients when n is unequal.

Dam + paternal half sibs + half sib progeny. Example would be
determining the breeding value of a dairy bull.

2 2
8 h; (4 - nZ W)

0
%=6L~%N(h%+hém)
2 2
o - 4 hHS N (4 -EhO N;
6L - ng W (b +a W)
b - 2 hg N (16 - & h% + his N)

2 2 2
64 - hy N (4 hy + By )

For further combinations see Jardine {1958) and Young (1961).

When there is a mixture of 111 and half sibs
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Table 1. The equation, m » solved for 1 - 6 records per
1+ (m- 1)R
individual with different repeatabilities.
Number Repeatability (R)
of
re%;§ds 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 1.82 1.67 1.54 1.43 1.33 1.25 1.18 1.11 1.05
3 2.50 2.14 1.88 1.67 1.50 1.36 1.25 1.15 1.07
4 2.86 2.50 2.11 1.82 1.60 1.43 1.29 1.18 1.08
5 3.33 2.78 2.27 1.92 1.67 1.47 1.32 1.19 1.09
6 3.75 3.00 2.40 2.00 1.71 1.50 1.33 1.20 1.09
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Table 2. Standardized selection differential when population size is less
than 400.%

N . Tfumber in Pcpulation No.
Selec~ Selec-
toa 2 3 i 5 6 7 8 9 10 teq
1 0.564 0.846 1.029 1.163 1.267 1.352 1.k2h 1.485 1.539 1
2 C.k23 0.663 ©.829 0.954 1.055 1.138 1.209 1.270 2
3 0.3%3 0.553 ©.70k 0.821 ©.916 0.996 1.065 3
L 0.291 0.477 0.616 0.725 0.816 0.893 b
5 0.253 0.hk22 0.550 0.653 ©.739 5
6 0.225 0.379 0.498 0©.595 6
7 0.203 0.345 0.457 7
8 0.186 0.318 8
9 0.171 9
No. R . No.
Number in Population
Selec- Selec-
e 11 12 13 14 15 16 17 18 19 ted
1 1.586 1.629 1.668 1.703 1.736 1.766 1.79%% 1.820 1.8k 1
2 1.324 1.372 1.416 1.456 1.492 1.525 1.556 1.585 1.612 2
3 1.126 1.179 1.227 1.271 1.311 1.347 1.381 1.h12 1.4kl 3
i 0.960 1.019 1.071 1.119 1.162 1.201 1.237 1.271 1.302 b
5 0.813 ©.877 0.935 0.986 1.032 1.075 1.11% 1.150 1.183 5
6 0.677 0.748 0.811 0.866 0.916 0.962 1.003 1.Ck2 1.077 6
7 0.548 0.627 0.695 0.755 0.809 0.858 0.902 0.%43 0.981 7
8 0.4k22 0.509 0.58: 0.650 0.708 0.760 0.808 0©.851 0.891 8
g 0.294 0.393 0.476 0.548 0.611 0.667 0.718 0.764 0.807 g
10 0.159 0.27% 0.368 0.447 0.516 0.577 0.632 0.681 0.726 10
11 0.148 ©.257 0.347 0.hez2 0.489 0.547 0.600 0.648 11
12 C.139 ©.243 0.328 0.k00 0.464 0.521 ©.572 12
13 0.131 0.230¢ 0.311 0.381 oO.442 o0.hg7 13
14 0.12h ©.218 0.296 0.363 0.L2e3  1b
15 0.118 0©.208 0.282 0.347 15
16 ¢.112 0.198 0.270 16
17 ©.107 0.190 17
18 0.102 18

¥Estimates of the standardized selection differential for numbers betwesn +the
rows or columns of this table may be obtained by a linear approximation.
The figures in this table were obtained by gveraging data given by Harter

(1961).
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20 21 22 23 2k 25 26 27 28 29
1 1.867 1.889 1.910 1.929 1.948 1.965 1.982 1.998 2.014 2.029 1
2 1.638 1.661 1.68L 1.705 1.726 1.755 1.763 1.781 1.798 1.81k 2
3 1.469 1.hgh 1.519 1.542 1.563 1.58% 1.604 1.623 1.6L41 1.658 3
L 1.332 1.359 1.385 1.410 1.533 1.455 1.4756 1.496 1.515 1.533 4
5 1.2k 1.244F 1.271 1.297 1.322 1.3%5 1.367 1.388 1.408 1.k27 s
6 1.110 1.1k 1.170 1.168 1.22bh 1.2L8 1.271 1.293 1.31h 1.33h ¢
7 1.016 1.0k 1.079 1.108 1.135 1.161 1.185 1.208 1.230 1.251 7
8 0.928 0.963 0.995 1.025 1.054 1.081 1.106 1.130 1.153 1.175 8
g 0.8k6 0.882 0.916 0.948 0.978 1.006 1.032 1.058 1.082 1.104 9
10 0.767 0.806 0.842 0.875 0.906 0.936 0.963 0.990 1.015 1.038 10
11 0.692 0.733 0.770 0.805 0.838 0.869 0.898 0.925 0.951 0.976 11
12 0.619 0.662 0.701 0.738 0.772 0.805 0.835 0.863 0.8%0 0.916 12
13 0.557 0.592 0.63hk 0.673 0.709 0.743 0.774 0.80k 0.832 0.859 13
14 0.476 0.524 0.569 0.609 0.6h7 0.683 0.716 0©.747 0.776 0.80L 1k
15 0.405 0.457 0.50h 0.547 0.587 0.62h 0.658 0.691 0.721 0.750 15
16 0.333 0.389 0.439 0©.485 0.527 0.566 0.602 0.636 0.668 0.698 16
17 0.259 0.320 0.37h 0.423 0.467 0.508 o0.5L7 0.582 0.615 0.647 17
18 0.182 0.2h9 0.308 0.360 0.L0O8 0.451 0.ks2 0.529 0.56k4 0.596 18
19 0.098 ©.175 0.2h0 0.297 0.348 0.39% 0.437 0.475 0.512 0.546 19
20 0.094 0©.168 0.231 0.287 ©.336 0.381 0.h23 0.461 0.497 20
21 0.091 0.162 0.223 0.277 0.325 0.370 0.410 0.4L8 21
22 0.088 0.157 0.216 0.268 0.315 0.358 0.398 22
23 0.085 0.152 0.209 0.7260 0.3056 0.348 23
2h 0.082 0.147 0.203 0.252 0.297 24
25 0.079 0.142 0.197 0.2k5 25
26 0.077 0.138 0.191 26
27 0.075 0.134 27
28 0.072 28
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30 31 32 33 3k 35 36 37 38 39

1 2.0%3 2.056 2.070 2.082 2.095 2.107 2.118 2.129 2.140 2.151 1
2 1.829 1.844 1.858 1.872 1.886 1.898 1.911 1.923 1.935 1.946 2
3 1.674 1.690 1.706 1.720 1.73% 1.748 1.761 1.77h 1.787 1.799 3
L 1.550 1.567 1.583 1.599 1.61h 1.628 1.6k2 1.656 1.669 1.681 L
5 1l.4h6 1.463 1.480 1.496 1.512 1.527 1.542 1.556 1.570 1.583 5
€ 1.35k 1.372 1.390 1.k07 1.he3 1.435 1.hsk 1.heg 1.483 1.ho7 6
7 1.271 1.260 1.309 1.327 1.344 1.360 1.376 1.391 1.406 1.L420 7
8 1.196 1.216 1.235 1.25% 1.271 1.288 1.305 1.221 1.336 1.351 8
9 1.126 1.1h7 1.167 1.186 1.20k 1.222 1.239 1.255 1.271 1.287 9
10 1.061 1.083 1.103 1.123 1.1k2 1.160 1.178 1.195 1.211 1.227 10
12 0.999 1.022 1.043 1.064 1.083 1.102 1.120 1.138 1.155 1.171 11
12 0.9%1 0©.96% 0.986 1.007 21.028 1.047 1.066 1.084 1.101 1.118 12
1 0.884 0.908 0.931 0.953 O©.97+ 0.994 1.01k 1.032 1.050 1.068 13
14 0.830 ©.855 0.879 0.902 0.923 0.94k 0.96k 0.983 1.002 1.020 1k
15 0.777 ©.803 0.828 0.852 0©.87h 0.895 0.916 0.936 0.955 0.973 15
16 0.726 0.753 0.779 0.803 0.826 0.848 0.870 0.890 0.910 0.929 16
17 0.676 0.70k 0.731 0.756 0.780 0.803 0.825 ¢.8L6 0.866 0.885 17
18 0.627 0.656 0.683 0.710 0.73% 0.758 0.781 0.802 0.823 0.843 18
19  0.579 0.609 0.637 0.66h4 0.690 0.71k 0.738 ¢.760 0.782 0.802 19
20 0.530 ©0.562 0.592 0.620 0.646 0.672 0.696 0.719 0.741 0.762 20
21 0.483 0©.515 0.546 0.576 0.603 0.629 0.654 0.678 0.701 0.723 21
22 0.435 0.469 0.501 0.532 0.560 0.588 0.613 0.638 0.662 0.68Lk 22
23 0.387 0.423 0.457 0.488 0.518 0.546 0.573 0.599 0.623 0.646 23
2k 0.338 0.376 o.k12 0.hk5 0.k76 0.505 0.533 0.559 0.58L 0.608 2k
25 0.289 0.329 0.367 ©0.ko1 ©.43h 0.4EL 0.493 0.520 0.546 0.571 25
26 0.239 0.281 0.321 0.357 0©.391 0.423 0.453 0.481 0.508 0.53% 25
27 0.186 0©.232 o.27h 0.313 0.348 0.382 0.413 0.443 0.470 0.k97 27
28  0.131 ©.181 ©.226 0.267 ©.305 0.340 0.373 o.kok 0.433 0.h60 28
29 0.07C 0©.127 0©.176 0.221 0.261 0.298 0.332 0.364 0.395 0.k23 29
30 0.069 0.124 0.172 0.215 0.255 0.291 0.325 0.356 0.386 30
© 31 0.067 0.121 0.168 0.210 0.249 0.28L 0.317 0.349 =
32 0.065 0.118 0.164 0.205 0.243 0.278 0.311 32
33 0.063 0.115 0.160 0.201 0.238 0.272 33
3k 0.062 0.112 0.157 0.196 0.233 3L
35 0.061 0.110 ©.153 0.192 35
36 0.059 0.107 0.150 36
37 0.058 0.105 37
38 0.057 38
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40 41 Lo 43 L 45 46 47 48 4o

1 2.161 2.171 2.180 2.190 2.195 2.208 2.216 2.225 2.233 2.241 1
2 1.957 1.968 1.978 1.988 1.998 2.008 2.017 2.026 2.035 2.0Lk 2
3 1.810 1.822 1.833 1.843 1.854 1.86L 1.87h 1.883 1.893 1.902 3
Loo1.69h 1.706 1.717 1.728 1.739 1.750 1.760 1.77C 1.780 1.790 4
5 1.596 1.608 1.620 1.632 1.64k3 1.654 1.665 1.675 1.686 1.696 5
& 1.510 1.523 1.536 1.548 1.560 1.571 1.582 1.593 1.604 1.614 6
7T L.W3h 1.M4T7 1460 1.473 1.485 1.koy 1.509 1.520 1.531 1.542 7
8 1.365 1.379 1.392 1.4os 1.418 1.430 1.4h2 1.45% 1.465 1.L476 8
9 1.301 1.316 1.330 1.343 1.356 1.369 1.381 1.393 1.405 1.6 9
10 1.ek2 1.257 1.271 1.285 1.299 1.312 1.324 1.337 1.3hk9 1.360 10
11 1.187 1.202 1.217 1.231 1.245 1.258 1.271 1.284% 1.296 1.308 11
12 1.134 1.150 1.165 1.180 1.194% 1.208 1.221 1.23% 1.247 1.259 12
13 1.08% 1.201 1.126 1.131 1.146 1.160 1.174 1.187 1.200 1.213 13
b 1,037 1.053 1.069 1.085 1.100 1.11hk 1.129 1.1k2 1.156 1.169 14
15 0.991 1.008 1.024% 1.040 1.056 1.071 1.085 1.099 1.113 1.126 15
16 0.947 0.964 0.981 0.998 1.013 1.029 1.044 1.058 1.072 1.086 16
17  0.90k 0.922 0.939 0.956 0.972 0.988 1.003 1.018 1.032 1.ché 17
18  0.862 0.881 ©.899 0.916 0.933 0.949 0.964 ©.980 0.994 1.008 18
16 ©0.82z2 0.84 0.859 0.877 0.89% 0.911 0.927 0©.94%2 0.957 0.972 19
20 0.782 0.802 0.821 ©.839 0.857 0.873 0.890 0.906 0.921 0.93% 20
21 0.7hk 0.764 0.783 0.802 0.820 0.837 ©.854 0.870 ©.886 0.901 21
22 0.706 0.726 0.T46 0.765 0.784 0.802 0.819 0.836 0.852 0.867 22
23 0.668 0.689 0.710 0.730 0.749 0.767 0.784 ©.801 0.818 0.834 23
2h  0.631 0.653 0.674 0.604 0.714 0.733 0.751 0.768 0.785 0.801 24
25 0.595 0.617 0.639 0.660 0.680 0.699 0.717 0.735 0.753 0.769 25
26  0.558 0.582 0.60L 0.625 0.648 0.665 0©.684 0.703 0.721 0.738 26
27 0.522 0.546 0.569 0.591 0.612 0.633 0.652 0.671 0.689 0.T707 27
28 0.486 0.511 0.535 0.557 0.579 ©0.600 0.620 ©.639 0.658 0.676 28
29 0.450 0.476 0.500 0.524 0.546 0.568 0.588 ©.608 0.627 0.646 29
30 C.bh o.khl 0.466 0.1h90 0.513 0.535 0.557 0.577 0.597 0.615 30
31 0.378 0.405 0.432 0.457 0.481 0.503 0.525 0.546 0.566 0.586 31
32 0.3k 0.370 0.397 0.423 0.L48 0.471 ©.49h 0.515 0.536 0©.556 32
33 0.304 0©.33: 0.363 0.389 0.415 0.439 0©.kE2 0.485 0.506 0.526 33
34 0.267 0.298 0.328 0.355 0.382 0.407 0.431 o0.4s5k 0.L76 0.497 3k
35 0.228 0.261 0.232 0.3°1 C.349 0.375 0.L00 0.423 0©.L4s 0.467 35
36 0.188 0.223 0.256 0.286 0.315 o0.3%2 0.368 0.392 ©.k25 0.438 36
37 0.147 o0.18% 0.219 0.251 0.281 0.309 ©0.336 0.361 0.385 0.408 37
38 0.103 0.1kk ©0.181 0.215 0.246 0.276 0.30: ©.330 0.355 0.379 38
39 0.055 0.101 0.141 0.177 0.211 0.2hp 0.271 0.298 0.32k 0.345 39
4o 0.054 0.099 ©.138 0.17% 0.207 0.237 0.266 ©.293 0.319 Lo
by C.053 0C.097 0.136 0©.171 0.203 0.233 0.261 0.288 ha
Lo 0.052 0.095 0.133 0.168 0.199 0.229 ©.257 Lo
43 0.051 0.093 0.131 0.165 0.196 0.225 43
Lk 0.050 - C.092 0.128 0.162 0.193 Al
b5 0.0kg ©0.090 0.126 0.159 b5
Le 0.048 0©.088 o0.12Lh bg
b7 0.048 0©.087 L7
48 0.0L7 L8
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.801
776
.752
.729
. 705
.682
.659
.636
613
.591
.568
546
524
.501
7o
457

COO0000000OOOOROCO0C0OHKHHHPHHPHRHPEHEHEEHEHEERERERRERERDLDRD

115

70

L3777
.18¢9
.055
.950
862
.786
.719
.659
.60k
553
.506
A6l
19
.380
.342
. 306
271
.238
.206
175
J145
116
.087
.059
.032
.0Ch
.G80
-955
.93C
.906
.882
.858
.835
.812
. 789
.767
LTl
.722
.701
679
.658
637
.615
LS5S4
57h
553
532

o000 CoOoOO0OO0OoCCCCCoOC OO OHHHEHPFHHFHHHFEFEFHFHEFFEFRFFFHFEFEHEFREEHERERERDD

>

403
217
.084
.980
.893
818
.752
.693
.638
.588
.5h2
498
457
418
.381
.346
.312
279
.248
217
.188
.160
.132
.105
079
.053
.028
.0C3
979
.956
.932
.10
.887
.865

.821
.8oc
779
.758
.738
ST
-697
677
657

E17
.568

feR=ReReReReR=R=ReReReReRoNoReRoNo N ol N el N e e e e e S e e el el e e e e S S el S VI VR

.810
.790
.T70
751
.732
.713
694
675
656

COOO000000ROOOOOHFHREERRPREFRERERFRPRERFRPHEERERBERREREEDDDND

85

kg
266
-135
033
.9L8
875
811
.752
.T00
651
.606
.563
.52l
.486
450
A16
.383
.352
.322
292
264
237
.210
.185
L160
-135
111
.088
.065
.0h2
.020
-999
.78
.957
.936
.916
.896
.876
857
.838
819
.800
.781
.T763
.T745
. 726
L7109

DOOOOOOO0000OOHKHKRHHFHFHRREFEFRFRFHFRERFHEEFRREREREEREREHEEBRREREDLDD

S0

7o
.288
.159
057
-973
.901
.837
L7779
.727
679
.634
593
-553
.516
481
Ak
15
.38Y4
.354

.298
271
245
.220
21595
LA71
.148
.125
103
.081
-059
.038
LC17
997
97T
957
.938
.919
.900
881
.863
844
.826
.809
. 791
-T73
756

DOCOOO000000ORFHPHPHRFHRPPFHEHEFHRFEFRFRRERFHEEHEEREERERERRDDDD

95

489
.308
.18¢
.080
.996
.925
.861
.80l
- 753
.705
661
.620
.581
ShlL
.510
L76
Jiys
ik
.385
357
329
.303
27T

.253
.228

.205
.182
-159
.138
.116
.095
LOTh
.054
.034
.015
-995
.976
.958
939
.g21
-903

.868
.851
.833
.816
.800

WO ] OV T O




Table 2, ccntinued

L3
49
50
51
52
53
54
55
56
57
58
59
€0
61
&2
63
an
65
66
67
68
€9
70
71
e
73
74

50

0.085 0.
0.che 0.

loNeNeRONS)

25

233
205

175
.1hs5
L1173

-079
.Ok2

OCCOOOO0OOCOO0OO

60

L3kl
.319
204
.269
243
217
.190
.163
L134
105
073
-039

leNogogolosNoNoNoRoReoNoRoNoNoNoNeNe!

65

3k

g
. 390
L3367
.35
.322
299
275
252

.228

.203
.178
152
126
.098
.069
-037

lononoNoloNoRoNoNoNoNoNoNoNONoNoNoNoNONONGN O]

116

70

511
Aol
A70
A9
itele
-4o8
.387
.366
.345
.324
.302
.281
.259
<237
.214
.191
167
143
2118
.02
.06k
.034

eaelohoRoNoNeoNoNoRoNoNoRoNoNoNoNoNoNoNoNoNeoNoNoNoNoN e

5

578
-559
-539
.520
.501
81
A6z
k3
423
4oL
. 384
-365
345
325
- 305
.285
.265
.24k
223
.202
.180
.158
-135
.112
.087
.061
.032

eheojeRepelololoRoRoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoNoRoNoNoNoNe

80

B37
615
LE01
.582

L5464
.528
509
Riey]
A7
455
437
419
Jhoa
L3382
. 364
.346
.327
.308
.289
270
.251
.232
212
.1G62
A7
1507
.128
. 106
.082
-057
.031

eleleololsoloNoNolocNoNoNoNoNeNoRoRoRololoNoRoRoRoNoRoRoReRoRoRoRoRoRoNo ks

691

.620
603

32
s
.3598
. 380
.363
.36
.328
.311
.293
.275
.257
.239
220
.201
.182
L162
he
J1ep
.100
078
-055
.029

SaeReRejojoRolsNoNoNoNoNeNoNoNoNoRoNoNoNoNoloRoRoNoRoNoNoResRoRoRoReReloReReRe RoRe N e

20

739
.722
.T705
.688
671
655
.638
.6ez
.605
.589
573
557
540
524
.508
Ahoe
476
JLED
IV
427
411
-395
-379
L3602
L3464
.330
-313
296
.279
.262
245
.228
.210
192
7L
-155
.136
L1156
.096
el
.052
028

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

95

. 783
767
.750
Rricin
.718
.702
.686
670
.654
.638
.623
607
.592
.576
561
546
.530
515
.500
485
469
Ash
439
o3
508
-392
<377
362
346
331
.315
-299
.283
267
.251
234
.218
.201
.183
.166
.148
2130
111
.091
.071
.050
.026



Table 2, continued

;
W =] W e o

100

OCOO0O0DO0OO0O0COCOOOHHFHFHHEHERPHERHERPHEFHEEFHEHRERHEFHERERRPRPHERRREERHEEFERERENNODNDND

.508
.328
.201
.101
.018
947
.884
.828
-TTT
.730
686
.645
607
.571
.536
.504
L72
Ao
413
.3856
-359
-333
.308
.283
.25G
.236
214
192
170
kg
.128
.108
.088
.069
.050
.031
.012
.99k
.976
.958
eyl
.923
.906
.889
873
.856
.8he
824
.808

125

.586
A1
.288
191
L1211
.Ch3
.982
.928
879
834
.792
-733
C717
682
.650
.619
-589
.560
533
-507
482
s
L3k
R'Ek]
.388
.367
346
.325
.305
.286
266
.248
.229
211
L1994
176
.159
.143

N Al el e e R e S Sl e el el S i Sl S S S e S e e e e sl el sl B AR AN S

150

PFRFHEHERRRPRPRPRPRPRRPHERPRPRPRPRPRPRR R RPRPRPRRPRPRRPRPRRPRPRERRERERPRERDDODDDDD

649
478
:357
.263
.185
118
.060
.007
.960
.916
876
.838
.803
.770
.738
.708
.680
.652
626
.601
5T
.554
.531
.509
.L8s
Lée7
Ll
Lag
NTels
.390
.372
.354
- 337
.320
. 304
.287
271
-255
240
.225
.210
-195
.181
.166
.152
.138
125
111
.098

175

HHEHFPHEFRRPRPRPREFEFRPERPRFRPRPREERFRPRRPRRERPRRRERRRERPRREERERERFDNDNDDND DD DD

.701
<233
Jak
.322
.28
181
.123
072
026
.983
Loll
.907
873
8
810
LT81
L7540
727
L7028
678
655
632
610
.589
.569
549
.530
.511
493
NG
L7
Lo
Lok
A4os
.392
376
.361
. 346
.331
.317
.302
.288
2775
261
248
235
222
.209
.196

117

200

N el el el e e e e e S e e S e B e e e R e O e e e S e e R CH R N SESE I S VI VN SIS

.746
.580
463
.372
297
.233
177

.082
Nollte)
.0C2
L966
.932
.901
871
843
.816
. 790
.66
.Th2
.720
.698
677
.656
.636
617
.598
.580
.563
545
.529
.512
o6
480
465
L4500
435
L2l
Lot
-393
379
.366
.352
-339
.327
.314
.301
.289
277

FRPFFEFFFPRPHEFRFEFEFEEFEFRFEREPERERRFERRFRPRERRRRERPRERERPRREREDNDDDONDN DD

640

.513

pnin
431
418
406
+393
.381
.369
-357
346

PRERPRPRERE R RPRRPRPRPRRRRRRERRREREERDDD0D MDD D

1.
1.

e

.819
.657
543
455
.382
.320
.265
217
.173
.132
095
.061
.029
.998
.970
.9k3
.917
.8g2
.869
.846
.82k
.803
.783
Reton
.745
L7126
. 709
691
-675
.658
.6h2
627
.612
597
582
.568
.55
540
527
.514
501
488
RN
Aok
452
ko
Lz8
a7
L4o5

PP RRPRPRRRER PR RR R R R PR PR R R R R R R R RERDDDRN NN RN DD DR D

.928
.907
.886
867
.848
.830
812
<795
T8
.762
. Th6
.T31
.716
o2
687
.673
68D
.6L6
.633
L6220
.608
.596
.583
572
.560
.548
-537
.526
515
.50k

350

2.927
769
660
57k
.50k
45
-393
346
.30k
266
.231
.198
167
-139
112
.086
.061
.038
.016
-995

-955

.80k
. 789

FHFEFEFFEFRFFEFRFFEFRPRPHEFRPHFRRPRERFRPREREERFERPHEFRODODODONODODROODOMD0OD DD D
0
O
3

Lo

.968
.813
.705
Nt=al
.552
493
Lo
.396
«355
.317
.283
.250
220
192
166
O
117
.00k
.72
.051
.C31
.012
-993

Gh2
.G25

FRFRPHFRPRPRPRFRPRPRFRFRPRPRFRFRRFRPRPFRREFRFRODRDUODRODODIODOI0DDNDNDNDNDD DD
0
]
o
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Teble 2, continued

speReoNoNoNeoNoNoNoNoNe)

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

10C

.TG2
B
. 760
LTU5
L7258
.71k
699
684
665
654
.639
624
609
564
.580
.565
.551
.536
521
.507
Loz
478
463
Ahg
43
420
hos
.3G61
376
.361
346
.332
-317
.302
.286
271
256
240
224
.208
.192
176
.159
b2
Lok
.106
.088
.068
.0L8
.025

125

o
o
0
¢
0
o
0
0
C
0
o
o
0
0
0
0
o
0
0
¢
0
o
0
¢
¢
0
0.
¢
0
o
0
0
0
0
0
C
0
0
0
¢
0.
o
0.
a.
C.
O.
0.
0.

o.
0.

.960
.Ghé6
.932
.618
.90k
.891
877
864
.851
.838
.825
812
- 799
.87
LT
.761
. Thg
<737
7oL
.712
.700
.688
676
664
652
640

628

L6156
.60k
.59z
.581
.569
557
.5h6
.53k
.52
511
Rilsle
.487
76

Ley
453
Lhy
Log
418
Loé
394
383
371
359

15C

1.085
1.072
1.059
1.046
1.034
1.021
1.009
0.997
0.985
C.973
0.961
0.94kg
0.937
0.926
0.914
0.903
0.8g2
0.881
0.869
¢.858
0.847
0.837
0.826
0.815
0.80kL
0.794
0.783
0.773
0.762
0.752
0.742
0.731
0.721
0.711
0.701
0.691
0.680
0.670
0.660
0.650
0.640
0.631
0.621
0.611
0.601
0.591
0.581
0.572
0.562
0.552

175

.184
71
.159
147
-135
124
112
101
.089
.078
067
.056
.045
.03%
.02k
.C13
.003
.99z
.982
972
L9611
.G51
.okl
.931
.o22
.G12
.902
.8g2
.883
.873
.86l
.854
845
.836
.826
.817
.808
-T99
.790
.781
772
. 763
.T54
L7R5
.736
727
.719
.710
.701
0.692

R e Ry

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOI—'F-'I—-‘I—'F-'I—'I—'.‘—'I—'

118

200

1.265
1.253
1.242
1.230
1.219
1.208
1.197
1.186
1.175
1.165
1.154
1.144
1.133
1.123
1.113
1.103
1.093
1.083
1.073
1.06kL
1.05kL
1.04L
1.035
1.026
1.015
1.007
0.9398
0.989
0.980
0.971
0.962
0.953
0.944
0.936
C.927
0.918
0.910
0.901
0.893
0.88L
0.876
0.868
0.860
0.851
0.843
0.835
0.827
0.819
0.811
0.803

225

1.334
1.323
1.312
1.302
1.290
1.279
1.268
1.258
1.248
1.237
1.227
1.217
1.207
1.197
1.188
1.178
1.169
1.159
1.150
1.141
1.131
1.122
1.113
1.104
1.095
1.087
1.078
1.066
1.061
1.052
1.0LYL
1.035
1.027
1.019
1.011
1.002
0.994
0
o
¢
0
0
o
0
0
0
o
0
o

O OO
D
\o
~

250

. 354
.383
.372
.362
.351
.34
.330
.320
.310
.300
.290
.281
271
262
.252
.23
234
.225
.216
.207
.198
.189
181
172
.163
-155

H e

el el el el e e e o il ol o S I I S S ey S PR

299
.291
.283
275
267
.259
.252
.2hl
.236
.228
221
.213
.206
-159
.191
.184
177
170
163
.156
.149
b2
.135
.128
.121
.14
.108
.101
.09k

HE R B e b o b b

i el e e i el el el el el S e S S S S S TR

350

S5Th
56k
.554
Sk
535
.525
.516
.507
L7
.488
479
NIl
e
453
b5
436
Le8
420
Jdne
.b0oh
.396
.388
.380
.372
.365
357
.350
.3k2
-335
.327
.320
313
.306
.299
.292
.285
278
271
264
.258
251
.24
.238
.231
.225
.218
212
.205
199
.193

e el ol S S S S Sy SR

el el el el e e e il i Tl T S S Sy W S P S I S I PR

Loo

Bhp
632
N ey=l
.613
.603
504
585
576
.567
.558
.550
.54
-533
.525
.516
.508
.500
o2
A48k
AT

461
Ash
TS
439
432
Les
A417
RATe!
403
.396
.389
.382
.376
. 369
.362
.3556
.3ko
343
.336
.330
.323
.317
.311
.305
.298
292
.286
.280
274



Table 2, continued

100
101
102
103
104
105
106
107
108
109
110
111
112
113
11k
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
1kp
143
14l
145
146
147
148
1hg

125

QOCOCOCOO0OO0OODO0C OO0 COCO0

. 347
-335
.323
.31
-299
.287
-275
263
.250
.238
225
212
-199
.186
173
159
.1hé
.132
.118
.103
.088
.072
.056
039
.021

150

sReRoleoReoReReoeRoReReoRoBoRoReloleloBeNoNoBoNoRoReNoNoNoNesNoNoNoNoNoNoNoNoNoNoNoNeoNoNoNeoNoNoNeoNaeNe!

.5h2
533
.523
.513
504
Lok
L8k
L7k
465
455
b5
136
26
A6
L4o6
397
.387
<377
.367
357
.348
.338
.328
.318
.308
.298
.287
277
267
-257
246
.236
.225
.215
.20k
.193
.182
A71
160
.148
-137
.125
2113
.101
.088
075
062
.048
033
.018

eBejoeoNeNololeoleolsoBoloRoloNololoNoloRoloNoNeloRoRoNaoloNoNoNoloNoNoloNoNoNoNoRsNeNoNoNoNoNoNeoRoNe]

175

684
675
667
.658
.6Lg
641
.632
624
.616
.607
599
.590
.582
573
.565
557
.548
.540
.532
523
515
.507
.4g8
450
482
473
465
45T
Aho
Ity
432
Aok
RIS
407
.398
.390
.382
-373
.365
.356
.348
-339
.331
.322
.314
.305
296
.288
279
270

119

200

0.795
0.787
0.779
0.771
0.763
0.755
0.748
0.740
0.732
0.724L
0.717
0.709
0.702
0.694
0.686
0.679
c.671
0.66L
0.656
0.6L9
0.6L1
0.634
0.626
C.619
0.612
0.60L
0.597
0.590
0.582
0.575
0.567
0.560
0.553
0.546
0.538
0.531
0.52L
0.516
0.509
0.502
0.495
0.487
0.480
0.473
0.465
0.458
Cc.h451
0.4kl
0.436
0.h429

OCCOO0OOCODOOoOOCODLOOOOOOOOOOODOCOOCOOOOOOOOLOOOLOOLODOOOOOOO0

225

.886
.878
871
.864
856
849
.8he
834
827
.820
.813
.806
=799
.792
.785
.778
Nriral
.76k
S157
.750
cTh3
.736
.729
72
. 715
. 709
702
695
.688
.682
-675
668
662
.655
.68
6Lz
-635
.628
622
.615
609
602
.596
.589
.582
576
.569
-563
.556
.550

egeojoloNoNoNoNoNoNoNoReoloNoRoNolelololoNoloNoNoloNoNoloNoNoNeoNoNeoNeoNoNoNeoNoNoNoNoNoloNeNoNoNoNoNe)

250

.963
.956
-9L9
.9h2
-935
.928
.921
el
.907
.90C
8ok
887
.880
873
.867
.860
.85
.8L7
.BLo
.834
827
821
.815
.808
.Boz
-795

.783
776
770
764
.758
751
.745
-739
+733
T27
.T20
LT1h
.T708
.02
.696
.690
684
.678
672
HE6
660
.654
.648

OO0V OOOOCOOO0O00000RDOOOOOOOOOOOO0000O0OR PRHERRLRREERHE L P P

300

.088
.081
075
.068
.062
.055
.049
043
.036
.030
.02h
.018
.01z
.005
<999
-993
987
.981
975
969
.963
957
.951
.ol
.o
.93L
.928
.922
.017
.911
.9C5
.900
.8gk
.888
.883
877
872
.866
861
.855
850
8Ll
.839
.833
.828
.823
.817
.812
.806
801

COCO0O0COO0COOOOOOQCORKHFKFRFHFHFREFHFERPRPFFERPRRRRPREFRRPRRERRRERRRR R R RS

350

.187
.180
7L
.168
.16z
.156
.150
L4k
.138
132
L1286
.121
.115
.109
.103
.098
.092
.086
.081
075
070
064
.059

053
.0L8

.0L2
.037
.031
.026
021
.015
.010
.005
.000
.9o4
.G89
.984
979
.OTh
-969
.96L
959
.954
.9hg
£943
.939
.93k4
-929
Lo2l
.919

Loo

1.268
1.262
1.256
1.251
1.245
1.239
1.233
1.228
1.222
1.216
1.211
1.205
1.200
1.194
1.189
1.183
1.178
1.172
1.167
1.162
1.156
1.151
1.146
1.141
1.136
1.230
1.125
1.120
1.115
1.110
1.105
1.100
1.095
1.090
1.085
1.080
1.075
1.071
1.066
1.061
1.056
1.051
1.0L7
1.042
1.037
1.032
1.028
1.023
1.018
1.01L

100
101
102
103
104
105
106
107
108
109
110
111
112
113
11k
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
1k2
143
14k
145
146
ih
148
149




Table 2, continued
10C 125 150

150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
17¢
171
172
173
174
175
176
177
178
179
18¢
181
182
183
184
185
186
187
188
189
190
101
192
193
154
185
196
197
138
159

175

ool oNeoNoNoRoNoNeNeoNoNeoNoRoNoNeoRoNoRoReRoNoNe)]

.261

.253
o4l
.235
226
.217
207
.158
.18¢9
175
.17C
.160C
.150
140
.130
.120
.110
-099
.088
077
.066
.05k
.Che
.029
.016

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

120

.280
273

2h2
234
.226
218
.210
202
.194
.185
L1777
.169
.160
.152
<143
.134
125
116
107
068
.089
075
065
059
.0L48
.038
026
014

225

OOOOOOOOOC)OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

.543
537
.530
.52h
517
.511
LS50k
A4s8
Jge
485
479
L2
A66
459
453
RIRIG
Ao
-433
Je
420
Lk
Lot
401
L3094
.388
.381
-375
.368
.362
-355
.348
.342
335
.328
.322
.315
.308
.302
265
.288
.281
275
.2h8
261
254
247
240
.233
226
.219

OOOOOC)C)OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

250

LEhp
636
630
.62k
618
612
L5606
L6000
.59h
.589
.583
5T
571
.565
559
.553
54T
.542
536
.530
.524
.518
.512
.507
.501
495

483
478
Are
RIS
460
sk
448
L3
3y
A3
Il
A9
413
408
Loz
.396
390
.384
.378
.372
.366
.360
354

300

796
.71
.785
.780
L7775
. 769
.T764
-759
L7554
.7hg
43
.38
-733
.728
.723
.718
. 713

.02
.682

677

(k2
-637

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO
(o)
—J
n

350

L9144
.909
.904
.859
.8a4
L850
.885
880
875
870
.866
.861
.856
.852
8L
8Lz
.338
.833
.828
824
.819
.B814
810
.805
.801
L7996

.778
<773

EacpepshslojejoRooloNoNeNoNoNoNoRoNoNoNoNoNeoNoNoNoNoNoNoRoRoRNoRoReRoReRo e RoReReReRsReNoRe NeRo e

Loo

.00g
.005
.C00
.595
.91
.986
.982
977
973
.968
.64
<959
955
L5951
.GL6
.Gl2
.938
-933
.929
.925
.920
L9164
.912
507
-903
.8g9
895
.89C
.886
.882
.878
874
.869
.865
.861
857

849
.845
.8
837
.833
.828
.82k
.820
.816
812
.808
.80k
0.800

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOF—'I—'I—'

150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
17C
171
172
173
174
175
176
177
178
179
180
181
182
183
184
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186
187
188
189
190
191
192
193
154
195
196
197
198
199
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200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
202
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
oL
243
2Ll
2Ls5
2L6
LT
2L8
2Lg

eNeoRoNoNoBoRoRoNoRoNeoNeoNoloNoleoNoNoNoNaeNoNONONONG]

225

212
.205
L197
.150
.183
-175
.168
.160
.153
.145
.137
.130
.122
J11k
.105
097
.089
.080
071
.062
053
.oLL
034
.024
012

loRsRolosNeNoRoRsRooNoNoloRoNoBoNoRolaolololoRoNoNoRaoNoNoNoNoNoNasNoNoNoNsNoNaoRsNsNoNoRoRsNoNoRoNoNe]

250

349
-343
337
.331
.325
.319
.313
.307
.301
294
.288
.282
276
270
=l
.258
.251
.2L5
.239
.232
.226
.220
213
.207
200
.1gh
.187
.181
TR
167
.161
154
LT
140
133
126
.119
.111
.10k
.006
.089
.081
.073
.065
057
.Ch9g
.00
.031
.021
.011

300 350
0.544  0.685
0.539 0.681
0.534 0.677
0.529 0.672
0.524 0.668
0.520 0.664
0.515 0.660
0.510 0.655
0.505 0.651
0.500 0.6L7
0.495 0.6L2
0.490 0.638
0.486 0.634
0.481 0.630
0.476 0.625
0.471 ©.621
0.466 0.617
0.b61 0.613
0.456 0.608
0.452 C.60L
0.447 0.600
0.4h2  0.596
0.437 0.592
0.k32 0.587
0.hk27 0.583
0.422 0.579
0.418 0.575
0.413 0.571
0.408 0.566
0.403 0.562
0.398 0.558
0.393 0.554
0.388 0.550
0.383 0.5L45
¢.378 0.5l
0.373 0.537
0.369 0.533
0.364 0.529
0.359 0.525
0.354 0.520
0.349 0.516
0.34k 0.512
0.339 0.508
0.33Lk 0.504
0.329 ©.500
0.324 0.495
0.319 0©.491
0.314 0.487
0.309 0.483

0.304 0.479

121

Loo

0.796
0.792
0.788
0.78kL
C.780
0.777
0.773
0.769
0.765
0.761
0.757
0.753
0.749
0.745
0.7k1
0.737
0.73L
0.730
0.726
0.722
0.718
0.71h
0.711
0.707
0.703
0.699
0.695
0.692
0.685
0.68L
0.680
0.676
C.673
0.669
0.665
0.661
0.658
0.654
0.650
C.646
0.6L3
0.639
0.635
0.631
0.628
0.62L
0.620
0.617
0.613
0.609

200
201
202
203
204
205
206
207
208
209
210
211
212
213
21k
215
216
217
218
219
220
221
202
223
224
205
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
oho
243
24l
245
246
2h7
248
2hg

250
251
252
253
25k
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
22
293
294
295
296
297
208
299

sNeNeoNoNoloNoNoNoNoNoNoNeNoNoNoRosNoNeNoNoRoNoNoNoNoNoNoNoNoNoNaeNooReNoNoRoRoloRoRoRoRoRoloRoRe o Re)

300

299
.20k
.289
.283
278
273
268
.263
.258
.253
247
.2he
-237
232
226
221
216
.210
.205
-199
.19k
.189
.183
.178
172
166
.161
.155
.149
ALk
.138
.132
126
.120
L11k
.108
.102
.095
.089
.083
.076
.069
.063
.056
.0L9
0Lz
.03k
.026
.018
.010

350

c.475
0.L71
0.466
0.462
0.458
0.45Y4
0.450
0.446
0.4k41
0.437
0.433
0.429
0.k25
0.L20
0.116
0.412
0.408
0.4ol
0.400
0.395
0.391
0.387
0.383
0.379
0.374
0.370
0.366
0.362
0.357
0.353
0.3k49
0.345
0.340
0.336
0.332
0.328
0.323
0.319
0.315
0.310
0.306
0.302
0.297
0.293
0.289
0.284
0.280
0.276
0.271
0.267

lepeRoNeNoNoNeoRoRoNoNoNoRoRoNeoNoNoRoRoRoNoNeoNoNoNeNoNoNe N ®)
\n
\J
=

250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
201
292
293
294
295
296
297
298
299
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300
301
302
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304
305
306
307
308
309
310
311
312
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314
315
316
317
318
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320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
3Lz
343

345
3Lk6
347
348
3h9

350

0.262
0.258
C.253
0.249
0.245
0.2L0
0.236
0.231
0.226
0.202
0.217
0.213
0.208
0.20k4
0.199
0.194
0.189
0.185
0.180
0.175
0.170
0.166
0.161
0.156
0.151
0.146
0.1h1
0.136
C.131
0.126
0.121
0.116
0.111
0.105
0.100
0.095
0.089
0.08L
0.078
0.072
0.067
0.061
0.055
0.0k4g
C.04k3
0.036
0.030
0.023
0.016
0.008

.390
.386
.382
-379
375
.371
.368
364
.360
.356
-353
349
.345
342
.338
.33h
.330
.327
.323
.319
.315
.312
.3C8
.30k
.300
.296
.293
.289
.285
281
277
.27k
.270
.266
062
.258
.254
.250
.2h6
0.242
0.238

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

300
301
302
303
304
305
306
307
308
309
310
311

313
314
315
316
317
318
319
320
321
322
323
32k
325
326
327
328
326
330
331
332
333
33k
335
336
337
338
339
340
341
342
343
gHen
345
346
347
348
359

122

350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
37k
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
39k

395

396
397
398
399
400

Loo

235
.231
.27
.223
.219
.215
.211
207
202
.198
L1594
.150
.186
.182
.178
L7k
L1635
.165
.161
157
.152
.148
P
.135
135
.131
126
122
117
.113
.108
.103
-099

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380C
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
L00
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Table 3. GStandardized selection differential when population size is infinite.
Proportion
Selecteq 000 .001  .0C2 .03 .00k .005 .006 .007 .008 @ .009
.00 eeee- 3.367 3.170 3.050 2.962 2.892 2.83% 2.784% 2.740 2.701
.01 2.665 2.633 2.603 2.575 2.5L9 2.525 2.502 2.L80 2.459 2.440
.02 2.421 2.403 2.386 2.369 2.353 2.338 2.323 2.309 2.295 2.281
.03 2.268 2.255 2.2k3 2.231 2.219 2.208 2.197 2.186 2.175 2.165
Nol 2.154 2.1kh 2,135 2.125 2.116 2.106 2.097 2.088 2.080 2.071
.05 2.063 2.054 2.0k6 2.038 2.030 2.023 2.015 2.007 2.000 1.993
.06 1.985 1.978 1.971 1.96k 1.957 1.951 1.94h 1.937 1.931 1.92k
.07 1.918 1.912 1.906 1.899 1.893 1.887 1.881 1.876 1.870 1.864
.08 1.858 1.853 1.8k7 1.8k2 1.836 1.831 1.825 1.820 1.815 1.810
.09 1.80% 1.799 1.79% 1.789 1.784% 1.799 1.77k 1.769 1.765 1.760
.10 1.755 1.750 L.74%6 1.741 1.736 1.732 1.727 1.723 1.718 1.71L
.11 1.709 1.705 1.701 1.696 1.692 1.688 1.68k 1.679 1.675 1.671
.12 1.667 1.663 1.659 1.655 1.651 1.647 1.643 1.639 1.635 1.631
.13 1.627 1.623 1.620 1.616 1.612 1.608 1.605 1.601 1.597 1.593
J1h 1.590 1.586 1.583 1.579 1.575 1.572 1.568 1.565 1.561 1.558
.15 1.554 1.551 1.5k8 1.5Mh 1.5L1 1.537 1.534% 1.531 1.527 1.52k4
.16 1.521 1.517 1.51% 1.511 1.508 1.50k 1.501 1.L98 1.hg5 1.hge
.17 1..89 1.k85 1.b82 1.4k79 1.476 1.h73 1.b70 1.467 1.46L 1.461
.18 1.158 1.k55 1.k52 1.4h4g 2446 1.4k3 1.440 1.437 1.h43k 1.431
.19 1.428 1.hk25 1.kez2 1.h20 1.b17 1.2k 1.k22 1.408 1.405 1.403
.20 1.400 1.397 1.39: 1.391 2.389 1.386 1.383 1.381 1.378 1.375
21 1.372 1.370 1.367 1.364 1.362 1.359 1.356 1.35% 2.351 1.348
.22 1.3% 1.3%3 1.341 1.338 1.336 1.333 1.330 1.328 1.325 1.323
.23 1.320 1.318 1.315 1.313 1.310 1.308 1.305 1.303 1.300 1.298
24 1.295 1.293 1.290 1.288 1.286 1.283 1.281 1.278 1.276 1.273
.25 1.271 1.269 1.266 1.26L 1.262 1.259 1.257 1.255 1.252 1.250
.26 1.248 1.245 1.243 1.241 1.238 1.236 1.23% 1.231 1.229 1.227
.27 1.225 1l.222 1.220 1.218 1.216 1.213 1.211 1.209 1.207 1.20k4
.28 1.202 1.200 1.198 1.196 1.193 1.191 1.189 1.187 1.185 1.183
.29 1.180 1.178 1.176 1.174 1.172 1.170 21.167 1.165 1.163 1.161
.30 1.159 1.157 1.155 1.153 1.151 1.148 1.146 1.144 1.1Lk2 1.1ko
.31 1.138 1.136 1.13% 1.132 1.13¢ 1.128 1.126 1.124 1.122 1.120
.32 1.118 1.116 1.113 1.111 1.109 1.107 1.105 1.103 1.101 1.099
.33 1.097 1.095 1.093 1.091 1.089 1.088 1.086 1.084 1.082 1.080
.3k 1.078 1.076 1.07% 1.072 1.070 1.068 1.066 1.064 1.062 1.060
.35 1.058 1.056 1.05k 1.053 1.051 1.049 1.0L7 1.045 1.043 1.0L1
.36 1.039 1.037 1.035 1.03k 1.032 1.030 1.028 1.026 1.02Lh 1.022
.37 1.020 1.019 1.017 1.015 1.013 1.011 1.009 1.007 1.006 1.00k4
.38 1.002 1.000 0.998 0.997 0.995 0.993 0.991 0.989 0.987 0.986
.39 C.984 0.982 0.980 0.978 0.977 0.975 0.973 0.971 0.969 0.968
9 Tg) 0.966 0.964 0.962 0.961 0.959 0.957 0.955 0.953 0.952 0.950
Jda C.948 0.9k6 0.945 0.9k3 0.941 0.939 0.938 0.936 0.93% 0.932
A2 0.931 0.929 0.927 0.926 0.924 0.922 0.920 0.919 0.917 0.915
L3 0.913 0.912 0.910 ©.908 0.907 0.905 0©0.903 0.902 0.900 0.898
R 0.896 0.895 0.893 0.891 0.890 0.888 0.886 0.885 0.883 0.881
L5 0.880 0.878 0.876 0.875 0.873 0.871L 0.870 0.868 0.866 0.865
A6 0.863 0.861 0.860 0.858 0.856 0.855 0.853 0.851 0.850 0.848
A7 0.846 0.8k5 0.843 0.8:1 0.840 0.838 0.837 0.835 0.833 0.832
48 0.830 0.828 0.827 0.825 0.82Lk 0.822 0.820 0.819 0.817 0.816
49 0.814 0.812 0.811 0.809 0.807 0.806 0.80hk 0.803 0.801 0.799
This table is a portion of Table II in Part IT of Pearson's tables for

Statisticlans and Biometricians, 1931.
of the publishers, Biometrika, University College, ILondon.

It is reprcduced with the permission
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Proportion

Selecteq 000 .001  .002  .003 .0OM  .005 .006 .OOT .008  .009
.50 0.798 0.7H& ©.795 ©.793 ©.792 0.790 ©.788 0.787 0©.785 0.784%
.51 C.782 0.78C ©.779 O0.777 0.776 O.77% 0©.773 0.771 0.769 0.768
52 0.766 0.765 0.763 0.762 C.760 0.758 0©.757 0.755 0C.T54 0O.752
.53 C.751 0.749 0.747 0.746 o0.744 0.743 0.741 0.7ho 0.738 0.737
.5k 0.735 0.73% 0.732 0.730 0.729 ©.T727 0.726 O©.72k4 0.723 0.721
.55 0.720 0.718 0.717 0.715 0.71% ©.712 0.710C 0.709 0.707 0.706
.56 0.70k ©.703 0.701 0.700 0.698 C.697 0.695 C.694% 0.692 0.691
.57 0.689 ©.688 0.686 0.685 0.683 0.682 0.680 0.678 0.677 0.675
.58 0.6Th 0.672 0.671 0.669 0.668 0.666 0.665 0.663 0.662 0.660
.59 0.659 0.657 0.656 0.65Lh 0.653 0.651 0.650 0.648 ©.647 0©.645
.60 O.6hl 0.6h2 ©.641 0.639 0.638 0.636 0.635 0.533 0.632 0.63C
.61 C.629 0.627 C.626 0.625 0.623 0.622 0.620 0.619 0.617 0.616
.62 C.61% 0.613 0.611 0.610 ©.608 0.607 C.605 0.604 0.602 0.601
.63 C.599 0©.598 0.596 0.595 ©.593 ©.592 0.590 0.589 0.588 0.586
6L C.585 0.583 0.582 0.580 0.579 ©.577 0.576 ©.57T4 0.573 0.571
.65 0.570 0.568 0.567 0.565 0.56L 0.563 0.561 0.560 0.558 0.557
.66 0.555 ©.554 0.552 ©0.551 0.549 0.548 0.546 0.545 0.543 0.5h2
67 0.541 ©.539 0.538 0.536 0.535 0.533 0.532 0.530 0.529 0.527
.68 0.526 0C.52k 0.523 0.522 0.520 0.519 0.517 0.516 0.51% ©.513
.69 0.511 0.51C 0.508 0.507 0.505 0.50k 0.503 0.501 0.500 0.498
.70 0.497 0.495 o.kohk o.ho2 o©.ho1 0.:89 ©.488 0.486 0.485 ©.L484
ral C.k82 0.481 ©.479 0.478 0.476 0.475 ©.h73 0.472 0.470 0.469
.72 C.468 0.466 0.465 0©.463 0©.hE2 0.LED 0.459 ©.b57 0.456 0.4sh
.73 C.453 0.451 0.450 0.449 0.447 o.bhe 0.4LL O.443 0.4kl 0.bho
- Th 0.438 0.437 0.435 0.43k 0.k32 C.431 0.430 0©.428 0.427 0.Les
.75 O.42k o.hk22 0.421 0.819 0.418 0.416 C.t15 0.413 0©.h12 o.hk11
.76 0.409 0©.408 o0.k06 ©.405 0.203 0.k02 0.L0O 0.399 0.397 0.396
i 0.39% ©.393 0.391 0.390 ©.388 0.387 ©.386 0.38% 0©.383 0.381
.78 0.380 0.378 ©.377 0.375 0.37h4 0.372 0©.371 0©.369 0.368 0.366
.79 C.365 0.363 0.362 0.360 0.359 0.357 ©.356 0.354 0.353 0.351
.80 C.350 0.348 0.347 0.345 0.344 0©.342 0.3L41 0.340 0.338 0.337
.81 0.335 0.33% 0.332 0.331 0.329 0.328 0.326 0.325 0.323 (©.322
.82 0.320 ©.318 0.317 ©0.315 0.31% 0©.312 0.311 0.309 0©.308 0.306
.83 0.305 ©.303 0.302 0.300 0.299 0.297 0.296 0.294 0.293 0.291
.84 0.290 0.288 ©¢.287 0.285 0.28% 0.282 0.280 0.279 0.277 0.276
.85 C.27h 0.273 ©.271 0.270 0.268 0.267 0.265 0.263 0.262 0.260
.86 0.259 0.257 0.256 0.25Fk 0.253 0©.251 0.249 0.248 0.246 0.245
.87 C.2h3 0.2k2 0.240 0.238 0.237 0.235 0.234 0.232 0.231 0.229
.88 0.227 0.226 0.22h (©.223 0.2212 0.219 0.218 0.216 0.215 0.213
.89 0.211 0C.210 0.208 0.206 0.205 0.203 0.202 0.200 ©.198 0.197
.90 0.195 0.193 0.192 0.190 0.188 0.187 0.185 0.183 ©.182 0.180
.01 0.178 0.177 0.175 0.173 0.172 0.17C ©.168 0.167 C.165 0.163
.92 0.162 0.160 ©.158 0.156 0.155 0.153 0©.151 0.250 0.148 0.146
.93 C.1kh 0.143 0.1k1 0.139 0.137 0.136 0.13% ©.132 0.13C 0.129
9L 6.127 C.125 0.123 0.121 0.12¢ 0©.118 0.116 0©.114 0.112 0.110
.95 0.103 0.107 0.105 ©.103 0.101 ©.099 0.C97 0.095 0.094 0.092
.96 0.090 ©.088 0.086 0.08% 0.082 0.080 0.078 0.076 0.07h 0.072
.97 C.CT0 0.068 C.066 0.064 ©.062 0.060 ©.058 C.056 0.054% 0.052
.98 0.Ck9 0.0k7 0.0k5 0.043 o©.O0L1L C.C38 0.036 0©.034 0.032 0.029
.99 0.027 0.025 0.022 0.020 C.0L7 0.015 0.012 0.009 0.006 0.003
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