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1. !NTRODUCTION 

Althougn all populatiane undergoing artificial seleotion must 

be ot finita size, . most ot the theory of long term response to artif icial 

seleotion has been developed for intinitel3" larga populations. 

Algebraic diftioulties have made it necessar,y for much of the theor,y, 

even ot in:rinite populations,. to be developecl for sinsle genes and only 

reoentl3" has linkage been included ( Gritf'ing,. 196o). l'urthermore, 1 t 

has general.l3 been assumed tbat individual genes bave e:f'f'ects su.tficiently 

smel.l tha. t ohanges in gene tic parameters, other tban tb.e populatiex1 mean, 

can be ignored. Using a model of two loci in an in:t'ini te popuJ.ation 

Nei (1963) and Felsenstein (1965) have developed formulae for the 

etfect of direotional sel.eotion on change:s in J.inkage diaequilibriwn 

and seleotian response. Nei (1963) a.lso derived equationa for the 

expeoted changas in the oanponente ot genetic variance each generation 

and gave some numerioal resulta for long term prediotiona. 

Unlees there is heterozygote superiority all favourable genes 

will eventual.ly be tixed 1t the population is intinitely l.arge. 

However. in small populationa1 tavoumble genes my be lost by obanoe 

so th.at predictions are need.ed not on1y fcrr the rate of aelection 

advanoe but aleo the seleotion limit. Robertsc:n (1960) introduoed a 

theor,y of l1mi ts to artificial selection in small populations in terma 

ot" single genes, 'ft'hioh he extended to mu.l tiple loci by igno.ring 

linkage and epistatic interactiona between loc1. Simulation by 

Monte Ca.rlo methoda on a high apead computar has ahorm tbat, although 

populations may in1 tially be in linkage equillbrlum, the seleotion 
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limit is reduoed when genes are til:1ltly linked• even wit.h non­

epistatio looi ( .artin and Cockerbam, 196o; Gill, 1963; ureshi, 

196.3). However, theae workera all uaed modela in whiah eaoh gane 

had the sama fi'eot and ini tial trequenoy one-half so that genenüiaed 

oonoluaiona on the role ot llnked genes were not obtained. L:lnkage 

has been shawn to ha.ve a mo:r-e markad intluenoe on seleotion response 

and limite in 8IIl0ll populations that are initially 1n cllsequilibrium 

{Fraser, 1957b; Martin and Cockerham, 1960). 

Information an the effeots of linkage on artificial aeleotion 

llmi ts my be of use in d.esignin seleotion experimenta and oommeroial 

breeding programmes, a o this stud¡y was undertaken to extend Robertson' s 

( 196o) theoxy to inolude scee aapeets of l.inkage. oat of the 

investigation is in terma ot an1y two looi, eaoh with two altema.tive 

allel e. at this must greatl\Y oversimplit'y the situatian in Dature, 

suoh a simple mod.el allowa a more thorough analysis of the effeota and 
. . . 

.:lnteraotions of the various parameters. Even 1d th two looi ea.ch of 

two alleles sixteen parameters oould be omsidered: three degt"ees ot 

freedOtl. amongst the frequenoies of the four types of gamete, ten geno.. 

types eaoh with a dif'ferent sal.eotive value, the populat1an size and 

the reoanbination traotion between the looi. Sinoe this number of 

variables oould not be handled in detall, a simple model wa.s usad in 

whioh only additive genes and populations in initial link:age equU-

ibrium were includ.ed. An explioi t general solution even for the 

ad.di ti ve model oculd not be tound, so that most of the resulta have 

been obtained by Monte Carlo simulation. 



2. RESULTS .FROU INFINITE R:>PULATION 

In this aection the notatim is introduced and soma ettects 

of l.il:lkage on response to artificial seleotion in infini tel3 larga 

randan mating popula.tions are discussed. These reaults will :f'orm 

a baeia tor the emall population atuey which follows. 

Two looi 

Let the two loci eaoh ha ve two alterna ti ve alleles A, a 

and B, b where the alleles .A and B are taken to have a favourable 

effeot on some tmit. Let 

p be the frequency of the allele A, 

q B, 

f 1 gamete AB; 

t 2 Ab, 

~ ~-
~ ~. 

e be the reoombination fntotion between the looi and 

be the aame for both se.x.es. Linkage disequillbrium wlli be measured 

by /j, , the linkage disequilibrium determinant, where 

6. = f1f4- f2f3 • 

Fositive values of 6 i.mp1y a.:n excess of ooupllng hetero!ygotes (AB, ab) 

and negativa values an e.xcess of repulsion heterosygotes (Ab, aB) beyond 

their trequency expected from independent as socia ti cm of their oonsti t­

uent genes. It can be shown tha.t 

t1 = pq + 6. J 

t3 = (1-p)q- 6., 

f2 ;;: p(1-q) .. D.. -

f4 = (1-p)(1-q) + ~ • 
~ (1) 
) 



The largeat positiva value whioh the dieequilibrium determ.i.nant 

can take ia p(1-q) or (1-p)q, whichever is soa.ller, and the largest 

negative value it can take is pq or (1-p)(1-q) 1 wbiohever is 

smaller {Lewontin, 19t4). 

If 6t is the dete:nninant at genemtion t, then in a 

large random mating population in muoh there are discrete genemtiona 

and no sélection~ llnkage diaequillbrium is red.uced at the mte 

b. t = (1-o) Ll t-1 

Let the genot.ypio value of the zygote tormed from the 

gametes with frequencies fj and tk be vjk for 80lile trait of intereat 

and let wJk be ita aeleotive advantage. wjk is détined. 8.8 the 

probabili ty tha. t an indi vid.ual wi th genotypic value v jk is selected 

as a proportion ot the probabili ty that an individual ta.ken at randam 

from the population is selected. The latter is 1 of courae, the 

traction of the populaticm aeleoted as parenta of the next generation. 

'\71th random ma.ting, the trequency of a. genotype is the produot ot the 

f:requencies of i ts constituent ga.metes. Thus, from the dafinition of 

aelect1ve adva.ntage usad,. it follaws that ~ ~ f'jf'k wjk = 1. 

If trunca.tion selection is practised on the individual 

phenotype the aeleoti ve advantage of' e. genotype ie g1 ven by 

i 
w jk = 1 + ; ( v Jk - m) ( 2) 

where m is the population mean and 1 the eelectiCil diff'erential in 

standard deviations (Kimura., 1958; Gritf'ing1 196o). Por the 

derivation of equat.ion {2) it is aaaumed tha.t gene ef'teota are sma.ll 
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rele.tive to the phenotypio standard deviation (a"), the aelection 

intensity is low and phenotypes are nornally distributed. La.tter 

(1965) has inveatigated the consequences or departurea from these 

aasumptions. He f'ound that tha relativa probability is poor~ 

estimated by (2) when lesa than about ~ ot the populatim ia 

seleoted and gene effects are such that 1 (vjk • m)/crl ~ o.s. 
Howavar chan,ges in gene and ~tic trequenoy are leas seriously 

af'tected, f'or with intensa selection (2) undereetimates tha relativa 

probabillty at aeleotian. for both positiva and negativa valuea of 

(vJk - m)/cr. 
1'he ohange in é'PJOOtio frequenoy, obtained by modifying a 

tonnula of Lewontin a.nd KoJima ( 196o) to the notation used here, ia 

for one generation ot seleotion 

dfj = fj {~ fk 1t'jk- 1) !. d.R (3) 

where dR is the change due to reoombination and ia given by 

dR = o(w1l/~f'4 - "23f'2f'3). 

Tha aign of dR in (3) is negativa f'or the coupling heterozygotes 

(j = 1 ,4) and positiva for the repulsion heterozygotas (j = 213). 

If the coupllng and repulsian heterozygotes are assumed to have the 

same aeleotive advantage, then dR =o /1w14• Subatitut1on af {2) 

1nto (3) g1 ves the general. farmula for response to trunca.tion selection 

Consider now the apeoial case of two a.dditive loo!. Lat 

them ha ve genotypic e.!'fects, defined relati ve to the. phenotypic 
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standard deviation, of mgnitude 

AA Aa 

a.cr/2 o 

BB Bb bb 

{h"/2 o 

For the model {5) the population mean is m= (pa. + qJ3)cr. Letting 

(5) 

J.! = zrv'cr = pa. + qJ3, the cha.nges in gametio frequenoy from one oyole ot 

aeleotion are, from (4) 

Ab • d1'2 = ~ f2 {a. - 1-l) ~ cb. [1 +~(a.+ 13- ~)] • 

aB : at3 = ~ f3 ( f3 - Jl) + e ~[1 +~(a.+ f3- 2!-1)] 

ab ; i 
dt4 = 2 f4 ( -..,.) - c6[1 + t (a.+ í3- 2!-1)) 

The ohangea in 68D-8 frequenay are 

A : dp = d1'1 + at2 = t (c:p(1-p) + j3Ú.) 

B t dq = d:f1 + at3 = f [j3q(1-q) + a.Ó] • l (7) 

From (7) it can be seen that i and ij3 are tbe usual seleotive values 

of the al.lelea A and B respeotively. .Also equation (7) illustmtes 

thá. t 6. ia the covarianoe ol the allello troquenoies ot A and B, so 

that the change in the f'requency of A resulta from both the direct 

response f'rom aelection on A and a oorrelated response from seleotion 

on B. The disequilibrium, 6. , oan be seen to be a coYarianoe by 

rearre.nging equation (1) into the f'orm 11 = f 1-pq. Thus ~ equala 

the trequency of gametes oontaining both A and B lesa the prod.uot of 

their mrginal frequenoiea and i a therefore the covariance ot a 

biw.riate binomial distribution (Kendal.l1 19431 p.133). In terma 

(6) 

• 



of the diaequilibrium detexminant, th.e add;itive genetio varlance. C<{) 

reduces to the sa.me i'orm as (7) 1 

2 Q,2 
c:r.i = [2 p{1 - p) + 

2 
~ q(1 - q) + (8) 

If a population is ini tially in l..inkage equllibrium,. then A. 

Robertson (personal communication) has shown that e.i'ter one cycle ot 

trunoatial selection cm the individual phenotype wi th addi ti ve genes 

/].,1 = 1:<ix-i2) a.f3p(1 -p) q(1- q) (9) 

where x is the truncation point in standard units of tbe phenotypio 

diatributiont whioh is asaumed to be normal. Felaenetein (196.5) 

pointed out that the initial disequillbrium would be neSJ,tive, but 

did not g:t.ve ita magnitude. Sinoe (ix - i 2) ~ o, equation {9) also 

shows tbat aelection will generato negativa disequilibrium and thu8 

reduce the reeponse it linkage is tight. However if gene ef:fects are 

small the amunt of disequillbrium actual.l,y generated will be Ter:¡ 

8li811 with an additive model 1 and long tenn selectiCil response is 

unlikely to be greatly atfeoted by the degree of recombination in an 

infini tely larga popul.ation. 

It the initial build up of !J. trom a population in equil­

ibrium ie oaloulated trom the changes in gametio trequenoy ( 6), the 

prediction turna out to be (Noi, 1963) 

!J. 1 = - i; 1
2 a.f3p(1 - p)q{1 - q) (10) 

= -dpdq 

The disorepanoy between equations (9) and (10) arises trom the tact 

that for (10) the selectiva a.dvantages oi' the sunetes (equaticm 2) were 
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caloul.ated by excluding term:s in squared proportionate effeota ( o.
2, <¡p, ~2), 

whereas these were inoluded in computing (9). Equation (9) is theref'ore 

more precise, but for aimplloity the selective advantages (2) will be 

used to compute changes in ~tic trequency in the Monte Carlo atu~ 

to follow. 

In general, usi.ng the approximate selectiva valuea (2) and 

ohanges in ga.metio :frequenoy ( 6), the ohange in diseqllilibrium ia given by 

Ó tt-1 = Ó. t ( 1 - e) [ 1 + ~ (a + ~ - 2tl)] - dpdq ( 11 ) 

where dp and dq are gi ven by (7). 

For a population whioh is ini tial.ly in linkage equ1llbrium to 

rema.in exs.ctly in equilibrium af'ter seleotion, the 11eleotive advantages 

of the 8Ulletes (wj = f fkwjk) must be multiplioa.tive. It, betore 

seleotion 

and af'ter selection 

(f1 + df'1 )(t4 + dtl) - (f2 + df2)(f'3 + dt) = o 
then :tran (3), it :f'ollows that 

(12) 

odel (12) wUl be used in the small population study for comparison 

1dth the add.itive model and will be disouased in more detall later. 

Man.y looi. 

Geiringer (19M.) developed the theory o:t recanbination between 

ma.cy loci, and Bermett (1954) used Geiringer's l"esults to ez:tend the 

formulae for llnkage disequilibria to more than two looi. HoweTer it 



tumo out that rith non-episte.tio genes disequil.ibria among more than 

pa.ira of looi do not eppea.r in eny equations far the additive va.rianoe 

or ohanges i.n gene frequency. 

For n loci ea.oh of two elternative aJ.leles A3 • a.1' the aecond 

order disequllibria are det'ined as in equatian (1 ). The diaequilibrium 

between loci j and. k, 6 jk' is gl.ven by 

where f(A/k) is the sum of the frequenoies of all gametes containing 

AJ and ~. and pj and 11c are the gene frequenciea of AJ and A.k: respeo-

tively. If cjk is the reoanbination f're.otion between theee looi,. at 

generation t 

If the looi are a.dditive, with effects 

formula (8) for the additive varianoe oa.n be extended to gi.ve 

(13) 

Sim:Uarly, wi.th trunoati.on seleotion, it can be ahown that the changa 

in gene frequenoy in one generation is 
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Fozmul.ae of the type (13) and ( 14) can readily be extended 

to inolude mul tiple alleles and dondna.noe. However wi th epiatatio gene 

action the parti tion of the genotypio varianoe into addi ti ve, dominatloe 

and epiatatio componente is lesa atraightfOl'Ward, because the effecta 

are ditticul t to partition orthogana.llJ' it there is linkage diaequil· 

ibrium. These extensions will not be pursued, tor the small populatian 

study is canoemed entirely with additive looi, for which the resulte 

of this sectian have been developed as a background. 
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3. BASIC THEORY FOR S1MLL POPULATIONS 

One looue 

Robertson•e (1960) theory of limita to artificial aeleotion 

in small populations was developed :fran sane resulta o:f Kimura (1957) .. 

The ooncepts underlying their wor.k were the distributian ot gene 

:frequenoies and the ohance o:f tixation o:f a gene. The gene frequenoy 

d.istribution can be regard.ed as either the distributian of tbe 

trequenoies of looi of the same effeot and ma.e¡ú.tude in one population, 

or of an individual gene in ma:ay populations. SimUarl,y, the chanca 

of fimtian ot a. gene can be considered either as the proportion ot 

genes of the sa.me kind f:l.xed in a line, or as the proportion ot 

replicate lines in whioh this gene ia fixed, atter a. seleotian limit 

has been reaohed. The case where no :f'urther aeloction response can 

be made but not all the genes have beoane fixed due to heterozygote 

superiority or opposing natural eeleotion will not be disouased. 

ltimura (1957) used a continuous model to describe the 

changa in the distribution of gene frequanoy, ~(p, t), at til118 t by 

means of the diffusicm equation 

a_& 1 d2 d 
~ t = 2 ~ [V(dp),0) - rP' (M{dp)~ (15) 

where M(dp) a.pd V(dp) are respectively the mean e.nd varianoe of the 

cbange in gene trequency per genera tion. It the etrecti ve population 

size is N then V( dp) = p ( 1-p )/ 2N a.nd for addi ti ve genes wi th selecti ve 

values ia., L!(dp) = J:; p(1-p). Substituting for V(dp) and M(dp) in 

( 15) gJ. ves a.f'te:r- rearre.ngement 
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J » [p(1-p)p$] . (16) = 

Thus for a given value of gene frequency, p, the selection procesa can 

be deecribed by the para.meter Nia. on a time eoale of t/N (Robertson, 

1960). The ohanoe of f'ixation, u(p
0
), of a ne with initia.l frequenoy 

p
0 

was given CrJ Kimura (1957), and for the additive model 

= 
1 - e-2Ni i>o 

(17) 

1 
-21Ua. 

- e 

and ia shomt 1n Figure 1 • 

Two importa.nt a.sawnptions e.re made in the diff'usion approx­

i:m.tion : firstly that the population size is sufficiently larga that 

the distributian oí' gene f'requencies can be considerad continuoue, 

whereas in faot only 2N+1 discreta va.luea of gene frequency are 

possible; e.nd seoondly that selectiva values are small, so that terma 

in (ia.)2 can be ignored relativa to ia. a.nd 1/N. Ewens (1963) 

investiga.ted the fit of formula (17) f'rom the d.iffusion equa.tion 

wi th the chance ot fimtion canputed by matrix 1 teratio:n for the 

discreta model with N::6 a.nd O $. i ..... ~ 0. 2 and i'ound od a.greement. 

However, in oro.er to reduce oomputing time in the Monte Carlo tu~ 

i t was neoesaary to use selecti ve values a.o large as ia. = 1 .o and to 

extrapola.te f~'O.:n smll popula.tions (N = 8, 16) to those of la.rger 

size, so tha.t f'urther checks an Kimura.'s (1957) formula for the 

chanca of fixatian (17) are given in Table 1. The valuea of u (p
0

) 

for N::: 8 , 16 and 32 were oalouJ.ated by repeated itera.tion of a matr.b:: 

ot transition probabilities of gene frequencies onto a vector of the 



Ni a. N 

32 d::> 

32 32 

16 ~ 

16 32 
16 16 

8 el) 

8 32 

8 16 

8 8 

4 cP 

4 32 

4 16 

4 8 

2 ~ 

2 32 

2 16 

2 8 

1 oO 

1 J2 

1 1 16 

~ 1 8 

12a.. 

T.ABLE 1 The ohance ot fixation of a gene with 
selecti ve val e ia. caloulat by trix 
iteration tor different population sizes 
(N) and by diffusion approximation (N rJJ ) • 

Ini ti al frequenoy 

.05 .1 . 3 .5 

.9592 .9983 1.()(X)() 1.0000 

.9412 .9967 1.Q(X)O 1.0000 

• 7981 .9592 .9999 1.0000 

.7766 .9507 .9999 1.0000 

• 7591 .9434 .9999 1.0000 

·5507 • 7981 .9918 .9997 
.5392 .7883 .9909 .9996 

.5291 .. 7797 .. 9901 .. 9996 

.5124 • 7653 .. 9890 .9996 

.3298 .5509 .9096 .9820 

.326o .5462 .9076 .9817 

.3226 .5419 .9059 .9814 

.3164 .5343 .9031 ,9811 

.1847 .3358 • 7118 .8808 

.1838 .3346 • 7108 .8805 

.1830 .3334 .7099 .8802 

.1815 .3312 .7083 .8799 

.1101 .2096 .5218 .7311 

.1099 .2094 .5216 .7310 
.1098 .2092 .5213 .7309 
.1095 .2087 .5209 .7308 ·-

.7 

1.00CX) 

1.0000 

1.0000 

1.0000 

1.0000 

1,0000 

1.0000 

1.0000 

1.0000 

.9966 

.9966 

.9966 

.9967 

.9567 

.9567 

.9568 

.9570 

.8713 

.8714 

.8714 

.8716 
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Ni a. 

FIGURE 1 The chanoe of fixatian of a 
single additive sena. 
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diatribution at gene frequenciea. A 

di:tfusicm equa.tion resul ts is general.ly very od, perha.pa ma.rkably 

so sine e sane ot the selecti ve values used are so large. The poore t 

agreement is tound with low initial :trequenciea; but for the para-

tara studied, notably ia. ~ 1.0, p
0 

-:r 0.05, N~ B, the response 

(u(p
0

) - p
0

) predicted from matrix itera.tian never di1'f'era by re 

tha.n ~ from tha.t pred!cted by the oantinuous modal, whic can be 

regarded aa the case ot population ize beoomi.ng intinitely large. 

The dif:fusion equation for linked looi 

i th link looi 1 t is convenient to atudy the distribution 

ot sametic frequenciea ther than ne trequenoies. In addition to 

selectian and drif't third foroo is a.eting on th distributl 1 that 

ot ·recombina.tion. Tbe cbanges in the distribution ot ga.metic 

t quenciae can be d.escribed by e. continuous modal, tha JIIllti­

d.imen ional ditf'usion equation (e.g. KilDI.lra, 1955) o:t the genera.l 

torm 

h a 
- t ~ [ {df .1)p] (18) 

j=1 j 

where ¡J(t1 , ... . t :fh' t) i. the distribution of tic trequ oies, t J, 

at time t. The dimension ot the equatian is h, and is equal to the 

number of degreea ot :f'reedom amc.mgst the gametio frequenoies. or n 

n 
loci each of two alleles h = 2 - 1. Fran the mult1nomial diatributian, 



the varianoe of the ohe.nge in tic t quenoy is given by V(df j = 
[:f'3(1 - f'j))/2N, and the oovariance of.' oba.nge by Cov (dt.1' atk) = 

-(t :/k)/'lR. Direotianal ohanges in tumetic frequenoy, (dtj), are 

given by (3), or by (4) tor trunoa.tion seleotion. Por the d.itfuaian 

equation to hold• both the recombination fra.otion (e) and selectivo 

val.uea { w jk - 1 ) shouJ.d ~t be o:f' gr-eater order than 1 /N, e o that 

terma in their product can be ignored. Thus, after rea.rre.ngement• 

the dittusion equatian for trunca.tian selectian th two looi tuma 

cut to be 

d& 1 3 )2 1 ~2 
= - ~ - [r .,e 1-r j),0J -2 ~ r ~f ~:f' [t jt~ 

4 .1=1 ~f 2 j k 
j J k 

Ni 3 ~ 3 ~ -- ~ }f ((E tkvjk-m)t.} +No r 'Sf." ( ~/J] 
Cí 

J=1 j k=1 j=1 J 
(19) 

where r4 must be .formal~ ~eplaced by 1-r1-t2-t3 and 6. by t 1 (1-t1 -:r2-:r3)-f~3" 
Cl~arly, if the te:r:ms ~ tk VJ'k and m in (19) are written out in ruu, 

k::1 
the vjk can be taken out of the d.itf'erentials as constante. Thus, · 

simU ar]3, to the one dimensional equatim ( 16), on a time soale ot t/.N 

and for a g:tven set of :f'requencies the procoss con be deaoribed by the 

N1 Ni 1-Ti pa.rameters <r" v11 , <T v 12 , ••••• , ~ v 41~ and No. For the special case 

ot two addi ti ve looi the parameters reduce to anly Ni a., Ni(3 and No where 

a. and 13 are detined by (5) .. 

The chanca ol tixatian of' an additiTe gene, A• aoting a.lone 

in a populatian waa seen to be a i'unotiCil ot p
0

, ita initial trequenoy, 

and Nia.. It has n01r been ahown tha.t if another addit!Te gene, B, ia 

also segregating a f'llrther :f'our pammeters can atteot the chanoe of 

f'ix!ltian of A. These are Ni~ and No, meaaurea ot the efiect ot B and. 
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the tightness of lillkage of A to B, q
0

, the ini tial frequenoy of B, 

and fJ 
0

, the 1ni tial li.nka.ge disequilibriwn. Muoh of the woric to be 

desoribed will be conoemed with estimating ho these extra. parameters 

influenoe the oha.noe or fixa.tion of A. HoweTer i t will uaua.lly be 

aasumed that the population is 1nitially in linka equllibrium (/J.
0 

= O). 

No algebmio solution ot ( 19) has been obta.ined, even for the 

a.dditive modal. Numerl.cal solution of the differentie.l equation oould 

ha.ve been attempted but was lik~ to involve exoesaive computing time 

and atorage. Although simulation of the procesa of aelection in sma.ll. 

populations by means of traneition probabilit mtrix itera.tian has 

b en usad suooessfully for one locus (Allan and Robertson, 19~), the 

method is not practicable for two or more loci. The two looua model 

requirea a square tnmai tion matr.U: ot dimensiOil ( 2N ; 3) wh!oh is, 

tor emmple, 165 with a population eize N= 4. It was theretore 

deoided to study the system by means of onte Carlo aimulation. 

The breakdawn of linkage dbequilibrium 

In this section fonnulae are deri ved for the rata ot break-

down of l.inka disaquillbrium in unselected small popula.tions and the 

resul ts used to calcula. te the response to artificial selection when 

some simpllfYing assumptions are made. 

In a population or etfective size N in wbioh no aalection 

is praotis d the expeoted d1sequilibrium e.tter one generation :ia giTen 
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Using the multinomie.l distr.Lbut1on1 it can be shown that 

~ 1 = (1 - o)(1 - 1/2ll)/J 
0 

If o and 1/2N a.re small euch that o/2N can be ignored relative to 

e and 1/2N then 

~ 1 = {1 - o - 1/2N) 60 

and {1 t e (1 - O - 1/2N)t/.1
0 

1\ -(2No + 1 )t/2N 
r-w o e • (20) 

Thus on a time soale of t/N 1 fJ. //J. 
0 

is a f'unction ot ( 2Nc + 1 ) • The 

half' lite of the breakdown ot 6. 1 at which /J. t! IJ 
0 

= 0.5, oocure when 

t 1.4N 
= (2Nc + 1) generations (21) 

In Figure 2 tho tunctian 1/ ( 2Nc + 1) is plotted against No 1 wi th No on 

a log scale. The slope has a ma.:ximum a.t 2No ·= 1, so that the re.te of 

breakdown of disequillbrium is most sensitivo to multipllcative changea 

1n reoombination tre.ction at va.lues ot e near 1/2N. The function 

1/(2No + 1) aleo appears in formulae for the probability of recombination 

in sma.l1. populations inbred to tixation ( rlght, 1933; Kimura, 1963). 

If aeleotion is very weak and gene etf'eots e.re small, i t oan 

be asaumed that the mean gene trequen'?Y and henoe the varie.nce and tb.e 

disequillbrium change Yery little as a result ot selection. The additive 

variance for one loous theretore declines as 

2 2 -t/2N 
erA( t) = <'A(o) 8 

and D. declines as in equation ( 20). Theref'ore for a mul t1-loous 

additiv modeJ., for wh!oh the variance in the fi.rst generation 1s iven 
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2 Nc + l 

N e 

FIGURE 2 Graph of 1/(2Nc + 1) aeatnat No. 
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by ( 13) , tbe varie.nce a t genera tion t is 

1 2 -t/2N " -{2No jk + 1 )t/2N . 2 
e{ ( t) :: [ 2 ; a. j p J ( 1 - p .1 ) e + ~ ~ a. j '1c u jk e ] cr t 

and thE' total selection advance is e;l ven by 

J~!(t) 2 A 

0 

cr dt = Nia[~a.j pj(1-pj)+2~;a.j'1cL\j/(2Nojk+1)]. 

Similarly, the total changa in tbe freq1.1enoy ot a gene can be expressad aa 

· The o.bove equations, (22) and (23), were d.erlved using the 

approach of Robertscn ( 196o) who f!13.Ve similar :f'onnulae tor a single gene 

and sh01red that wi th weak selection the total response would be 2N timas 
' 

that in the :f'irst genemtion. Clearly, :f'rcm (22) a.nd (23) it can be 

seen that if there is negntive disequillbrium initially then the total 

advanoe will exceed 2N times that in the first genere.tion and it there is 

initial positiva disequillbrium lesa then 2N times the first generation'a 

response will be made, even with very weak aeleotion. The aseumptions in 

the above deri vatians are ve:ry e trang, and ueua~ the total advance will 

be lesa than 2N times that in the tirst generation, even wi th one looua, 

the disorepanoy becoming greater the larger Nia. (Robertson, 1960). From 

thia simple model howeTer, one important conclusion can be salvaged. It 

tbere is initial linka equillbrium and if the parametere Nia.j are very 

small, then the population remaina in equillbrium and the aeleotion llmit 

is not intluenced by the tightnese o:f' linkage. 

(22) 
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4. SIMULATION PROCEDURE 

The si.mulation prooess used in thie liante e rlo atu~ 

ditfered trom that of other workera (Fraser, 1957a; artin and 

Cockerham, 1960; Gill, 1963, 1965; Qureshi, 1963). They simulated 

gametes oo the computer and paired these to fo:nn individual genotype • 

The genotypio value ot eaoh individual was speoified by the moda ot 

gene aotion uaed, and the phenotypio value oomputed by adding to the 

genotypic value a randan normal deviat as environmental error. 

Seleotion ot parents for the next generation was basad on e e 

phenotypic values. New gametes re formad from. the parents in 

which orossing over between a.djaoent looi occur.red w1 th probabUi ty 

speciti by the reoombination fractions. 

In the procedure us d h 

mtion were nev r paired into 

the 2N tes to:nned ea.ch 

otypes. The eoted trequeneiea 

ot the tes (f j) in the next genera.tion were oaloUlated algebraically, 

and the oa.loulation inoluded both sel tion and reoombination. Thu 

tor trunoation sel tion with an additive model ot o loci , tha new 

expected etic trequencies were oanputed by formula ( 6). In aoh 

run the 2N gama tes in the next genera tion were obta • d by aampling 

from a multinomial di tribution with parameters t 3 by 

ating 2N UDif'orm paeudo-randan numbera, x, and. oomparing aoh with the 

sametic frequenoiea. It 

o < x ~ t 1 then a gamete A:B was generat a, or it 

t 1 < x ~ t 1 + t 2 then a gamete Ab was nerated, and so on. 
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In the computer programme ea.ch ot the pa.rameters N, ia., 1¡3, 

o a.nd the in1 tial :f'requenoles could be al tered. From the 1n1 tia.l 

frequencies tor tm;¡ run seleotion was praotised first {e.g. by toruW.a 

6), betore random gametes were formed in the manner desoribed above. 

Each iteration was ca1tinued to f'imtion or :f'or 6.25 N 

generaticns, whichever occurred first. .After 6.25 N ganerationa ot 

selection for one locus at least 99. ~ ot the total response can be 

expeoted to be made if Ni a. ~ 4, 98.5% if Ni a. = 2 or 96.~ it Ni a. = 1. 

The average gene trequency a.fter 6.25 N genera.tions was theretore taken 

as the limit whether oanplete tixation in all linea bad, or had not, 

taken place. UsualJ.y 400 replioates were run tor eaoh set ot parameters. 

At tixation, the proportion ot linea in which the favourable gene is 

fixed is binomially diatrlbuted, ao tbat with 400 replioates the ohanoe 

of fixation of' the favourable gene, u(p
0
), has a standard error ot 

0.05 J u(p
0
)[1 - u{p

0
)]. 

Anr.C.T. Atlas Computar was used far the aimulation. It ia 

a tast ma.ohine (by present standards), such tbat tor a population size 

ot 8, 400 replioates each ot 50 generations required about 12 aeconda ot 

oOM,Futing time, dependent on the rate of fimtion. Doubling the 

population size increaaed the oomputing time by a factor o:f.' almost tour. 

The formulae used to oalculate the ohanges in gametic 

trequenoy were deri ved tor inf'i.ni te populations so they are not precise 

tor the s.mall population sizea ot 8 or 16 atudied. In particular, an 

assumption of the 1nfini te model ia that each genotypio frequenoy ia 

eDotly the produot of ita cona ti tuent gametic f'requenoies. However 

the ob~eoti ve ot thia a tud\1 waa not to obtain resul ts applloable ODl3 
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to one population sise but to be able to extrapolate to populationa 

usuall.y' larger than those simulated. It was theretore thought 

ad'risable to adopt general tomulae tor selaotion response wi thin 

populatians and conaider sampling onl.y ot gamates tor the nerl 

generation. Purthermore, oCil.Siderable savings in computi.n8 time 

oould be made by using the algebraio approximations to seleotion 

response and expeoted amount ot recombination. 
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5. mE SELECTION LIMIT 

The ohs.nce of fixation of a linked gene 

In the first part of the Monte Carlo stud;r all posaible 

combinations of aevera.l va.lues of the pare.metera p
0

, <lo• Nia., Nil3 and 

No were 1'\Ul tor two additive genes initially in linkage equ1llbrium. 

These were: 

Initial frequencies, p
0

, 'lo = 0.05, 0.1, 0.3 1 0.5, 0.7; 

Nia.. Nil3 = 2, 4, 8, 16; 

No = 1, 1/4, o. 
To avoid selectiva values ia., ij3 greater than one, combinations in 

which Nia. or N113 = 16 were run at a popula.tion size N = 16. All 

other oanbinaticns were run wi th N = 8 to reduce canput.i.ng time. 

lor both population sizes 4.00 replioates were usad. The ohanoe ~ 

timtion ot the gene with init:lal frequenoy p
0 

a.nd ettect a. is shown 

far the above oombina.tions ot pa:rameters in Figures 3-7. In add:J.tian• 

the ohance ot fixation tor ea.oh value of p
0 

and Nia. is given trom the 

matrix itere.tion tor one locus (as Tabla 1, but taken for only 6,25 N 

generations) with N = 8 tor Nia. = 21 4, 8 and N= 16 for Nia. = 16. 

'l'hese resulta are labelled No =~, tor the response of a gene aoting 

alone can also be T.iewed. as the response ot that gene when segregating 

independentl.y ot other genes in the population~ impl,y:t.ng free reoombin­

ation in a ver:¡ large population. The ma.tri.x resul ts do not correapond 

to free recanbina.tion (i.e. o = 0.5) in a population ot rela.tiTaly 

small sise, when the maxfmum Talue ot Nc is N/21 or 4 for a population 

size ot B. 
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The aimulation resulta far Nia. = 2, 4 and 8 which were run 

at N= 16 (i.e. Ni¡3 = 16) ha'fe been adJusted to ma.ke them comparable 

wi th those run wi th N = 8, sinoe there are small ditf'erenoea 1n ohanoe 

ot fi:mt1on for constant Nia., but varying N (Table 1). The resulta tor 

N = 16 were mul tiplled by the factor 

u(p
0

, 8) - p
0 

u(p , 16) - p o o 

(24.) 

whioh standardises responsea, where u{p
0

, N) is the chanoe of fixation 

of the gene aegregating independently in a populatian of abe N, 

oomputed by ma.tr.:tx i teration. Al thougb the oorreotion was arbi trarily 

chosen, 1 t usuall.y makes amall changas rala ti ve to the standard error 

of the Monte Carlo estima.tea and doea not aff'eot arsy ot the oonolusiona 

to be drawn from the resul ts. The ma1n advantage in maldng aome trans­

:rorma.tian of the form (24) is that the same value of u(p
0

) can be plotted 

in Figures 3-7 tor all N wi th No = fiJ • 

The elata. in :B'igures 3-7 for two lil'lked additiTe senes, A with 

etteot a. and ini tial trequen.oy p
0

, and B wi th effeot f3 and ini tial 

frequency ~' whicb are initia.lly in llllkage equilibrium ahaw thatt 

(a) The chanoe ot t:txa.tion, u(p
0
), of A may be great]J raduoed :tf 

A ia tigbtly linked to :S, relativa to A 's chance of fixa.tion if aegrega.t­

ing independently. It is olear f'rom tb.e standard errors ot the estimatea 

of u(p0) shown in Figures 3-7 that Te:cy highl.;y siguificsnt reduot1on.s in 

chanca of fixa.tion oocur with liiS.D\Y seta ot parameters. 

(b) The largest reduotiona in u(p
0

) are found when B has a lcm 

frequenoy. 
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(e) At least for low trequenoies ot the 1ntertering gene B, and 

for sises ot Nif3 atudied, the greater the etf'eot ot B, the greater the 

reduction :in u{p
0
), the chanoe of ti:x:ation ot the effected gene A. 

Aleo there is appa.ren~ no ~a.nge in u{p
0

) if Nif3 ~ Nia/2. 

(d) The ohanoe ot fimtion of the affeoted gene can be reduced tor 

aey value ot its initial trequenoy exoept, pemaps, when the pne ia 

al.most oertain to be fixed ( u(p 
0

) .-v 1) when aegrega.ting independ.ently. 

{e) The tighter the linkage between the two genes, then the greater 

ia the reduction in u(p
0
). 

Theae obaervations olearly need turther examination, so 

the data of Figurea 3-7, together with additionaJ. resulta simulated 

for some particular e:xamples ot pa.rametere 1 will be investigated in 

greater detail. The degree of reoombination w.l.ll be oonsidered first. 

It can be seen in Figures 3-7 that for a wide range ot 

perameter seta p
0

, <lo• Ni a. and Nif3, the decline ot u(p
0

) wi th tighter 

linkage is approximately linear for the spacings ot No used in theae 

grapha. The transfor.mtion used to plot these No values waa the 

funotion 1/(2Nc + 1) wbich waa shom in Figure 2 and gives val.ues ot 

1/{2No + 1) = o, 1/3, 2/3 and 1 tor Nc = oo, 1, 1/4 and o, respeotively. 

Thia tranatomation was chosen partly for ocmvenience, as i t reduces 

values ot Nc r.anging trom 1ero to intinity to a scale mnging Ol'll;v 

trom sero to one, but mainly because the tranatormed 'tar.le.te ia a . 
measure ot the rate ot breakdown ot llnkage disequillbrium. It 11as 

shown ee.rlier that on e. time aoale ot t/N generatians, 1/ ( 2No + 1 ) ia 

proporticmal to the halt lite ot the breakdown of the diaequilibrium 

determina.nt, !J. , in small populations ( equation 21). 
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The regression of chanca ot fi:mtion an 1/(2No + 1) waa 

computad for eaoh eet ot parameters p
0

, ~· Nia. and Nif3 uaing data 

unadjwsted by fon:nula (24). As the var.l.ance of an eatimate ot u(p
0

) 

f'rom soma Monte Carlo simulatian (i) depend8 on u{p
0
), aquared 

deviations from the regreaeion were weighted by 1/o}, where <{ ia 

the variance of the estimate. The sampling variance of' each Monte 

Carlo eatimate ma caloulated fran the observad cba.nce of fuatian, 

so that repeated re-eatimation ot the varianoe was not required tor 

each poasible regreasion llne. The chanoe ot fi:x:ation tor No 

was firat comparad wi th that for No = ~ , then regrese ion linea 

were torced through u(p 
0

) for No e e~:> • The latter wa.s caloUlated 

by mtrix iteratian and, of course, has no sampllng varianoe. No 

analysis waa perf.'omed where u{p
0

) > .99 for No = r:1> , for at auoh high 

frequenoiea errors in estimtion ot the varianoe become more aerioua, 

and the eat1mates ot u{p
0

) and ita varianoe more hisbl3 oorrelated. 

In addi tion to the data ahown in Figurea 3--7, oanputer runa were also 

made wi th N = 8 for the aame para.meter oombinationa shown in Figurea 

3-7, but with Nia., Ni~ < 16, and No = 4 (free reoombination with N= 8) 

and No = 1/4. The data tor the regreasion analysis thus comprised 

280 parameter aeta, of which 100 had three estinated pointa: 1/(2No + 1) 

= 1/3, 2/3, 1 and 180 had five eatinated pointa: 1/{2No + 1) = 1/9, 1/3, 

2/3, 8/9, 1. Pooled resulta are given in Table 2, where aums ot aquares 

are of' the f'orm t(a}ai) where a1 are deviatiClls from No = o0 or 
2 regreaaion and <Ji the sampling Tariance of the estimate at u(p

0
). 
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TABLE 2 Pooled anal.ysis of linear regreasions 
ot u(p

0
) aga.inst 1/(2No + 1). 

Source Sum ot squares d,f. 

Total (Deviations trom u(p
0

) 15893 1200 
for No ellO) 

Linear regressions 14.584. 280 

Reaidual from fitting linear 1309 920 regresaions. 

Wi th the larga number ot replloation:J used, the Monte 

Carla estima.tes of u(p ) approa.oh a norml distribution, so th.at 
o 2 

d . 
undar a null eypothesis ot no ett'ects ...! is distrlbuted as chi-

CJ'2 
i 

squa.re w1 th ene degree of freedom. The aum of n su~ independen.t ""t ~ 

is distributed as X! and hu expectation n. In Table 2 the total, and 

both ita componente, linear recrassions and residual. fran fitting linear 

regresaion are significantly di:rt'erent from the appropriate 'X 2 

(P < ,0001 in each case). However, although the reaidual va.riance ia 

signifioa.nt, it contr.Lbutes a very small proportion r.4 tbe variabillty 

in this data~ It binomial 88.lJIIllnS varianoe is deduoted fran the swn 

ot aquarea for the total a.nd linear regresaions, then the linear 

regreasions remove 14W14693 or 97.4% ot the rema.ining variabillv 

for the.ee pa.rameter seta. 'l'he individual regression ~sea most 

o.ften ahow significant non linear regreaaions when the cbanoe ot 

tixation is very olose to one, in whioh case the reduction torNo = O 

exaeeds that expeoted from inte:rmediate No valuea, e.nd when one gene 

ia muoh largar than the other, Ni{3 "$> Nia., in whioh case the reduotion 

tor No = O is leas than that expeoted trom intermediate No va.l.ues, 
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~ese exoeptione to the general trend ot a llnear decline ot u(p
0

) 

w1 tb inorease in 1/{2No + 1) will be considerad later. 

These regres8ions alao provide good etidence tbat tight 

llnkage alwa.y's reduces response wi th addi ti ve genes in1 tia.lly in 

equilibrium. In the 280 linea fitted, there waa a aignitioant (P< .05) 

linear regreasion in 176 cases. In a1l but one ot theae 176, the 

regression showed a reduotion in u(p
0

) as l.inkage became ti~ter. 

In Figures 3-7 it 1'88 shcmn that the intluence of the 

a.tt'ecting gene, B, on the chanoe of tixation ot the gene A ia highly 

dependent on the initial trequenoy and etteot ot B. The intluence 

ot the sise and ini tial trequency, Clo• ot B was atudied in greater 

detail tor a gene A with initial frequenoy p
0 

= 0.3 and with Nia. = l¡.. 

Purther runa with 400 repllcatea beyond thoae shown in Figurea 3-7 were 

made for ~ = o.o25, 0.075, 0.2, 0.4 and o.6, and also resulta were 

simulated for Ni{3 = 32 wi th No = O, using a population size ot 32. 

In ftgure 8 the chanca ot fixation, u(p
0
), is plotted againat Clo for 

No = O and Ni~ = 2, 4, 8, 16 and 32. The w.lues ot' u(p
0

) tran matrix 

iteration for one loous segrega.ting are gtven in Fi re 8 both tor all 

Ni~ when Clo = O or ~ = 1 and alao for a neutral gene, Ni/3 = o, for aU 

<lo• In nei ther case doea selection oh.ange the trequancy ot the intel'­

tering gene, B, so that no intluence on A'a chanca ot tixation can be 

eJC;peoted. It can be seen in Figure 8 that as Ni{3 is inareased, then, 

at least Up to Ni{3 = 16, the ma:drmtm red.uotion in u(p
0

) is also increaaed. 

J'urther, the largar N1¡3, the lower the ini tial frequency 'lo at whioh the 

max:tmum reduotion takes place, suoh that far tbe largar Nifi values it 

seema that the marlmum reduction oooura where Ni~Cio = 0.8 approxiuate:q. 
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However it B has an in1 tia.l trequenoy higher th.an that cauaing the 

ea test r duotion in u(p
0

) for a particUlar value of ·Ni~, then B may 

inf'luenoe u(p
0

) lesa tha.n does an interf'ering gene of smaller ef'f'eot. 

Por emnq>le, with Nia. = 4, p
0 

= 0.3 and No= o, the estimates of u(p
0

) 

are o. 675 tor Nij3 = 8 and 0 • .537 tor NJ.~ = 16 wi th 9.o = 0.05, but the 

estimates are O. 766 for Ni¡3 = 8 and 0.863 for Nif3 = 16 with cae= 0.4. 

On the other hand, Figure 8 indicates that if B has a frequanoy lower 

than that oaueing the atest reduction in u(p
0

) for some Ni~, then 

B inf'luences u(p
0

) more than eny gene of smaller ef'fect and the eame 

trequenoy. 

Resulta tor d.ifi'erent degrees ot llnkage in the example ot 

Pigure 8 in which p
0 

= 0.3 and Nia. = 4 are shown in Fi(JU'e 9 tor Nij3 = 2 

and N1(3 = 4, in Figure 10 tor Nif3 = 8 and in Figure 11 for Ni{3 = 16. 

In these gmpha chances ot fixation from Mon~ Carlo simulation for 

No = 1 and 1/4 are comparad with those tar No = O given in Figure 8 

a!ld with No =~ ~rcm one l.oous iteration. Fisures 10 and 11, with the 

htgber Nif3 val.ues, indica. te that the ini tial t'requency ot' the interfering 

gene, B, whicb causes the me.x:lmum red.uotion in u(p
0

) dependa on1y on Nif3 

and not on No. With Ni{3 = 4 (FigUre 9) the reduotions in u(p
0

) relative 

to the sampling error are much sma.ller, but i t appears that the sa 

oonclusian hOlds. 

Aleo in Pi~ 10 is shown a check on the theoxy fr the 

diffusicm equation (section 3) that the ·panuneters p
0

, ~· Nia., Ni() and Nc are 

su.t'ticient to describe the system wi thout a knowledge of tha popu.la.tion si me, 

N. Resulta tor p
0 

= 0.3, Nia. = 4. and Ni~= 8 were oomput d with both N= 8 

and N := 16, eaoh wi th 400 replica tes. The data in Figure 10 has not been 
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ad.justed to const~t population sil e by formula. (24.); the appropriate 

values tor u(p
0

) are 0.9029 and 0.9056 for N= 8 and ~6 reapeotively, 

when simulation is ta.ken for 6.25 N generations. 

Por eaoh value of ~~ the oha.nce of fixation :waa compared. 

for the run wi th N = 8 and N = 16. Taking eaoh val u e of No separately, 

the total'X-2 with 10 degrees of freedom did not dif'fer signifioantly 

fran expectation (P > .05) nor did the pooled'X2 with 30 degreea ot 

freedom. The average of the di:fferenoes [u(p
0

, 8) - u(p
0

, 16)], ea.oh 

weighted. inversely by ita ,standard devia.tion, did not ait:rer from 

expectation for No = O or No = 1/4 (P ';> .05). \.ith No = .1 the average 

ditferenoe was found to ditfer significantly . fran zero ( .01 t.. P < .025), 

the greater response ooourring wi th N = 16. However, adjuetment of 

the as.ta by formula (24) removed this latter si9lif'ioant ~ferenoe 

( .05 < P < .1) but did not atf'eot s:oy ~ the other oompar.hons. 

The agreenent is seen to be quite good for the e.mmple ot 

Pigure 1 o. Thi s was to be expeoted sinoe the wlues of the reoombin .. 

ation fraotio.n did not exceed 2/N, and thus the dittusion approximation 

would be expected to hold tairly well. Larga valuea of ia., or 1{3, up to 

1 .o were usad, but wb.ilst these violate the ditf'usion equation assum,ptians, 

it turna out (Tabla 1) tba.t u(p
0

) 1s not muoh atfeoted by population size 

tor this exs.mple when No = o0 • 

'l'h.e intluenoe ot Nij3 we.s atudied in turther detail tor 

examples in which it was necessar,y to hold oonstant not onl.y p
0 

and Nia., 

but aleo <lo• The two e:mmples studied in m.ost detail werea p
0 

= 0.1, 

Clo = 0.1 and Nia. = 8 (Pigure 12) and p
0 

= 0.3, Clo = 0.3 and Nia. = 4 

(Figure 1.3). In each case the population sizes used were N= 8 tor 
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1 ~Ni~~ a, N = 16 for 8 < Ni~ ~ 16, N= 32 for 16 < Ni~ ~ 32 and 

N = Ni~ for Nil3 > 32, but all data was adjusted to N = 8 by formula 

(24). All :runs ware mada with 400 replioates, exoept in Figure 12 

whare 16oo repllcatas were usad for all runa 1n llhioh Ni~ ~ a. 
Rasul ta for Nil3 = O and No = ~ were taken from ma.tri:x: i taration. 

Of particular intareat in Figure 12 is the minimum valua 

ot Nit3 that causes a reduotion in u(p
0
), for in the earller date 

( igures 3-7) it wa.s shown that littla, it any, reduotion oocurred it 

NifJ $. Nia/2, but no values of Ni~ batween Nia/2 and Nia. were run. 

:ror the pammeters of Figure 12 the tirst siE91ifioant (P < . 05) 

r reductions in u(po) below that expeoted for an independent gene 

ocour with Ni~ = 5 = (5/S)Nia. when there is oanplete linkage, No = o. 
The sama rela tion holds, ot course, between the gene effects ¡ no 

reduotion oooura until ~ = (5/8)a.. 

A turther detailed example of the fall off of u(p
0

) witb 

increaaa in Ni¡9 up to Ni~ = Ni a. ia g1 ven in Table 3 for a modal wi th 

largar etfeots, in whioh p
0 

= Cig = 0.1 as in Figure 12, but with 

Nia. = 16. 400 replicate runs were usad. 

TA.BLE 3 Tha chanca ot fixation of a gene witb 
p0 = 0.1, Nia. = 16 and ~ = 0.1. 

No Nit3 o 2 4 8 10 12 14. 16 

1 .94.3 .953 .94.6 .943 .945 .915 .920 .887 

1/4. .943 .940 .953 .916 .951 .903 .900 .839 

o .943 .943 .930 .933 .935 .919 .857 .691 

• N= 32 adjusted toN= 16. All other runa wi th N = 16. 

32• 

• 715 

.579 

.46lt. 

E:mmplea of s.E. of eatimates : .943 :t .012, .900 t .015, .800 :t .020. 
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A significant (P < .05) reduction in u(p
0

) with No = O 

does not ooour in ilhe data ot Table 3 until Nifj = 12 tor whioh 13 = (3/4} a.. 

However the tests on the data in Table 3 are leas powerful than those tor 

Figure 12 aince :fewer replicatea were wsed. There is also a ·aif?Piticant 

reduction below tha.t for one segreeating locus in Table 3 for Ni{3 = 8 

wi th No = 1/4~ but a hisb.er value of Ni¡3 for the same No does not ehow 

aey ohange in u(p
0

}. 

For the model ot Figure 13 in which Nia. = 4 a.nd p
0
=q

0 
= 0.3 

the first reduotion in u(p
0

) is tound when l i ¡3 = (3/4)Nia. with No = o, 

but f'ewer ft.luea of N113 were run. However, turning back to Figure 8 or 

9, it can be seen tbat significant reduction.s ocour for Ni/3 = 2 = Nia/2 

with No = O where the llnked gene, B, has initial frequenoy ·<Io = 0.4, 0.5 

or o.6. In the data of Figures 3-7 one sign.i.ficant reduction can be 

found for No = O and Ni{3 = Nia/2 for both Nia. = 8 and p
0 

a 0.1 (Clo = 0.5) 

and Ni a. = 16 and p
0 

= 0.1 (<lo = o. 7), at t.he 5% level of signiticarre. 

At the 1% level neither of these is Bi~cant and for the number of 

oomparia0ll8 ma.de, the 1% level of significance gives an overall T¡pe I 

error ot approximate]3 5%. 

In terma of the value ot {3 neoesaar.r to show signiticant 

reductions in u(p
0
), the general oonclusion that can be drawn f'rom the 

data is that the cri tioal range ot w.lues of the etfect ot the intexferins 

gene is a/2 ~ 13 < 3a/4. It 13 < a/2 no reducti~s bav~ been obaened, 

wh.Uat if 13 ~ 3a/4 sane re~uotion .in u{p0 ) seems to oo~ur. It must be 

emphasiaed that the~e conoluaiona were drawn tor inte~ering genes 1f1: th 

ini tial trequency el ose to that causing the marl mu.m reduction tor i ts 

efteot (Figure 8),; it would be more difficul.t to detect deviationa with 
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other Talues ot ~· Presume.b~ small reductiona in u(p
0

) occur eTen 

when " < o/2, but th~ee could not be detectad ldth the numbar ot 

repllcationa uaed and are trivial relative to :th• olÜér ot reduotion 

in u(p
0

) obaened with larger Ni~ T&lues. 

When Ni~ is increa.sed beyond (3/4)Nia. it can be aeen in 

Figures 12 an~ 13 that u{p
0

) eteadily declines but then pasees through 

a m:tnimwn bef'ore inoreasit:J.g as N1[:3 beoomes mu.ch le.rger than Nia.. This 

result could be predicted from Figure 8, where it was also shown that 

the 'tRlue ot Nif:3 causing the greatest reduction in u(p
0

) is a function 

ot ~~ tbe ini tial f'requency ot ~he intertering gene. In the example 

at Figure 12, i t can be seen that the m1niJmlm value of u(p
0

) oooura at 

about Nif:3 = 16 for complete Unkage, No = o. In Tabla 3 the initial 

frequenoiea, p
0 

='lo= 0,1, are the sama as in Figure 12, but in the 

tabla Ni<l = 16 and in the figure Nia. = 8. If the values ot .u(p
0

) are 

eompared for Nc = O and Ni" = 16 and Ni~ = 32 in Tabla 3, it oan be 

sean that with this largar Nia., the maximum reduction in u(p
0

) ocoura 

at an Ni{3 '\'alue much greater than 16, f'or Nif:3 = 32 reduces u(p
0

) more 

than does Nif:3 = 16. Thus it appears that, for given p
0 

a.nd <lo• the 

larger Nia. the largar the value at Ni¡3 that causes the meximum reduotion 

Similar resul ts my be aeen in the data of Figures 3-7. , 

Por example, with p
0 

= 0.1 (Figure 4) and Clo = o.;, if the reductiona 

in u(p
0

) are comparad for Ni/3 = 8 and N1J3 = 16 it is tound that for 

the largeat Nia. value (Nia. = 16) a reduotion in u(p
0

) ocours on1y it 

Nii3 = 16, wherea.s for the smaller Nia. values (Nia. = 2 or 4) a larger 

reduotion 1s oaused by Nif3 = 8 than by Ni~ = 16. 

The data of J.Pigure 12 aleo shows that the values of Nii3 f'or 
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whioh u(p
0

) pasees througn a mini are a f'unction of the reoombination 

t'raotion. · Thus for No :: O and No = 1/4 the minima are f'ound near 

Ni{' = 16 and N1j3 = 24., respeoti vely, and the estima:tes ot the chane 

ot fixation ot the gene A at these m1nima. are u(p
0

) = .330 arid u(p
0

) 

= .,;88 respeotively, For No = 1, the max.1mum reduotion is oaused by a 

gene wi tb Nitl at least ltD, and f'ram the trends ot the grapha it appeara 

tbat tb.e m1nimum value of u(p
0

) lies in the range 0.45 < u(p
0

) < .50. 

In the e:mmple of Figure 13, the value of Nif3 e.t the mhdDJJtm of u(p
0

) 

is apparentl;v rather less dependent on No tb.an 1n the previoua example. 

Ho ever the D.la.D nnam reduotian in u(p
0

) clee.rly depen'a.a on No in both 

examples, 

In Fie.u-es 12 and 13 it oa.n be seen tha.t, dur.l.ng the pbase 

where further inoreaaes in Nif3 cont ue to reduce u{p
0
), se:y in the rang 

Nif3 = 6 to Nij3 = 12 .in P'igure 12, the reduction in u(p
0

) is about the 

aame whether No is alter d from ~>D to 1, from 1 to 1/4 or trom 1/4 to o. 

In other words, during this phase, th.e reduotion in u(p
0

) is linear on 

a ~cale ot 1/(2Nc + 1), for given Ni~. However for larger values ot 

Nij3, ss:y N1j3 > 2Nia in Figures 12 and 13, this soe.le no longer ieada to 

Unea.r reduotions in u(p
0
). The reduotion in u(p

0
) between the smaJ.ler 

No values becomes much less than b tween the larger valuee. Thu in 

Pigur 12 ther. are no stgnifioant ditt'erencea between u(p 
0

) tor N e = O 

and No = 1/4 througb.out the re.nge Nij3 = 24 to w. the bighest Ni/3 Ya.lue 

simulated, whereas in this ra.nge the u(p
0

) values fo.r I~c = 1 and No =...O 

dif'fer widely. Thus the ve.l.ue ot Ni~ oauaing tb.e ~ DJlm duotion in ) 

u(p
0

) must depend on No, and of oourse, an increaee in Ni~ tor low No may 

inorease u(p
0
), while reducing u(p

0
) for a higb.er No. An emmpl at tbe 



latter phenomenon e an be taken from Figure 12 for the ranga Ni~ = 16 

to 4!), during which u{p
0

) rises for No = O and falla for No = 1. 

The detailed ena.lysis has so far been reatrioted to a etud¡y 

of changes in the effeot and frequenoy of the intertering gene B. The 

diacussion will now tum to the influence of the ini tial trequenoy of 

the atfected gene A on changea in ita chanca of f'Ua.ticm due to linkage. 

However, since the ohanoe of :tixa.tion is not llnea.rly rel.ated to the 

parameter Nia., and since the slopes of the gn1phs of u(p
0

) againat 

Ni a. depend on the ini tial f'requency even for one segregating loous 

(Figure 1), it followa that a comparison ot the c~ea in u(p
0

) 

i taelf' over dif'i'erent values of p
0 

d.oes not lead to coherent con­

olusians. The method adoptad tor comparing the ohanoe ot tixation 

of genes wi th dif'ferent ini tial f'requenoiea was to compute from the 

Monte Carlo estima.te of u(p
0

) for a linked gene the Nia. value which 

would give the sama u(p
0

) for a single gene with the sama initial 
/\ 

traquenoy. This w.lue of Ni a., denotad Ni a., was read from a graph ot 

u(p
0

) against Nia., as in Figure 1 but using resulta oanputed by 

mtrix iteration for the a.ppropriate population size (Table 1). An 

..-"\ 
alternativa method o:t estimating large values o:t Nia. derives trom a 

rearrangement of Kimura • a ( 1957) formula 

For larga Nia. 

80 tha.t 

Ni - ln [1 - u(p )) 
a.;y o (25) 

2po 



The approxiuation (2.5) is not satisfactozy for Nia. 1.5, appro:xlmately, 
A 

and aa a large proportion ot Nia. values tell below 1.5 the graphical 
/\. 

thod ot computing Nia. was used throughout. 
A 

In Figurea 1~17 Ni estimates are gi.ven for Monte Carlo 

runa with Ni~= 16 and No= O (Figure 14), Na = 1/4 (Figure 15) and No= 1 

(Figure 16) and with Ni¡3 = 8 a.nd No = O (Figure 17). Most ot th.e data 

tor these graphs was shown as ohance ot fimtion in Figures 3-7, but 

there ar included extra nms with 400 repllcates for initial trequen­

cies p0 = 0.2, 0.4, 0.6 and 0.8 with Ni~= 16, ~ = 0.05, 0.1 and 0.3 
/\ 

and No = o. Typical sampling errors of Nia. are shovm in Table 4, but 
A 

beoawse Ni u. ia not llnear.lj' relatad to u(p
0
), upper and lcmer bounda 

A 
of Nia. are movm. that oorreapond to u(p

0
) plus or minus one standard 

deviation ot u(p
0
). 

A 
TA.BLE4 Sampllng errors of Nia. : upper bounda 

(u.B.) and lower bounds (L.B.) for t one 
standard deTiation of u(p

0
) using 400 

replica tes. 

Ni a. Po .05 .1 .3 .5 .7 

1 L.B. 0.77 0.83 0.89 0.89 0.87 

u.B. 1.22 1.16 1.12 1.12 1.14 

2 L.B. 1. 75 1.81 1.86 1.86 1.82 

u.B. 2.25 2.19 2.15 2.16 2.27 

L.B. 3.65 3.73 3.75 3.68 3.51 

U.B. 4.36 4.29 4.29 4.46 5.57 

8 L. B. 7.46 7.53 7.27 • 
u.B. 8.57 8.53 9.33 

• Values a:nitted for u(p
0

) ') .999. 
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As can be aeen in Table 4, nlues of u(p
0

) olose to one 
A 

produce large aam,pling errora in Ni..:, and are al so ditficul t to interpola te 

aoourately from a graph, and so results for which u(p
0

) > .99 have been 

omitted from Figures 14-17; Resulta for Nia. = Ni[3 = 16 ltith No = 1 

and 1/4 bave not been inoluded in Figures 15 and 16 becs.use zr.any u(p
0

) 

values fall above 0.99 with theae parameters. 
/\ 

The general impreseion obtained trom the gmphs ot Nia. is 
/\. 

that tor speoifio values at Nia., Ni{3, <lo and No the reduction in Nia. 

ia approxl.ma.tely .the same for all initial frequenoies, p
0

, ot the 

"""' atteoted gene. The pattem or reduotion in Nia. cor.responda, ot oourse, 

to tbat tor the oha.nce ot fixation : the ~'ltest ef'tecta are cauaed 

by genes with low initiali'requency, <lo' and with tight llnkage. ith 

A.. 
high trequenoy genea, C!o = 0.5 and o. 7, Ni a. is reduoéd below Ni a. to a 

ve:y small extent, and_, as would be predioted from Figure 8, genes with 

<lo = 0.3 in:f'l.uence N~ al.moat as much aa do genes with initial. trequency 

~ = 0.05 if Ni¡3 = 8, but to a muoh lesser extent if Ni[3 = 16. 

However there are olear exceptions .to the independence ot 
A 

Nia. on p
0

• . When the interterlng gelle has a very low initial frequency 
/\ 

(<lo = 0 . 05), Ni a. is reduced more it the aftected gene has a high ini tial 

trequency, p
0

• Also, if the gene etfecta are the same, so that 

Nia. = Ni{3, genes B ot initial frequency bigher than 0.05 (0.1 and perhapa 
./\. . 

0.3) e.lso in:f'luence Ni a. to a greater extent it A has a bi~ ini tial 

frequenoy. It has been shom that where a. is much grea.ter than ~ {883' 

a. > 2M, then the ohance ot fixation ot the A gene is not reduoed by 

linkage tor any initial frequency, p
0

, of A. Thus 1n the terma ot thia 
/\ 

seotion, Nia. ia not reduced. tor en:¡ p0, gt.Tan that a. > 2f3, so that tor 



th se relativa 
/\. 

e 
A 

feota, Nio. .s independ.ent of p
0

• It is theretore 

probable that Nia. is most dependent on p
0 

where the g ne ef'teota a 

the sa.me. 

Apart from the f.evr exceptions noted above, the important 

cCI'lolusion that e 1 be obtained trom Figuree 1Z.,..17 ia that the intlueno 

link g ne, B, can be described aolely in terma ot the ducticn 
(::\ 

that it oauaea in the selection parameter, l'lhich has been called Ni , 

without reterenae to the trequenoy ot the df oted g e. 'l'hus in the 

ea.rlier gre.phs of the inf'luenoe ot Clo• Ni~ and No (Figures 8-11) and 

of Ni¡3 and o , (Fi :re 12 and 13), th axes showing u(p
0

) c~d be re-
A 

labell . j,n terms of' Ni a. and would ply to al.l genes of the same 

etfeot as those atu.died in the eDJiples ot Figure 8-13. 

It was oted earller that 1f Nia. ia much ter than Nif3, 
A 

no reduotion in Nia.1 belmr the appropriate Nia. vaJ.ue, can be expeoted. , 

It might be thought that for oonstant Ni{:l, tben the smaller Nia., the 
A 

greatel' the reduotion in Nia., measured as a proportion of Nia.. How v r, 

Figurea 14-17 ehow that t~e verse holda at leaat up to nearly equsJ. 
A 

etfects; larger proporticmal as well as absoluta changee in Nia., 

relatin to, Nia., are found with tbe ~arger Nia. vaJ.ues. or example, 
A 

wi th Ni~ = 16, <lo = 0.1 and No = O (Figure 14) estima tes of Ni a. averaged 

ver aJ.l initial frequenoiea, p
0

, are 0.99, 1.47, 1.~ and 5.1 approx­

istely for Ni[3 = 2, 4., 8 and 16 respecti'V'ely, and the corresponding 
/\. 

ra.tios Nio/Nia. are 0.4.9, 0.37, o. :?J. and 0.32 respeotivoly. Proportional. 
/\. 

rather than absolut ohanges in Nia. olear]J taoilltate oa:nparison 

be~een wide ranges ot Nia. values. The probl immediat~ raieed is : 
/\. 

what is the limiting proportion Niy'Nia.. ae Nia. becanes ver.r amall? 
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Untortunately Monte Carlo s]mulation can not be expeoted to sf.ve 
/\. 

very satiaf'actory an.ewers 1 for the aampllng error of NiO/Nia. beoomea 

very larga as Nia. becanes ama.ll and the curve ot u(p
0

) a.gainat Nia. 

ver,v f'lat (Figure 1). The most sui tabla da.ta. available has p
0 

= q
0 

= 

0.1 and Nif3 = 32, where runa with Nia. as low as 21 or Nia/Nif':;:; 1/16, 

have been made. For No = O and Nia. = 32, 16, 8, 4 and 2 the proportions 
/\. 

Nio/Nia. are o. 26, o. 20, 0.18, 0.50 and o. 60 respecti vely, but olearl.y no 

llmit has been reaohed. An altema.tive method at f ' lding llmiting Talues 
/\. 

to the proportional reduotion in Ni" will be presentad in Section 7. 
/\ 

Al though the ohan s in Ni ~ hava been found to be dependent 

on Nia., emmination ot Figures 14-17 ahows tha.t, for given Ni{3, the 

relati ve intluenoe of' intertering genes ot different ini ti al frequency, 

~~ ia almost independent ot Ni a.. For example, wi th Ni{3 = 16 and No = O 

(Figure 14) 1 the reduction fran C1o = 0.5 a.nd <lo = o. 7 is nea.rl.y the same, 

and alwqs ema.ll. The reduotion tor ~ = 0.3 is alwa,ys leas than tor 

~ = o.o; or 0.1 1 except when gene effects are equal1 but gnater than 
/\.. 

the reduotion in Ni a. causad by genes wi th ini tial trequency <lo = 0.5 

or o. 7. The 1ni tial frequenoies 9.o = 0.05 and 0.1 produce similar 
A 

reductions in Ni a., for a1l levels ot NiCl, but as mentioned previousl.y, 

a gene with ~ = 0.05 inf'luences genes A of higher frequenoy, p
0

, rather 

more than genes of lower frequenoy p
0

• ot couree, ti" Ni a."> 2N1{3, say, 

no reduotions for any <lo would be observad. Thu.s, at least i:f' Nif3 > Ni a., 

it can be concluded that t he resulta of Figures 8-11 on the relative 

influence ot dif'ferent ini tial frequencies, ~· hold not only tor genes 

of ditterent initial trequenoy, p
0

, but also tor genes with effects 

other than Nia. = 4, the modal aotually studied. 
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It waa noted earlier that when u(p
0

) is olooe to unity . 
for No = the regression of u(p

0
) against 1/(2No + 1) is general.ly 

ourvilinear. Thua the reduotion in respOilBe for No = O is greater 

than would be expected fran intermed.iate values ot No if the regx-esaion . 
were linear. Since the alope of the ourYe of u(p

0
) against Nia. is alao 

etrongly curvillnear when u(p ) ~ 1 (Figure 1 ) i t tum.s out tbat 
o A 

for theae higb values of u(p
0
), the regresaion ot !1io. againat 1/(2Nc + 1) 

is more oloaely linear than is the :regression of u(p
0

) aga.inat 1/(2Nc + 1). 

In this seotion of the thesis no attempt has been made to 

interpret the resulta from the Monte Carlo simulatian on the chanoe of 

timtion of a linked gene. Some attelli'ta at explanatian of the data 

will be presentad in Seotion 7 • but only after further aapeots of the 

s1mlll.ation resul ts have been discuased. Two topios are conoemed wi th 

the joint ohanoe ot fixa.tion ot the two linked genes ·.: firetly, the ohanoe 

of tixation ot the ind.ividl.laJ. ePJ!letio types -~ B , Ab, aB a.nd ab, and, 

aeoondl.y, the oha.nge in the population mean of aome trai t, where the 

ohanoe ot tixation of the genes or gametes must be weigh.ted by their 

effeota on that trai t. The next seotion w.Ul deal wi th the intluenoe 

ot llnkage on the rata ot aelection response during the intermediate 

generationa betore the limi t ia reaohed. 

The ohance ot fixation of the eemetes 

It has been sbown that the chanoe of' fixa.tion ot each of a 

pair of linked genes depende upon their relati~e ett'eots, initial 

frequenoies and the tightness ~f llnkage between them. A briet disoussio.n 

wlll now be g1 ven on the etf'ects ot linkage on tho probabili ty ot tixation 
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at the selection Umi t of each ot the petic types (AB, Ab, e.B e.nd ab 

with two genes each of two alleles). The case of ind.ependent segre­

ga.tian. {Nc = r::P ) presenta no problema, for it' additlve genes are 

ini tial.ly in equilibrium, then the chanoe of fixa tion of ea.ch éJUI18tio 

type will be the produot of the chanoe of f'ixation of' the genéi!S 

eomprising eaeh g:unete. 

As an example, eome resulte from the 160o replloate nms 

wi th p
0 

= ~ = 0.1 and Ni a. = 8 whioh ware uaed for Figuré 12, are gl. ven 

in Figure 18 for Nc = 4, 1 , 1/4, 1/16 and O and taking f'our e~les ot 

Ni¡> : two (Ni(3 = 2 and 4) in which Ni(3 is not more than one-halt Nia., 

one (Nif3 = 7) in wbich Ni(3 is almost as large a.s Nia., and finally the 

case of equal ef.feots (Nif3 = 8). The ohanee ot fixation ot the favour­

able genes a.nd the tour tpmetio types are plo.tted against No. tra.nstormed 

to a soale ot 1/ ( 2No + 1). Previously a striot nota.tion was adoptad, in 

which A was temed. the ai'feoted gene and B the interfer.i.ng gene. Here 

the pair of looi are considerad jointly, so the choice of label1 A or 

B, can be made a:rbitra.rily. 

The exaaple of Figure 18 shows tha. t for low Yaluee of j3 

relative to a. then, as mentioned previously. only the ohance of f'i.mtion 

of the smaller gene B is reduoed as llnkage becanes tighter. As tbe 

gene effeots beoome equal the f'ixation of' both the favoumble genes is 

reduced. on the other hand, the oha.nce of .tixation of the untavourable 

ooupllng gamete, ab; is not infl.uenoed by the reoombinatian. traction for 

aii\Y of the pa.ir of valuee of' Nia. and Ni(3 shown. The ohance ot tixation 

ot the repulsion €fU!lete aB ia inoreased only as the ettect 13 approa.ohea 

the ma.gni tude of a., otherwise i t is unoba.nged wi th tight linkage. The 
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tes AB and Ab which contain the gene wi th largor e:ffect in these 

emmplea (except where etfects are equal) are influenced. at all lEJYels 

ot ~~a.. i th tight linkage the favoura.ble coupllng gamete AB is leas 

trequently :t'ixed and the repulsion gamete Ab more trequently fixed, auch 

tbat the aum of their frequencies, the ohanoe of fimtian ot the gene A, 

is not dt cted if l3 is muoh leas than 

Deviations from ma.trix itemtion resulta for independent looi 

ere tasted by 'X-2 go ss-of-fi t an all th 1600 plicat runa w1 th 

p
0 

= ~ = 0.1, Nia.= 8 and Ni~= 1, 2, 3, ••••• ,B. Theae resulta 

ooilfirm the impressions gained from Figure 18, for linkage wa.s found 

to inf'J.uence the chanca of timtion in the followi g cases (P < .05) : 

Gene B, Ge.metes AB, Ab 

Gene A 

Ge.mete aB 

G ete ab 

- all Ni{3 

- Ni()~ 5 

- Ni() '),. 3 

- no Ni¡3 

Perhaps the most interesting observation that can be ma.d! from these 

resulta is that if ene gene' (B) i muoh amaller than the oth r, say 

(3 ~ a/4, then the reduction in the ohance of tixation of the ama.lle.r 

gen a linkage becanes tighter takes place onl.y a.mong ga.rnetea in which 

th la.rge f'avoure.ble gene (A) is tixed. 

It can be seen in Figure 18 that as the reoombi:na.tion fmction 

becan s smaller mo repulsion heterozygotes Ab , aB are fixed at the 

e.:s:pense ot coupllng heterozygotes. Thus a neeP-tive linkage diaequilibrium 

between Unes at the Jimit, ~l, is found, where 

llL = u(AB) • u(ab) - u(Ab) • u{aB) (26) 



41. 

and u( - ) is the chanca ot f'ixatian of' the speoif'ied ~te. Por 

the examples of Figure 18 with No = o, the values otA
1 

are -0.0351, 

-0.0667, -0.1129 and .0.1383 f'or Ni~= 2, 4, 7 and 8 respeotively. 

An exoess ot repulsion heterozygotes at the limi t holds more generally 

than f'or the examples of Figure 18. For the runs wi th 400 replica tea 

wi th the ranga of starting trequenoies and effects shown in Figures 3-71 

~L was calculated in each ot the 210 runa with No = o. !J.L. was zero 

in 72 cases, in all of which at least one gene was fixed in all 

replicates, !J.L was negativa in 130 runa and positiva in anly a. 

MoreoYer f'or none ot these 8 parameter sets in which Ó.L waa positiva 

did the disequllibr:l.um differ sif1lifioantly at the ~ level trom zero. 

Purther analyses were performed on the same data with No = O 

to test the other oonolusions from the emmples of Figure 18. Firstly, 

the ohanoe of' fi:mtion of the untavourable ooupling ga.mete (ab) was 

oompared with ita expeotation from the independent case of No = oO • 

Prom the 210 runs, 138 were exoluded beoause the chanoe of fixation 

for No = aO fell below 0.01, so that less than 4 out ot the 400 computar 

runa would be expeoted to be tixed in this clase and the X. 2 test can 

not be used. In the rema1n1ng 72 parameter sets on¡y 2 Showed 

signif'ioant ditferenoes (P < .os) between the chance of tixation of 

ab torNo = O and No =oO • Seoondly, tor the case of unequal ettects, 

in whioh a. >/2¡3 or ~ ~ 2a. in this data, a similar ana.J.ysis was oarried 

out for the ohance ot fixation ot the repulsion samete containing the 

untavourabla allele of the loous with largar etfeot and the tavourable 

allele of the locus with sma.ller etf'eot. From the 150 compar.tsons ot 

No = O w1 th Nc = oe , 79 were excluded because the expected ohanoe ot 

ti.xation 'for No = o0 was less than 0.01, and of the remaining 71 
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oomaarisons ~ 8 showed significant dit.ferences at the 5% 

probability level. 

The observation that the obance of' fixation ot the 

inferior ooupling gamete is not influenced by the degree . ot linkage 

theret'ore appea.rs to hold generally. Sinoe there are anly three 

degreea of f'reedom among the tour gametic trequencies, the addi tional 

obserYation that the chanca of tixation ot anly the smaller etfeot 

gene is reduced w1 th linka.ge if this gene has an eff'ect lesa than, 

say, halt that of the larger etfect gene, enables prediotion of the 

behaviour of the probabill ty ot fimtion of the other three ometes 

as linkage beocmes tighter. Thus wi th a wide divergence ot et:t"eots, 

the repulsion gamete containing the fa.voura.ble allele ot the le.rger 

e:t"feot gene oan not be influenced by linkage, as the resulta Bhcnr. 

Similarly, a nega.tive disequilibrium, f1L, between the lines at tixation 

is inevitable if a.t least one gene has a reduoed. chanca of fixation 

and the untavourable coupltng gamete's oha.nce of' fixation is not 

ohanged by tighter llnkage. 

The ohange in the pgeulation mean 

The Monte Carlo resul ts discussed so far ha. ve mostly been 

in terma of the chanoe ot tixa tion of one gene and how thi s chanca ot 

fixation is in:t'luenced by another, linked, gene,. In a selection 

experiment all that can usually be observad is the changa in the 

population mean, which is a tunotion o:t" the effeots and changes in 

trequenoy at all genes contributing to the trait. For two additive 

genes, the total advance in the mean, denotad R(J.t), is gf.ven by 
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where, as previouazy, CT is the phenotypio standard deviation and the 

effeota a. and j3 are defined as proportians of CT. 

R{f.!) can be oalculated for eaoh computar run tran the data 

of Figurea 3-7, but it is ditf'ioult to oanpare resulte when the initial 

:f'requenoies and e:f':f'eots di:f'f'er. There:f'ore the method used :f'or maldng 

oomparl.sons of ohanges in the popUlation mean was to expreaa the R(f.!) 

obserYed :f'or sane parameter set p
0

, ~~ Nia., Nij3, No ~ l::h as a · 

proportion ot the response, R(f..l), expected from the sama parameter set, 

but witb No = r::JJ • The latter resulta can, of course, be computad from 

Table 1 for i t i a assumed tha t the individual genes respond independently 

when No = oO • Fran tbe data given in Figures 3-7, this proportion ot 

the seleoticn advanoe reallsed for No = O i.s llsted in Table 5. 

The greatest proportional reduotions in R(¡..t) caused by tight 

llnkage are found when Ni a. and Nij3, and heno e tbe gene etfeots a. and j3, 

are approxima.tely equal. Such a result could be antioipated :f'rom tb.e 

earlier data; for in a model in which one gene has an ef'feot muoh largar 

than the other it has been shown that tbe larger gene's response ia 

soaroely atfeoted by the smaller linked gene. Sinoe the gene wi th the 

largar etfeot general.ly oontributes the groea.ter part of R(f..l), it 

there:f'ore follows that R(f..l) wi.ll aleo not be greatly influenced by 

close linkage when the genes have unequal e:f'teots. 

The data from the oomputer runs shown in Figure 12 can also 

be uaed to illustrate tb.a.t the JM.X:I mum red.uctian in the response of the 

populat1on mean caused by linkage ocoura when the gene etfeots are 

app:roximately equal. In Figure 19 the response, R(f..l), realised for 
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Ni a. Ni(3 

(a) 16 16 

(b) 16 8 

(o) 16 4 

(d) 16 2 

43a. 

Total advanoe of' the population mean wi th 
two completely linked additive genes (No = O) 
as a. proportion ot the advanoe expeoted. from the 
same genes segregating independently (N e = o0 ) • 

'lo Po 

.os .1 .3 .5 

.05 .659 .671 .T/7 .885 

.1 . 671 • 701 .839 .917 

.3 .777 .839 .980 .996 

.5 .885 . 917 . 996 1.000 

.7 .914 .955 1.000 1,000 

.os .830 .831 .894 .943 

.1 .803 .803 .886 .945 

.3 .806 .869 .958 .986 

.5 .895 .933 .997 .998 

.7 .920 .939 .998 1.000 

.os .959 .953 .960 .988 

.1 .921 .906 .959 .965 

.3 .932 .923 .963 .995 

.5 .941 .967 .990 .989 

.7 .983 .968 ,.997 1.001 

. 
.05 1.oo6 .983 • 996 1.001 

.1 .955 .988 .990 .999 

.3 .978 .979 .980 .981 

.5 .966 .958 .995 .998 

.7 .976 .986 .998 1.001 

.7 

.914 

.955 
1.000 
1.000 

1 ~000 

.973 

.941 

.992 
1.000 

1.000 

.978 

.983 

.98l,. 

.989 

.999 

.995 
1.009 

1.000 

.993 

.995 



TABLE 5 continuad 

Ni a. i \, Po 

.05 .1 . 3 .5 .7 

(e) 8 8 .05 • 781 .712 . 799 .86o . 918 
.1 . 712 • 731 .814 ,817 . 955 
.3 .799 . 814 .880 . 947 . 988 
.5 ,860 , 817 . • 947 . 988 . 985 
.7 .918 . • 955 . 988 . 985 1.000 

(f) 8 4 .05 . 942 .899 . 939 . 941 . 955 
.1 .870 . 835 . 914 . 944 . 942 
.3 . ,863 .887 .892 • 961¡. . 989 
.s . • 870 . 879 . 942 . 982 . 967 
.7 . 958 . 961 . 971 . 985 . 995 

. 
{g) 8 2 .os .• 930 . 963 . 990 . 985 . 995 

. 1 1.000 . 946 .983 . 993 . 962 
.• 3 .• 993 , 881 .• 971 . 961 . 971 
.5 . 914 . 916 ·. 976 1.000 ·. 982 
.7 1.001 . 983 .• 978 . 998 . 992 

. 
{h) 4 4 .05 • 775 .868 . 84-6 .883 . 906 

.1 .868 . 850 . 776 . 850 . 978 

. 3 . 846 .n6 . 841 . 879 . 948 

.5 . 883 . 850 . 879 . 951 . 971 

. 7 . 906 . 978 . 948 . 971 . 982 

(i) 4 2 .05 1.053 . 965 . 982 . 992 1.000 
.1 .821 . 961 . 911 . 942 . 917 
. 3 .881 .859 . 907 . 905 . 958 
.5 .916 . 9.51 . 901 . 952 •967 
.7 .986 . 912 .919 . 956 . 986 

(j) 2 2 .o; 1,054 1.064 1.024 .889 . 932 

.1 1,064 .839 . 919 . 84.3 .889 

.3 1.024 . 919 ,826 . 917 .899 
.. noa .OL% n.l., nJI.., 0-,t;: 
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No = 1, 1/4 and O i's plotted as a proportion of ths.t expeoted tor 

. No a t:P with the ps.ra.metera p
0 

= <lo= 0.1, Ni~= 8 a.nd the wicle ranga 

ot Ni/3 valuea uaed for FigUre 12. 

Tu.ming aga.in· to Tabla 5, i t can aleo be seen tha.t the 

reduotions in reap<:*lse wi th tight linkage occur wh.en both genes hs.ve 

low ini tial frequency and large ef'f'ects. There are two inain contri-

buting taotora. Firstly, as earlier resul ts have shown, a low 

.f'requenoy gene wi th large efi'eot has most intluenoe on a gene link:ed 

to i t. Seoondly, genes wi th large efi'ect and intennedia.te or higb 

frequehoy have a very high chanoe ot fi:mtion a.nd the cune ot u(p
0

) 

&E'flinst NiQ. is almost flat f'or such genes if' Nia. is large (Figure 1) • 
......... 

Theretore, even though the ef'f'eotive seleotion pressure {Ni a.) is 

reduaed at lea.st as muoh tor high trequency genes (Figurea 14-17), t heir 

response is lesa atfected by a linked gene than ia the response ot a gene 

with low trequency and the aame, large, ei'teot. 

In summa.ry 1 i t has been shown that the total response in the 

population mean for some trai t determinad by a pair ot genes ia moat 

infl.uenoed by linka.ge if' t heae genes ha. ve low ini tia.l frequency an4 

larse, approximately equal, ef'f'ecta. 
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6. THE BATE OF SELECTION .ADVANCE 

The a.ne.lyais has been restrioted so f'ar to the limita of 

seleotion response. Using a few examples, a brief desoription. will 

now be given of the rate ot progresa to the limit, with the model 

as:Un restrioted to a pair of ad.d.i ti ve looi ini tially in equillbrium. 

The resuJ.ts are releva.nt to all popula.tion sizes, for it has been 

shown (seotion 3) that for a given set of parameters p
0

, ~· Nia., 

Ni~ and No the time eoale is proportional to the population eize, N. 

Since the approach to the limit ia asymptotio, Robertzson 

(196o) def'ined the half-life of the selection proooas, the time taken 

for the mean gene frec¡uoncy to get half-way to the 1imi t, azs a measure 

of the time sca.le of the seJ.eotion response. For one segregating loous, 

RobertsCil showed that aa Nia. becom.es very smal.l then the balf' .. life 

approxima.tes 1 .l¡.N genera.tion.s. H.igber Nia. va.lues usua.lly reduce tha 

ba.l:f'-life, for the tavoura.ble genes are more rapidly fixed by seleotion. 

HoweYer low tr quenoy genes wi th sma.ll Ni a. may ha ve a. ha.lf-llf'e in exoess 

of' 1.l,.N nerations, f'or the initial inorea.se in Yariance d.ue to an 

increase in gene frequenoy from selection. more tha.n c~ensates f'or 

the decrea.se in variance due to drift. Half-llves for single additive 

genes were computed by matrix i temtion wi th N = 32 end ar plotted in 

Figure 20. 

Typioal response curves of llnkecl looi are shown in Fi81U'8 

21. In these p
0 
e~= 0.1, Nia. e 2, 4. a.nd 8, Ni{.1 e 8, No e~, 1, 

1/'4. and O and runa were mad.e with population ize N = 8. In all, 3200 

replioates were used t'or No = 1, 1/4 and o, and the curves of Nc = r::fJ 

were obtained. by matrix iteration. In the first few {sa.y N/2) 
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genera.tiona linkage hs.s ll ttle influenoe on the response but then 

with tight llnkage the response mpidly slows down. ith equal, 

le.rge ia. and Ni¡3, it can be aeen that the response oea.ses at about 

the same tim with No = O and No =oC> , but some respona 1a ma.de later 

w1 th other Talues of No as reoombination ta.kea pla.oe. Sinoe tbe reduo­

tian in reapanee wi th linkage onl.y occurs in the la ter neratiana, 

the halt-lite of the seleotian procese must be raduced. Approxinate 

half-lives tor the example ot Figu 21 a.re given in Tabla 6. 

TABLE 6 Halt-lives (:xN nemtiona) 
o:f the seleotiO'Il procesa for 
p0 = <lo = 0.1 and Ni¡3 = 8. 

ia. No 1 1/4 

2 

1.00 

0.64 

0.95 

o.62 

0.86 

o.66 

0.57 

o 

o.65 

0.57 

0.50 

The intluenoe of the in1 tia.l frequenoy e.nd sise ot th 

interfering gene, B, on the rata ot response of the at:f'eoted gene, A, 

ia illuatrated in Figure 22 for the exa.rt¡)le p
0 

::: 0,.3, Nia. = 4 and Nc e O, 

1n whioh :runa ere ma.de with N= 16. The aeleoti limita (at 6.25N 

genemtiana) have been shown earlier in Fi a 8 e.nd 1 O tbe;y are 

ven again in Fi 22 together wi th the average ne trequenoy ot 

A at aeveral intermediate stagea o:f' the seleotion procesa. Th time at 

whioh response ia :f'irst influenoed by the linked ne, B, does not aeem 

' to depend on the initial trequenoy ot B, but doea depend on ita size. 

If B ha an ini tial trequenoy near to that oau 1.ng the mxi mum reduotian 
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in A' s cbanoe of fixation, llttle further adftlloe in the trequenoy ot 

A oocurs a:f'ter the tirst efteots of linkage are noted and, in t ot, a 

sma1l negatiTe response may b observad for some time. If B has an 

intermediat or bigb initial f quenoy, it was seen preTiously ( igure 

8) that the chane of tb:ation ot A 111.\Y be bigher, the larger N1(3. 

Compa.risons ot the responsas tor Ni¡3 = 8 and. Nip = 16 in igtlt'e 22 

sh that it ia only in the lat r genera.tions tha.t A ea a ter 

re ponae with the la.rger value ot Ni¡3. Appro.x.imat hal.i'-lives for this 

e.xample are. gi.ven in Table 71 where it can be aeen that the later 

increase in response with the J.arger Ni~ and intermediate or high ~ 

( ),0.2) is suoh tha.t the ba.lf-lite is aotually inoreased som hat by 

the presenoe of a la.rge linked g e. 

Ni[3 ~ 

TABLE 7 Half-llves (:xN generations) af 
the seleotion proo ss tor p

0 
= 0.3, 

Niar=4 and Na = O. 

.o .025 .os .1 .2 .3 .5 .6 .7 

16 .n .~ .~ .~ .~ .~ .~ .~ .a .~ .n 
a .n .62 .46 .43 .44 .53 .62 .75 .78 .75 .n 

In Figure 23 the inf"lueno o:f the :size of the intertering ne 

on the progresa to the limit is studi d in greater detall , using the 

xample ot Figure 13 w:l.th p
0

:: ~ e 0.3, Nia. = 4 and No = riJ 1 1 and o. 

If the resul ts tar No = O and No = <:I) are oompared, i t can again be seen 

that the largar Ni¡3 the earlier the f'rGquenoy ot A is influenoed.. Furthel'­

more, tor the highest values of Nij3, a.lmost aJ.l the reduotion in spona 

torNo = O versus No = J) ocoura in theae rl.y generatians. Suoh en 
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observa.tion is proba.bly tQ be expeoted, for it i8 ~ in the ea.r4' 

generationa ot seleotion tora small gene th.at a very larga gene rema1ns 

segregating and presumably the larger gene can only a:f'feot the reeponae 

while it ia atill aegrep.ting. For a gene with initia.l frequency 0.3, 

the • 99-life, when a proportion • 99 ot the total response has been de, 

ooours atter .33N, • 75N, 1. 79N, 3.97N and 4..61N genemtians for Nia. = 

,32, 16, a, 4 ando respectively tor a single gene, ana atter thes 

times fn genes :remain segree;ating in the population. 

When No = 1 i t can be seen in Figure 22 tho. t the ini tial 

reduction due to linkage is almost as great as when Nc = o. It is only 

in the later generationa and with the smaller ve.luea of Ni~, say lees 

than 16, that more pro¡ress ia ma e wi th No = 1 than wi th No :: o. 

Reasans for the buUa.-up of llnka.ge disequillbrium &lring seleotian 

will be d.iaoussed in the next seotion of the thesis; for . the present, 

however, it can be assumed that dif:f'erenoes in response for various 

No Yalues réflect ditfering ratea of breákdown ot tbis diaequilibr.twn. 

Wi th the largeat va.lues of Nif3 there can be ll ttle time for recombin-
• • ' • • • t 

ation to ooour betore the large, B, gene is fixed. Thus for Nc = 1, . ' . . . . 
the half-life of the breakdolrn ot linkage diaequillbrium ia o.46N 

genera.tions in the abaence ot seleotion ( equation 21), yet tb.e .9.9-lite 

for the acüeotion response wi th Nif3 = 32 is ODJ.y O.J3N ~era.tions. 

Howe•er, with amaller gene ettecta, there is more time for recombination 
. 

to take place and the more olosely does the mte of breakdown of linkage 

disequilibrium oorreapond to the total adva.noe for difterent ftl.uea ot 

No. 
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7 • INTERPRETATION OF SnruL.ATION SULTS 

In this aection an a.ttempt will be mde to f'o:nnulate some 

theory f'or interpreting the Monte Carlo data on aelection limita and 

rata of response. From the tm ory a new method ot oaloulating the 

etf'ects of llnkage on a el ction 11 · ts for a simple modal ot two loci 

will be developed. 

pomparisan ot additive and multiplicativa modela 

It was shown earlier (10) that with the modal ot additive 

selectiva advantagea (2), which waa usad in the computar programme, 

small amounts of negativa linkage disequillbrium would be buUt up 

by aeleotion in an 1nf'1ni te population i.nitialq in equilibr.l.um. 

A sim1lar etf'eot would be expected in small populationa. Ne tive 

diaequillbr.lum has been shown to reduo the rata of aeleotion response 

(7), a.nd might theretore be exp cted to reduce th chanca of f'ixation 

also. Such a mechaniam waa al so proposed by Felsenstein ( 1965) as an 

expla:oation ot the reduction in response observad by artin and 

Coakerham ( 1960) wi th an addi ti ve modal ini ti~ in equillbrium 1n 

ema1l popula.tiCil. H aYer, if the aelecti1'e ad:vantages 1, w2, w3 
and w4 of' the gametea AB, Ab, aB and ab, respeoti vely, are mul tipli­

oative in relation to eaoh other, such that w1w4 = w2w3, no linkage 

disequillbrium would resul t f'ran seleotion in an inf'inite populatian 

initial-13' in equilibrium (12). Thua, it the bui~up ot negativa /1 
ahown by equation (7) is the only cause of the reduced ohance of' 

tixation with e.n a.dditive .m.odel (2) in small population, no suoh 

reductian in chanca of f'ixa.tion would be observad with the multipll-
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oati ve mod.el ( 12)., Therefore a oanparisan of the two modela in 

small population was made by Monte Carlo eimulation, using multi-

plioative selectiva advantages for some of the parameter seta run 

previoualy with a<1ditive selectiva advantages. 

The multiplicativa modal we.a constructed so that if the 

population was in equilibriUlll it would rema.in there, and also so that 

changas in gene :f'J."'Gquency would be as olose as possible to those 

obtained wi. th the addi ti ve model and changas due to reoombination 

would be identioal. By maldng theae la.tter restrictions di reot 

oomparisons oould be made between the chancee of tixatiCil obtained 

using the al terna ti ve modele. . The silmüation procedure for the 

multi¡¡llcative model wa_s otherwise identical with that uaed. for the 

additive model (see seotiQill,.), but the changes in gametio trequenoies 

were oomputed as follQW'3 : 

i i 
AB ; f 1 + df' 1 = Tt 1 [ 1 + 2 o. ( 1 - p) ]( 1 + 2 ¡3 ( 1 - q) ] -dlt l) 

i i 
Ab : !' 2 + df 2 = Tf 2 [ 1 + 2 a. ( 1 - ll)] [ 1 - 2 ~q] +dR 

i i ) 
aB : f 3 + df 3 = Tt 3 ( 1 - 2 a.¡¡] [ 1 + 2 ¡3 ( 1 - q)] +dR ~ 

ab : f 4 + df 4 :: T:f' 4 [ 1 - ~ a.p] [ 1 - ~ (3 q] - d.R } 

where T was chosen such tha.t df1 = o, and 

{\ i 
dR =e u.[1 + 2 ( a. + ¡3- 2¡.1) ] , 

where IJ. = pa. + @, is the same aa for the additive mod.el, The ohange 

in gene frequency with (28) can be written, for A, 

(28) 
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and similarly for B. Thus the ohanges in gene frequency for tha 

additiva and mW.t1plicat:L.ve modela difter only in tema oanta.in:lng 

both aquared or oubed eff'eots and !J. • In the ini tial genera tion 

both mod.els will show the sama ohange in gene f'requenoy. 

Computar runa wi th the mul tiplioati ve model were ma.de for 

the parameters p
0 

= 'lo ;; 0.1, Nia., Nil3 = 1, 2, 4, 8 and 16 and No = 

4, 1, 1/4, 1/16 and o, all with 400 repllcatea. Parameter aeta with 

Ni a. = 1 or Ni}3 = 1 were run wi th populati<Xl size N = 8 only, those wi th 

Nia. = 16 or Ni}3 = 16 were run with N= 16 onl.y; a1l othera were run 

with both N = 8 a.nd N= 16. Reaults are shown in FigUre 24 together 

with chancea ot f:l.xation computad for the sa.me parameters but with the 

additive modal. Some of the latter data. waa al.so shawn in l!'igure 4. 

Runa were mada at ditt'erEDt popule.tion sises far two rea.sons t first]Jr, 

as a further oheoJ.: on the dif'f'usion equa.tion prediotion that the ohsnce 

ot fimtion is independent ot N for eaoh model, and seoond.ly to test 

whather the oomparisCil of the additive and mul tiplioati ve modela waa 

atfeotad by N. Sinoe the rata ot buil up ot negativa diaequillbrium 

with the additive modal is a f\mction ot squared selectiva valuea (9) 

i t aaemed poaaible tbat for o0tl8tant Ni a. and Ni{j the al tema ti ve modela 

wauld agree more olosal;y at larger popule.tion sisea and oorrespondingl,y' 

smaller seleotiYe values. 

HoweYer,. tha neral impresa ion to be gained tran Figure 24 

is tha t the aeleotion llm1 t ia the sama tor both the addi ti Ye and 

multiplicativa models at both levels ot population size. Aleo, 

oompa.r.l.sCI'la ot the resulta tor ea.oh modal wi th N = 8 and N = 16 indica. te 

tbat the dittuaion apprnxim.l tian holds well. The statietioa.l enalyeia 
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of the data of Figure 24 comprised pair-wise comparisons botb ·Of 

ditferent modele run wi th the same population size (Table 8) and. of 

dif'ferent population aizes run using the sa.me model (Table 9). The 

latter ~sis was ma.de on charlees ot fimtian both adjusted (by 

equation 24) to N = 8 and unadjusted. In eaoh comparisCil, the 

differenoe in resp0118e for each pa.rameter aet was divided by the 

standard deviation of this ditference and a factorial analyaia 

per:fonned on the new variates. In the absence of any real din'el"-> 

eneas· between the modela each sum of aque.res is dist~buted as 'X. 2 

and has expectation equal to ita degroees of freedom. Clearly the 

tit is od in all cases, and ad.juatment toN= 8 ma.kes little 

improvemant. 

A turther compariaon of the additive and multiplicativa 

modela ia inoluded in Figure 251 for which the pare.metera were 

p0 = 0.5, ~ ~ 0.1, Nia. = 2 and Ni¡3 = B. Resulta for No = oc> 

were obte.ined by ma.trix i teratian and those for No = 1/2 a.nd 

No = O by Monte Carlo simulation wi th 160o replica. tes and a poptü­

ation size of N = 8 for both modela. The average gene frequenoy 

ot A ia plotted together wi th the average wi tbin-line values ot 

p(1 - p) t the vnria.nOe of ~ne frequenoy of A, and b. , the disequil­

ibrium determinant or oovarie.noe of gene frequencies of A and B. 

From equation (7), the re.te of' changa of ome frequency within a 

line, for thio pa.ra:meter set, can be expressed by 

~ = p{ 1 - p) + 4/:J. (29) 
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TABLE 8 ~eis ot ohi-square of dit'!'erenoes in the oha.noe 
o!' fi:mtion for an addi ti ve .!!!• a multiplica ti ve model • 

N:8 . N= 16 

Source af - Sum of squarea 

ll.ean 1 0.016 0 • .303 
Ni c. 3 0.883 6.867 

* Nifj 3 10.012 4.725 
Nia. X Nif3 9 6.596 14.343 
Na 4 6.621 1. 758 
Nia. x No 12 3.536 16.405 
Ni(3 x No 12 17.566 7.101 
Nia. x Nif3 x No 36 35.978 37.4n 

Total 80 81.208 88.979 

• • 01 < p < .os. A1l other suma of squarea have P/ .os. 

TABLE 2 Analysie ot cbi-aquare of differances in the ~ce 
of fixation for population eizés N = 8 vs. N = 16. 

ldodel Additive Multiplica ti ve 

Adjusted to N = 8 No Y es No Y es 

Source df - Sum of Soua.res 

Mean 1 3.444 0.003 3.461 o.ooo 
Ni a. 2 1.929 6.390* 3.439 1.521 

Nil3 2 4. 753 4. 752 6.174* 5 .. 784 

Nia. x Nif3 4 2,130 1.186 3.228 2.824 
No 4 2.691 2.576 2.268 2.213 
Nia. x No 8 5.872 5.916 7,129 7.426 
N1f3 x No 8 8.343 8.464 1o.n6 10.273 
Nia. X Ni(3 X No 16 21.153 20.655 10.492 10.477 -
Total 4B 50.315 49.942 46.967 40.518 

* .01 < p < .os. All other suma of equa.res ha.ve P > .os. 
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The soales ot Figure 25 ha.ve been e.rra.nged to show the relativa 

magnitude ot the terma in {29)., 8lld curves are drawn en a time 

scale of t¡N generationa .• 

In Fit,u.re 25 i t can be seen that wi th both modsla there 

is not only a build up of neE']ltiv disequilibrium. but also a 

reductian in the varia.noe. p(1 - p), within linea when there ia 

tight J.inkage between the pair of looi. The reduoticm in variance 

is about the sa.me in both IDOdels. However, 4 beoomes rather more 

ne~tive l'lith additive selectiva advanta.ges, particula.rly in the 

early generationa, a.nd the cha.noe of fixa.tion u(p
0

) is sllghtly 

lower wi th this model, at least for the runa ahown in Figure 25. 

Nevertheless, it is olear fran both Figures 24 and ~ that the 

additive and multiplicative modela are acting in a very similar 

manner, and tbat the build up of neeP-ti ve disequillbrium anticipated 

t'rom (10) tor the additive model in an infinita population is not an 

adequa.te expla.nation for the reduoed ohanoe of fimtion in small 

populations with linked genes. 

Approximately equal efteots 

A more aatistactoxy interpretation of the lonte Carlo 

reaul ts can be obtained by oonsidering the sampling ot €1lJ118tes which 

oocun durlng seleotion in a ama.ll populatian. Firstly the diaousston 

will be oanoemed wi th the case where the genes ha ve appra:x:imatel.y 

equal effects, but the resulta are re.ther imprecisa. Then tor uneqJB.l 

et'f cts, say i3 > 2a., in which the gene ot siiBller e:ftect has no 

in:t'luence on the ohanoe of fimtion of the gene of larger etfeot, a 

more detai.led approach will be presented, Vlhioh leads to a useful 



ytioal teohnique. 

Conaider the first neratian ot selection of N parents 

tram. a la.rge population in equillbrium. Let the gene trequenoies 

in these parents be p and q tor the pair of nas and B and sum 

the is still quUibrium. The popula.tian ot 2N sampled tea 

oan be ola.ssified acoording to whioh gametio typoa AB, Ab, aB and. ab 

occur in the sa.mpl , as shown below. 

Cla.ss Ga.metes Freguenoy 

Ooour Do not oocur M!Ioocur 

(i) ab AB, Ab, aB [ ( 1-p) (1-q))2N 

(ii) Ab, b AB,aB (1-q)2N- [ (1-p)(1-q)]2N 

(iii) a.B,ab AB,Ab ( 1-p)2N -[ (1-p)(1-q) ]2N 

(iv) Ab,aB AB ab (1-pq)2N- (1-p)2N- (1-q)2N 

+ [(1-p)(1-q)]2N 

(v) AB Ab, aB, ab 1 - (1-pq)2N 

If the first aample fall into one of the olasses (i), (ii) or 

(iii) 1 there is at most one locu etill segreEJLting• so the degree ot 

linkage between the pair of nes will not influenoe later ratea ot 

response and the oha.noe of tixa.tim. However in sub .. populations of 

olaas (i v) both the favoure.ble alleles A and B are representad, but 

there are no gametes AB. Gametes of type Ab and aB will be eelected 

t the e:r:pense ot ab, and .AB will onl.y ar!se as a resul t of recombillation. 

It linkage is complete most sub-popula.tions starting in clase (iv) will 

be fixed for Ab or aB. If' a. = [3 1 the ratio u(Ab) : u(aB) wlll equal 
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the mtio of frequencies ot Ab and aB in the initia.l sample. If 

the parameters Nia. and Nif3 are large, AB gametes which come from a 

recombina.tion will have a high chanoe of fUa.tion. ith intermediate 

de es ot linkage1 sane populations initially of class (iv) mtlY lose 

Ab or aB betore a recombi.na.tion has oocurred. Thus wi th int media. te 

or t1ght linkage and equa.l large e:ffeots, a response will seen 1n 

the ee.rly eraticms as the trequency ot Ab and aB inorease relati ve 

to ab gametes. Then a per.l.od of no response may be observad if Ab 

and aB have the same efiect, a.fter ab has been lost. Ne~tive dis­

equilibr.l.um ill1 of oourse, be ob~erved wi thin linea during this 

period. F!ne.lly, 1t a reoCillbination takes place a.nd AB is t'ormed1 a 

la ter period of response will oocur as AB increases in trequenoy a t 

the expenae ot Ab and a.B. On the avera. of m::u::tr suoh populations, 

this phenomenon will be retleoted in a long period of slow aponae 

atter populationa in which there is free rooanbination, or no 

recombi:nation1 hav ceased to respond (Figure 21). 

In sub-populations in whioh AB gametes are found in the 

ini tial sample ( class ( v)) 1 AB will generally be fixed 1t NiG and 

Ni" are larga. Otherwise, it' AB is lost in the early generations, 

the populationa will respond as for class {iv) in which AB is not 

tound in the ini tial sample. 

thoudl the above mod.el has not been developed tar enough 

to enable accurate predictions ot ohance of fimtion, by ma.ldng 

several strong assumptiona sane resulte can be obtained whioh 

indicate that the model has relevance to the obsert'ed fonte Carlo 
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ults. Assume that there are equal eft',ots, ca:D¡llete J.inkage and 

tbat af'ter tbe t'irst aanq>le the saleo ti ve values are suffl.cientl.y 

la.rge th8. t the most fe.voure.ble ~te 1n ea.ch class 1a t'ixed at the 

limit, exoept in class (iv), where Ab and aB are tixed in proporticm 

to their frequenay in the sample. For a.n emq>le with p
0 

= 0.1, 

N = 4 and iq. = :1¡3 = 1.0 for the fi:r.Jt genera.tian of aelectica, chancea 

of fixation of the a.llele A were calculated for n.r:l.ous values ot ~· 

The resulta were, for 

~ = o.o, o.o5, o.1, o.2, o.3, o.s, 0.7, o.9, 1.o, 

u(p
0

)= .714, .632, .537, .464., .479, .567, .643, .695, .714, 

:respeoti vely. The minimwn of the curve o:f' u(p 
0

) against Clo occurs near 

~lo= 0.2, and tbe curve clea.rly resembles that ot Figure 8 with Ni a.= 

Nij3 = 4. The m1nimum ot the curve oocurs where the produot. of the 

probability of the initial sa.mple talllng in ola.ss (iv) . and the cha.noe 

that Ab is lost tran this ea.mple is a maxiilllliil. 

The bottleneck model 

hen the interl'ering ne, B, has a mu.ch larger etfect +.han A, 

say ¡3 > 2a., a rather dif'ferent approach, suggeat~ by A. Roberteon 

(personal comrmmios:t1cm), can be taken. Consider a.n addi ti ve model 

in whioh B has a low initial frequency, 9.o• a higb value ot Nif3 and 

is oompleteJ,y lillked to A {No = O), suoh that large reductions 111. the 

chanca of rb:aticm ot A are llkely to be observad. .Assume, firetly, 

that the ohanoe ot fixatian of B is ver.r oloae to cme, a good approx­

imation it Ni{3~ > 2. Most of the 91metes fixed will theretore be 

AB or aB, so tr.at all the seleotian response of A that is reallaed at 
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th limit ill o e from an increase in the fre uenoy ot AB lative 

to aB e te no reo hination ca.n tak pl ce. If, t neration 

t, the frequency ot B ia qt, 

the B allele o that the ... ~~ ... 

l be ju t 2N~ tes having 

r ponae for A 11 b in a 

populatian of ffective i e 2N~. Thus, in th first f 

ations A will pa s through bottl.eneok of populatian size if B is 

ini tially t 1 f Th i thin lino rianc of A ll 

t refore d clin d leas pon ill b 

is se tin ind p ndently in the population. 

Consider further a model n hich ia. i v ry l, o 

tha t t he mean frequency of A ill ohan little s a ult of 

se1 otian. If ther only ano ddi ti v loe u , th aria.nce 

d cline by a pro ortian 1/2N oh d 

u(p ) - p = ~ p (1 ~ p ) o o 2 o o 

(Robert on, 196o). Por a link d dditi e locus, if only B meteD 

f'ix d, then 2N must be re la.o d by 2N9.t to de or.tb the 

in the v rianoe and the total r ponse, hich 11 b 

is 

o 

b 1 
i 1 ) 1 1 

= 2 p0 (1 - p0 )[1 + (1 - 2Nq, + (1 - 2Nq
1

)(1 - 2Nq
2

) + 

f vo ble all e B, o the theory must b 

inclu this si tu tion. Further, i t ill b n 

, oontain the 

rther to 

ary to caloulate 

. . . ] (30) • 
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the distribution of gene frequenoies , Clt• in order to evalua.te (30). 

Let p1 be the req_uenoy ot A alleles among ¡g;unetes ha.ving the 

B allele, i.e. p1 = t 1/(t1 + t 3) in t rms of gametic quenoies, and 

let p
2 

be the requenoy of A alleles amang gam te baving the b allel • 

Therefore 

p = p1 q + p2 ( 1 - q). (31) 

At the limit, letting p1 and 1?
2 

be the total changas in frequency 

of A amang B and b ga.metes respeotively, the average chane e ot fixatian 

of A can be wrl tten in the same form as (31 ) as 

(< 

here u(q
0

) is the ohance ot fix.ation of B, which .must be eva.lua.ted. 

The d.isequilibriwn determina.nt can be written as 

11 = (p1 - p2)q(1 - q) 

so equs.tion ( 7) for the ohe.llge in frequency of B beco s 

dq = 1
2 q(1 - q) + ~ (p1 - p2)q(1 - q) • (33) 

........... ~.~,,._ ... ...,, .. 's (1957) formula ( quaticm 17) for t e chance of fixatian hold 

for one loous , and is thus comprised only of the tenn ~ q(1 - q) in 

(33) . In the model here, it i assu d that ia. :l.s ve:ty amall, so that 

changas in q due to disequUibrium and seleotion on A will also be 

small . Thus it' d~~g) is the d.ifferential of changas in the ohanoe 

ot' fixatian of B with ohanges in gene frequency, 

[ du(o)] 
du(q)A = dq ~r¡. 

where du(q)A and dqA = ~ (p1 - p2)q(1 - q) are the oh s in ohanoe 

ot fixation and gene t'requenoy of B due to selection on • From 

equa.tian ( 17) 
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2Ui@ e -2Nifjq 

1 -2Ni{3q 
- e 

(34) 

If u{~) is the chanoe of fixatian of B computad for the one loous 

model, an ~ (~)A ia the adjustment that muat be made to take · 

aooount of eleotian f'or , then 

quation (32) can then be rewritten to ·ve the re ponse in A ao 

where acoount has yet to be ta.ken of the dietribution ot frequenoy of B. 

If the changas in p1 and p2 at ne:m.tion T are denoted dp1T 

and dp2T raspeo ti vely 1 then 

' 
Aleo, at generation t, 

Thus 

00 

z dp2T • 
=0 

• a. (1 - ) du(q) -,; '1t dq • (36). 

The terms dp1T or dp2T in (36) eh have a component from drift, whioh 

has zero expeota.tion, and a oomponent from aelection. roduct of o 

suoh terma will inolude a. funotion of (ia.) 2 which can be i orad ae 

thi is of smaller order ot ma.gnitude than the other componente of 

(35). So that 
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{d 1 p1T,) = O and {dp2Tdp2T,) = O , T f. T', 

(dp1i> - V(dp1T) and (dp~) V(dp2T), 

h re V a not s v e.nc • H e (36) v s 

( ~p1 - ~P2 J ~u(q0) e~ ..o r t (V(dp1T) + V(dp2T)]~(1- 'lt) d~~q) ?. (37) 
tco o .S 

In ord r to ind th eotatian o the te in ( 35) • i t will 

be n ceas ne fr quency di tr1bution of B. To 

o thi it 1e o trice t th out et. L t 

• 

and Y be sq trie of · nsian + 1, th ele 

for j,k =o, 1, ••• , 2N, Whe : 

2N .l.. i ( k i ( . 2N-k 
jk - (k ) [ 2N + 2 • 2N 1 - 2N)] ( 1 - 2N - 2 • 2N 1 - 2N)) ; 

jk = jk all j, ex o tm = 
00 

xjk = cjk (1 - 1/k) , k f. O ; jo - O ; 

1 
y jk - jk ( 1 - 2Ñ-k). k ¡. 2N ; y j • 2I - o • 

i , of oourse, the t ition probabllity trix for the oh.an in 

e requenoy, re j/2N = <lt , k/2N = <ltt.1• so let u, L and V 

b oolw:m vector ot dimension 2N + 1, th e nts uj, lj nd v j, 

respeoti vely, for j = O, 1 , ••• , 2N 1 he re: 

-jif3 
- e _2Nif3 , th chanca ot i.mtion of B ; 
- e 

• , 



1 -
1 - e-jif3 

lj = the chanca of fixation of b; 
1 - e-2Nif3 ' 

1 ... jij3 ' 
and v j = i¡3j ( 1 - j/2N) ( 

1 
- e -2Ni{3), which in te~ of llt is . 
- e 

(1 ) du(g) . 
vj = ~ - 9.t dq • 

Finally let Rt be a. column vector of the sama dimensiona, wi th 

elements rj(t)• At genera.tion zero, R
0 

defines the initial gene 

frequency clistribution of B, and if 2N~ = j is integral, R
0 

beoomes 

rk{o) =o, k 1 j and rj(o) = 1. (38) 

Turning firstly to selection amang gametes having the 

favourable allele B, imagine tha.t at generation (t-1) the frequenoy 

of B 1s j¡'2N and the varianoe in gene freQuenoy of A among theae 

ga.metea is p0 (1 - p
0

) rJ(t-1). At nemtion t , B ill have 

frequenoy k/2N with probabili ty mjk' in whioh oase the varia.noe 

will decline by a proportion 1/k. The e:x;peot d ve.lue of rk(t) 

is therei'ore 

2N 
E rj{t-1 ) xjk• 

j:1 
= (39) 

Summatian in (31) does not have to be ta.ken ov r j, k = O since B 

is not aegregating. However, in order to keep a.J..l matrices .n. th the 

same dimensiona, it is convenient to do so. Since, by de:finition 

xjo = O, (39) can be replaoed by 
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2N 
rk(t) = E rj(t-1) xjk . 

jcO 
(40) 

n trix not ti (40) b 

R' = 
t 1 

R' t = o 

0 
e I , the 1 tity trix. X can be t 

ria.nc o A. (35) th 

contribut ti t to u(p
0

)-p
0 

du to lecti thin 

B tes 1 n to b dp1 tu(~). Thi 1 

[dp1 u(~)] - ~ Po(1 -Po) E rk( t) 'it o 

= \ p0 (1 - p ) ' tu. 
o o 

The ore, th total re pon e i8 

[ ~ '1t u(qo)] e 
i oO 

Xt)U . (41) 2 Po(1 -Po) ' ( o o 
It can b hown tbat all the 1 tent root ot , Á j' uch that 

lAI< 1 o that the foll ing la ti hold 

oO 
xt (I - x)-1 

L = 
te O 

( . . inkb iner, 1960, p. 196) . H noe f (33) 

total 

f r 1t u{~)] - -f p
0

(1 - p
0

) R~ (I - )-
1u . (4.2) 

in 

pro ortion 

lect on among b t a is theref'ore v by 



Fi:nally consider the e:x:pectation ot the re.maining term in 

(35), hioh is ( ~p1 - ~p2) ~u(q0)A a.nd is expanded in (37). The 
t 

expectation of l: V(dp1T) will be the drift varianoe a g B allelea, 
T::O 

and will be 

t 
E( E V(dp1T)] = p (1 - p )[.....L + _1.._ (1 - ....L) + • •• 

T=O 0 0 2N~ 2Nq2 2NClt 

t 

+ 21!~ ~ (1 - ~Clrr)]' (44) 

eince changas in p are asaumed to be small. (44) can be rearran d o 

to give 

t t 1 
E( 1! V(d 1T)] = p ( 1 - p )[ 1 - 'Tf (1 • -2N )] 

T:O 0 0 T:::1 ~ • 

Therefore f'roo (37) 

1 du(g) t I - T~ (1 - 2N(1-~1)]CI.t(1 - ~) dq • 

From the tra.nsition matrix tor the gene frequency distribution, M, and 

:trom the ell'l~:mt-~· ons used to evalpate the responses 1 thin ga.metes 

containing B or b a.llelea, the expectation of (45) beoomes 

\' i O() t t t) 
E! ( ~p1 - ~P. ) o u( a ) ] = - 2 p (1 - p ) R' ¿ (2r• - X - Y V 

t:.. ""' o o o t=O 

(45) 

- .L
2
a. P (1- p) R1 (2(I- )-1 -(I-X)-1-(I-Y)-1]V.(46) o o o 

Summing (42), (43) and (46) ves the final result for th expeoted 

response, 



u(p )-p = ~2a p (1-p) R' [2(I- )-1v + (r-x)-1(u-v) + (I-Y)-1( v)] (47) o o o o o 

Formula (47) was used to compute responses, u(p
0
)-p

0
, for a 

range of Nit3 values~ and resulta are Bhovm aa a fWlotion of ~· the 

initial frequency of the intertering gene~ B, in gura 26. The 

responses are plotted as a proportion of Ni a. p
0

( 1 - p
0
), whioh is the 

total response expeoted for a single gene at the sama ffect and 

initial trequoncy (Robertson, 196o), e.nd so are independent of Nia. 

and p
0

• In the notation used in seotion 5, thie ratio is therefore 
A 

Ni ,tN'ia.. 

I:f Figure 26 is oompared wi th Figure 81 in whicll u(p
0

) is 

plotted asainst ~ for various Ni~ and No = O from Monte Carlo runs, 

it can be seen that there ie a etriking resemblanoe between the 

graphs. The a ement is best for the higher Ni~ values (!!1/3 ), 8) 1 

where in Figure 26 it is aga.in foWld that the max:lmum reduotion in 

the chanca of fixa.tion of A occurs 1'1hen q
0 

= o.e/Ni~, approximately, 

for whioh u(~) = o.B, approxima.tely. A le.rger maximum reduction in 

u(p
0

) for Nif' = 32 relativa to Ni~ = 16 is found in Fisura 26 .but not 

in :Figure 8. It seems p:robable that the contmxy observation from the 

Monte Ca.rlo run was oa.used by sampling. Hor1ever, Bine e the gene 

A studied by Monte Carlo simula.tian for Figure 8 has Nia. = 4, little, 

it any, reduction in u(p
0

) is found where Nif' ~ 2 or, in terma ot the 

effects, 3 ~ /2. Tbe bottleneck odel used to derive (47) assumes 

a ver.y small Ni~, BO a reduotion in response is still observ d at 

Nif3 ~ -• Also there is leas reduotion wi th Nif3 = 4 f'or the case 

where Ni~= 4 ( ig11re 8), relativa to Ni~ beooming infinitely 
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FIGURE 26 The influenoe of the initial 
frequenoy and value Nif3 of a 
oompletely linked add.i ti ve gene 
on the total response of an 
additive gene .with ver.y small 
effeot . The response is measured 
as a proportion oí' that expeoted 
f'rom a single gene wi th the sama 
parameters. 
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sma.ll ( i ure 26). These differenoes between the two modela could 

be predioted from the size of etfeots, so i t ould appear that it a 

gene with sutficiently amall ia. was run by onte Carlo simulation 

with a large nwnber of rep icates and th No = o, a curve almost 

the sa.me as l. gura 26 could be dra.wn. Thus i t ould eem t t the 

modal of a bottleneck of etf'eotive popula.tion size ueed to derive 

equation (47) is a.n adequa.te desoription of the inf'J.uence of an 

additive gene on the response of another ooopl tely linked additive 

gene th small Ni value. 

The data or Figure 26 i presentad in an al temativ 

fom in Figure 27, in whiah the proportional reduction in response 

is plotted gain t Ni~ for a fe values of q
0

• igure 27 is 

therefor ana.lagous ith Pigur a 12 and 13 for No= o, but, as 

would be expected, the curves only resemble e oh oth r hen 

Ni¡3 '> Ni a., say. 

Apart fram being able to mimic the onte Carla resul ts, 

the approaoh develop here has a usetul prediotive value tor low 

Nia.. If Nia. is small, onte Carlo simulation is very inetfioient 

since the response, u(p
0

)-p
0

, is small relativa to ita standard 

error. On the other hand., the bottleneck method onl.y requires the 

inveraion of three matrices, wi th no replication, to simulat the 

response for law Ni • 

íhen the approaoh developed in ' s section for ama.ll 

Nia. as first introduoed, it was argued in terma of a f vourable 

allele B at a low ini tial frequency, y t wi th a cha.noe of fi.xation 
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FIGURE 27 The influenoe of the value Ni~ and 
initial frequency of a oompletely 
linked addi ti ve gene on the total 
response of an additive gene with 
vezy small. effeot. The response is 
meaeured as a proportion of that 
expected from a single gene with the 
same parametera. 
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oloae to unity because Ni~ was assumed to be larga. s a result 

all A, a alleles ould pass throueh a narrow bottleneck: ot 

fective population size for all response ould be de among 

tea containing B and these would initially be few in number. 

If B is lost when initia.lly at 1 freg,uency, little duotion in 

the varianoe of A can ooour sinos the number of b gametes in the 

population will al aya be olose to 2N. However, i t has been 

found tbat th maximum reduotion in u(p
0

) occura hen u(caa) -v 0.8 

for larga Ni¡3, and, furthermore, genes of intem.ediat Ni¡3 values 

may reduce res pon e more tr.an those wi th largar Ni¡3, even if the 

ini tial requenoy · s low. .n explanation for these resulte oan 

easily be g:i. ven. 1 th the higb.er Ni¡3 values the response to 

seleotian of the B allele is more rapid, so that althousn the 

ma.y be an initial bottleneok, the population of gametes having B, 

within whioh A is seleoted, rapidly expanda. It can the or be 

preaioted that wi th large N1{3 values for the .cama, interm cll.ate, 

<lo• more eponse in A will be de in later gen rations than 

th sma.ll Ni¡3. Such a result was observad in igure 22 and in 

the halt-li ves shown in Tabla 7. Similarq, the maximum 

reduotion in u(p
0

) does not occur hen u( <Io) = 1. or the chanoe 

of tixation_ u(~), to approaoh one, it i neoessary for Ni~q0 to 

be g:reater than 2, approximately. Thus the bottleneok for A 

amongat gametes containing B ie much lesa , in the early nerations; 

tban if lower value of <lo is found. It therefore tums out tbat 

the av rage reduotion is largar with aq of the population passing 

through a very narrow bottleneok and 2q- being so ely restriote 
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at all, tha.n with all the populatione ot A pa.aaing throu~ a 

lar r bottleneck. 

In the Monte Carlo aimulati resulta it 1m.s tound 
/\ 

that the realis seleotion para.meter, i ( the value of Ni a. hich 

would give the chanoe ot fixa.tion for a single gene th th 

same ini tial frequency), ia al.moat independant ot the 1ni tial 

frequency, p01 at least here a. < • In the eri~tion of (47) 
/\ 

i t is actually assumed tha .. Nic.y'Nia. s in 

ince ia. ia ver:¡ small i t is asa ed tha. ia. i also indep-

endent of Ni • This sult ie lik y to hold f rly well for all 

NJ. < 1/2, eay, en changes in na fr quency expeot d to b 

proportional to p
0

(1 - p
0
). It waa found earlier, h ever, that 

/\ 
io/Nia. may be muoh smaller for genes e ia. i almost as larga 

as 1{3 tban for nea with smaller Nia. (Figures 14-17). The 

e:x:planation seems to be that the bottleneck in populatian sise ot 

B gametes occurs in the early generationa of ael ction and ould 

thua b exp oted to influ ce most he respon e of genes A which 

ould nor ly be sponding pidly t tha.t time. N 

larg IUa. make a high proportion of their response in the rly 

nemtiona, in other words they have a ahort ha.lf-llfe (Fi 20), 

and would therefore be pa.rticularly affected by triction in 

population size in the initial rations. 

g erally make most of their ro ponse a.tter the bottleneck ha.e 

been pasaed. Similarly, it wa.a not d in Fi es 14-17 that, 

p rticular:Js when B had a law ini tieJ. frequency, there was more 
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/\ 
reduotion in u o¡',. .ia. for nea A of 'high than of lo ini tial 

frequency. The same int rpretation must hold, for genes A of 

high ini tiaJ. freq noy haT a shorter ha.lf-lif than do nes 

of 1 frequency i th the sama Ni a. (Fig 20), and so would be 

expect d to b more a.ff cted by an early reduction in population 

size. This is likely to be ost extreme hen B has a low initial 

frequency and the ini tial bottleneck is v ry .s ll. Tu.ming 
/\ 

baok to the relation between N /Hia. and the ma tuda of Nia., 

i t a noted that i t wa.s not prao ioable by onte Carlo simula tion 
/\ 

to t'ind th limitin ve.J.ue o i {r a. as Nia.~ O. However, the 

resulta obta.ined from (47) give a solution. For the eDJI!Ple given 

in detail rlier, for whicih % = 0.1, Nif3 = 32 and Nc = o, i 
A 

was found tbat th Nia. = 32, 16, 8, 4 and 2 th ratio i ia. s 

0.26, 0.20, 0.18, 0,50 and o.6o, respeotivel • v ~ small 
./\. 

Nia., the ratio for this exa.mple is seen to bt i y ia. ::: o. 73 

{Fi e 26). 

If B has a low ini tial frequency, the etfective populat­

ion size for A will be smaller among gametes having the B allele than 

among those with the b allele. Thus the ·eoted response in p1 will 

be sma.ller t n in p2, and net;ative disequilibrium ill be observad 

both within linea (Figure 25) and between linea at the llmit (Figure 

18). However a necessar,y consequenoe of this hypothesis seems to 

be that positiva disequilibrium would be expected it q is greater 
o 

tha.n one-hal.f. Evidenoe trom the onte e a. o imulations is not 

adequate on this point. In partioul r m t of the runs in which 
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~ 1 0. 5 have resultad in a chanca of fixation u{~) :: 1 a.nd hence 

no disequilibrium at the limi t . Fosi ti ve disequillbrium mises 

problems on the ocmsequences of reoombina.tion, for there is oerta~nly 

no si f'icant evidenoe from the ante C a.o runa tba.t lo No 

values yield greater responses than do hi@ler Nc values , other 

parameters remaining oonatant. Reductions in u(p
0

) are always 

small for )0. 5 so this aepect ill be difficult to study 

precisely; however some turther investigation is olearly necessary. 



8. DISCUSSION 

The discusaian in the previous sectians of the theais 

has been oonoerned wi th interpreting the Monte Carlo resul ts 

obtained. a.ny ot the assumptions in this Monte Carlo study and 

some of its limitatians will now be outlined. 

lrom the diff'usion equa.tion { seotion .3) 1 t was argued 

the.t computar runa had only to be made at one level of population 

sise. However the parameters ia., 1{3 and e used were frequently 

much lar r than those necessar,y for the diffusion approximatian 

to hold, but j_t appears {Fi res 10 and 24) that the oonclusian 

tha.t Ni Ni¡3 and No are sufficient pa.rameters is highly robust 

a~st departures fra:n the underlying assumptians. Computer runa 

were u ually mad wi th as small a popula tion size as pos si ble in 

ord r to reduce computing time. In o:rder tha.t resul ts would be 

more appropria te for populations of size la.r r than those simulated 

eeveral assumptions were ma.de in the seleotion proc dure adopted. 

At the same time these approxiJIBtions furthermduoed the amount ot 

computation nacessary. In particular, tha al bra developed for 

infinite population and usad to s1mnlate seleotion an.d reoombination 

was entirely in tema of ga.metes, no distinction was made between 

the sexes e.nd eelt" fertilisation was permi tted. The precision wi th 

which that procesa describes the real si tua.tion for a bisexual. 

speoies .must be largely a tunction ot population size, the great r 

N the smaller any errors introduoed by these approximations becom • 

A similar type of ina.couraoy a introduoed into the defini tion of 
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tha selectiva valuas (2), which are precise only for es ot small 

ef'fect. Strictly, aecond and higber order terms in ~ ots ahould 

have been included (e.g. (ia) 2, (1~)2) but then the resulta could 

not hav b n gen ralieed in terma of Nia and Ni~ to populations ot 

ditferent eis a. 

The selectiva values, ia and i~, at the tavoumbl allelea 

hav been kept conetant throughout tha selectian prooess, tor hioh 

two important aesumptions have been made. irstly, the gene ff'eote 

a and ~ hav: been defined (5) as the differenoe in ganotypio value 

between the homosygotes at a locus as a proportion ot the phenotypio 

standard deviation, CT, so that for the seleoti ve valu s to remain 

ocmatant, cr iteelt muat be unohang d. In msld.n the sama aasum¡rtion, 

Robertson (196o) pointed out tbat although the netio varlanoe would 

be eoted to oline during s leotion, at the aame time th enviren-

mental component migbt increase as the level ot homozygosi ty rises. 

Seoondly, no aocount has been taken of natural sel o ti cm hioh m1€)lt 

be expaoted to alter th ett otive selectiva values ot genes having 

correlated e1'feota cm :f'i tness as e h-equenoiee moY fran their 

ini tial equili br:lum. 

The model of two additive loci each th two alternativ 

alleles which has been atudied is probably the aimpleat in wbioh 

link could be includ d. In earlier ante Carlo etudiea a larger 

number of additive looi have been imulated, but with the exception 

ot raaer and. Hanaohe ( 1965) who were not ooncemed wi th a leotion 

llmi te, worlcera in this field ha ve always used a model ot equal 

effects and initial frequenoies e-he.lf at oh loous (Pra er, 1957b; 
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artin and Coakerham; 1960; Gill; 1963; 1965; Qureshi, 1963). 

However wi th the restricted model used hcre the ini tial freq,uenoiea, 

seleoti ve valuea and reoombinatian :t'raotion could be varied over a 

wide and i t as poaaible to obtain a fairly compl t d soript1on 

ot the seleot o:1 llmit ter this model; In particular, the inf'lueno 

ot eme gene on the chance ot f'ixation of the other oould be studied. 

in detall; and thia approaoh see more likely to lead to an undel'­

ta.nding ot the procesas than if' onl.y the c.bange in the population 

mean, which is dependent on the responses of both genes, is 

considered. Thus any reduotion in response can be vi w das 

tunotion of two componente. Firstly, the bottleneok ot population 

aize ithin tes oontaining t e i'avoumble e B duo a the 
/\ 

etf'eotive seleQtion pressure (lUo.) on the A gene, the r duction 

being approximately independent of the initial trequenoy of A. 

The effect ot this bottleneok on the oha.llce of tixa.tion ot A then 
A 

dependa on the slope of the curv of u(p
0

) againet Ni It only 

equal eff ots and ini tial frequencies re studied, i t ia unlikely 

that these ssential parla ot the procesa oould be disentengl.ed. 

It is intended to cootinue this study to inolude more 

than two looi and non-addi ti ve gene ettects, so at thia stage there 

is little benetit in disoussing these extensiana in detail. The 

bottleneok model and the related odel for equal feota outlined 

in the preVioua seotion are pertinent tor all non- pistatic syst 

and the s~ general pioture ot reduotian in response ia llkeJ..y to 

be found with dominant as well aa additiTe ea. For the case 

whe:roe the atfected gene ha.s a ver;¡ small Ni a., i t ahould 'be posaible 
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to extend the matrix derivations to include the case ot the 

intluence of both a dominant gene on a linked addi ti ve gene, an 

additive on a. dominant and fi.na.J.ly a dominant on a. domi.nant. 

Perhaps tha moat simple multi.-locus model is where a. chromosom 

ha.a only one gene ot large eff ct, and severa.l nes ot very 

amall affect. Then the response ot these smaller gen s ia likely 

to be affeoted onl.y by the largar ne e.nd tbe modal reduces 

eaaentialzy to o loci. However when there is more than one 

locus of intermediate or la.rge ett:ect an the chromosome no 

definite eonclusions oan yet be given about their influenoe on 

a third gene. 

This stuey has been further restr.icted to include anly 

population.s ini tially in linka.ge equillbrium. However Mather ( 1943) 

has argued tha.t natural seleotion would favour bal.a.noed repul ion, 

but ri&ht (1952) ha.s shown that selectiv Ta.lues ha.ve to be larga 

and linkage tigb.t for much repulsion to be maintained. In general, 

it looi have no epistatic etfect on fitnesst an unaeleot d cloaed 

re.ndom mating population would be expeoted to remain in equilibrium 

(Lewontin alld Koji.ma., 196o). On the other hand, disequilibrium 

will almost certainly be f'ound if the populations are deriv d from 

a croas betw en linea, whother unrela.ted or seleoted trom the sama 

original population, or fram a. croas of a. hi~ aelected line to 

the original stock. It is hoped to investieP-te these situa.tions 

theoretically in some detail, for they ha.ve an important bearing 

on the problem of' breaking aelecticm limi ts. Soma relevant 

inf'ormation has come f'ram this atudy, however. 
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It has been shown that with tight linkage there is 

usually negativa diaequillbrium (l\,) in the chance ot fimtion ot 

the gamete • Thua line oros sea, or croases of a el oted Un s to a 

bas population in equillbrium, l'lill, on averag , h.ave an excess ot 

r pulsion heterozygote • Response a.fter the cross is theretore 

likely to be. reduc d when genes are tightly linked, a.nd it nny be 

necessary to le.x selection tor a few genemtions to allow reoombin-

tion. Al.so, it gen e:f'fects are tm.equal, an ini tial period of 

reversa seleotion mi~t be advantageous, so that the f'requency ot the 

sml.ler effect genes in repulsion tes JIJ83 be increa.sed. Osma.n 

( 1963) allowed varying periods of re.ndom mating before re-ael oting 

croases to the base popula.tion ot a. line of Drosophila melano&&ster 

select d cloee to a limi t for stemop~eura.l briatle number. 

though Osman conoluded that, on ave:mge, the llmi t was reduced. 

by this random mati.ng, two of the tour croases .mald.ng most response 

had tmd r ne seven genera.t1ons of rela.xa.tion betore aelection. 

Of oourse, a oritical factor determining the ett otiTeness ot aey 

period of re.ndom mating is the popula.tion size which can be mainta.1ned 

during that time. 

bC9n there is complete linka.ge (No = O) the new selection 

llmi t after orossing selected Unes can be computad us1ng K1mura' s 

(1957) fo:nnula (equation 17), tor there are on1y two alternativa 

~eteo in eaoh possibl6 croes. If the ne limit is ter.med v(p
0

) 

for A, then, in general, 
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-Ni a. 
= [u(p

0
)]

2 + 2[u(AB)u(a.B) + u(Ab)u(ab)][ 
1 

- e-2Nia) 
1 - e 

. 1 -Ni( ~) 1 -Ni( ~) 
+ 2u(Allu(ab) [ - e-2Ni( {3) ] + 2u(Ab)u(e.B) [ - e-2Ni(a...;3)] (48) 

1 - e 1 - e 

where N and 1 are the population be and selection intensi ty during 

the per!od of re-eelection. :Por one locus, Robertson {196o) found 

that if the turther tteleotion trom the cross has twice the Nia. value 

as has the original seleotion, then the expeote limit, v(p
0
), would be 

the same as tor selecting one line from the original population wi th 

twioe the original 1alu of Nia.. It appears that the sam.e result 

holds approximately tor linked looi. An exa.mple is given in Table 10 

whe:re in the original sub-linee Ni = 4 and Ni{3 = 8. Da is taken 

tra11 Figures 3-7 and li.m:1 ts tor the croes ere caloulated by equation (48). 

TABLE 10 Total response ( v(p0 )-p0 ) from aeleoting in two 
sub-linee and re-selecting their orosa as a 
proportion of the total response tro aelecting 
in one line. In the sub-linea Nia. = 4 and 
Ni{3 = 8, otherniso Nia. = 8 and Ni{3 :: 16. No = O • 

Po ~ .05 .1 • 3 • .5 .7 

.os 0.73 1.29 1.22 1.26 0.95 

.1 1.02 1.21 1.15 1.02 1.03 

.3 1.19 1.02 1.06 1.01 1.01 

• .5 0.87 1.07 0.98 1.00 0.99 

.7 1.00 1.11 1.00 1.00 1.00 

In Table 10 it appears that, while on average rather more 

response is ma.de by aplltting the orig::l.nal population and r -sel atinE( 
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the oross. the d.iff renaes between the methóds are n ver large. 

Further investiga.tion is olearly neoessa.ey to determine whether 

these alternativas ever dif'fer much in ef'ficiency. 

Retuming to the problom of one oycle of a lection trom 

the base population, it was found tha.t, with e.n additive odel, if 

l.irJka inf'luenced response it was always in the direoticm ot a 

reduotion in the limi t. ~hat evidence is there from aninal popul­

ations tbat t-his occurs? Robertson ( 1965) seleoted 10 parents out 

ot 25 soored for eaoh aex tor low stemopleural bristl number in 

Drosophila mela.noga.ster. In five linea orossing over as auppressed 

on chromosomes 2 and 3, in another five lines oroesing aver was 

permitt d. The ba e population had a mean ot about 17.8. and the 

e.vera.ges of the fiv line seta for bristle number were as follows: 

Genera.tion 

Sup}lressed 

U'nsuppressed 

5 

15.7 

15.4 

10 

14-.8 

13.9 

14 

14.5 

13.1 

Al so, af'ter 13 generatio%13, every line in whioh orossing over was 

permi tted had responded more than in every line 1n whioh i t waa 

suppressed. The pattem ot response in these linea is olearly 

similar to the pattem obeerved in the Monte Ca.rlo runs. In the 

early ,generationa the response. is about the eame, whether reoombin­

ation oooura or not, but with ti@ht link:age the response rate slows 

down muoh more ra.pidly in the later generationa. 

It is important to dra.w a.ttentian at this point to the 

d.egree ot l.inkag simulated in the Monte Carlo runs. Genera.lJ..y the 

largest No value used was No = 1 , whioh wi th 20 seleoted parenta 
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implies a recombination fmction ot only 0.05. · It has been tound 

that, at least for two loci, · greatest reductions in the chang in 

the populatian mean are f'ound wh the ne ef'fects are approximately 

qual ( igure 19). In this case, there a.p].)ears to be en aJ.most 

linear re ession ot response against Nc, transformad to a scale 

of 1/(2No + 1). The example of igure 19 ahows tha.t when p
0 

= ~ = 0.1 

and Nio. = 8, the largest reductions occur with Nij3 = 8 when about -,e$ 

of' the response is mad with Nc = O relativa to Nc = oO. Using the 

1/(2Nc + 1) tra.ns:formation, tho expeoted responses for this ex.a.II9?le 

wi th n = 20 ould be, as a proportion of the response 1Vi th No = oO , 

98.6, 97.3, 94.0, 90.0, 85.0, 78.6 and 70.Q% 

for o = .5, .25, .1, .05, .025, .01 and .o respeotively. 

These resulta illustrate a nera.l conclusion tha.t can be 

· ned f'ran this stuey, for only when widely d.itf'erent reoombination 

fmotions are compared ia muoh diff'erenoe in response to be ected. 

Thus in the above example the eateat difference in response 

observ d f'or a. doubling or h.alving ot the reco.mbina.tion fmction is 

onl.y r;¡ft . This occurs in the range around o = 1/2N, where the curve 

of 1/(2Nc + 1) againat Nc has greatest slope (Figure 2). 

These resul ts ha ve a bearing on the optimum intensi ty of 

artificial selection which should be appliéd in order to maximise 

the seleotion limit. In JIWl3' selection program.mes the number of 

progeny (T) that oan be r oorded is f'ixed. th one locus, or no 

linkage, the optimum proportion (N/T) to select is therefore the 

value of' N/T which marlmises Ni, which turns out to be one-ha.lf 

(Dempster, 1955; Robertaon, 1960). Also, Ni is the same whether 
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N/T or (T - N)/T individuels are eeleoted, far e.r:cy- value ot N and T. 

\;hen· there are l.inked looi,' 1 t can be expected that the optimum 

in ten e! ty of seleotion will be mther lower, f'or it more than halt 

the individual are aeleoted, although Nia. is red.uced relati'l to 

N/T = 0,5, at the same time No :ls inorea.aed and Nij3 reduoed. 

Both the J.atter wouJ.d general.ly increa.ee the response torA. 

Further, the ll.mit will no longer be symmetric about N/T = 0.5, 

Ter,y intense aelection being les8 sucoessful than ver,y weak 

aeleotion ill the long run. An example is gi ven in Ta'ble 11 for 

th.e case of T = 40, a.= f3 = 0.5, e = 0,025 and p
0 

= <lo = 0.1. 

It is a.saumed tha.t the response is proportional to 1/(2No + 1) 

tor given Nia. and Nij3, The reaults are obtained fran interpolation 

ot 'Monte Carlo elata and are a.ppro:rlmate. 

TABLE 11 Cha.noe or fixation of an o.dditive gene wh 
40 individua.la (T) a.re recordad, a.= ¡3 = 0.5 
and. p

0 
= <lo = 0,1. 

Proportion seleoted (N/T) 

.os ,1 .25 .4 .5 .6 .75 .9 

No linkage .34 .51 • 71 .78 .80 • 78 • 71 .51 

o = 0,025 .31 .4b .61 ,66 .70 .70 .65 .49 

o=O . 30 .45 .52 .60 . 61 .60 .52 .45 

.95 

.34 

.33 

.30 

en N/T = 0.5, No = 0.5 for o = 0.025 so the above exa.mple 

ia la.tive~ sensitiva to ohanges in No as the proportion of the 

populatian aelected is alterad fran ane-half'. HoweYer it oan be seen 

that the optimum is still olose to N/T = 0 • .5 when o = o.o2.5 and the 
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curv of u{p
0

) againet lT/T ia not ver,y skewed. Ot course. with 

no reoombination the opt~ renaina at N/T = 0.5 and the curve 

ia aymmetric. Thua hen designing selection programm a it would . 
appear tha. t con idex tions 

1 
l.inkage should not intlu no greatly 

the intenai ty ot election to b practis • Howev r more drastio 

eff ot might be found. wi th more the.n two loci. 
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9. SWMA.RY 

A theoretioa.l investiga tian was ma.de of the influence of 

l.inkage on lizni ts to artificial seleotion in ame.ll popula tions. 

Most resulte were obte.ined by Monte Carlo simu.J.ation. 

A model of two addi ti ve loci, eaoh wi th two alleles, was 

us d. The dif'ferenoe between the effeots of the two homozygot s 

was expressed as a proportion of the phenotypio ste.naard devia.tion 

and defined as a. and 13 for the loci with favourable a1leles A an.d B, 

re3peetively. These alleles ha.d initial trequency p
0 

and ~· 

respeotively. It was assumed the.t the base popul.ation was in linkage 

equillbrlum, and that the reoambination tre.otion, o, was the sa.me 

for both sexes. 

It was shawn that, if the effeotive popul.ation size is N 

and the aeleotian dirterentia.l is 1 standard devie.tians, the selectian 

limit is a funotion of anly p
0

, ~~ Nia., Nil3 and No, and the time 

soale ot the seleotion procesa is pro.portianal. to N. Thus it we.s 

necessary for Monte Carlo oomputer runa to be ma.de with on1y one 

popula.tion sise. 

The chanoe ot fimtion ( the expected gene f'requency at the 

limi t) of A, u{p
0

) 1 Jlla3' be greatl.y reduoed 1f the loci are tightly 

linked and if 13 ia not less than about one-half' of a.. The ohrmoe 

of fixation is nevar increased by linkage if the population is 

in1 tia.lly in equilibrium. 

Unless a. and f3 ditf'er widel.y, the decline in u(p
0

) w1 th 

reduction in ~·o is approxinately linea.rly relatod to the rate ot 
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b of li!lkage disequUibrium in small populaticns, which ia 

proporti to 1/(2Nc + 1). 

Th lar r Ni¡3, the greater the ma.x:imum duotion in u(p
0

) 

d th l r the ini tial f quonoy ot B t 

For lar Nij3, B has moat in.fluence if <lo"" o.8/Ni~. It q
0 

a ~er 

than thi , a n , B, with er f3 ba.ve a lar r ett ot on u(p
0
). 

It as ahown that the inf'J.u e of the link d , B, ia 

approxi t zy independJ t of the ini tio.l trequenoy of A. 

The total pons ot the popula tion ean, a function ot both 

the resp and etteots at each loous, is most i.Dfluen by tigbt 

linka en the loci ot and the t vourabl 

• al1 le ave a 1 initial f quency. 

Inth rly erations the te of el otion él: oe ia not 

ot by l.inka , but in lat r ne tion th 

eh lower tba.n wi th trae oomb tion. 

te y 

The dJe e of l.1nka has ll ttle influenoe on the opt 

intenaity of artificial sel tian. 

Th tioal modi ls ere d.eveloped to interpret these sulta. 

It the in1 tial e f'requ cies are 1 , th av01ra.ble coupling 

, is rara, and in a amaJ.1 population my never be f'ormed 1:t linkage 

is tight. If B has a high chanoe of fixation and a. < ~/2, selection 

rorA can be vi ed as seleotion in a popula.tion hose ett otiv size 

ia the number of gametes that ocntain the B allele. If B has a low 

initial frequ oy tbis eft otiTe population aize is initially very 

ema1l d the clwlge in f'requenoy ot A s theretore reduoed. 
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The mod.el wa.s developed to glve a method for simulating the case 

of coq>lete l:inkage, with vezy small ia., which does not require th 

use of Monte Carlo techniquea. 
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Artificial aeleotion applied to ene character almo t always 

leade to es in oth rs. The theor,y of such "oorrele.ted responses" 

i 11 known and ha oently been revi ed by aleonar ( 196oa.) .. 

In this, the netio correlation b tween the two e ctera plays an 

importa.nt part ancl determines the predioted pattern of the correl.ated 

responses found in ff'erent experimenta, e.g., the response in 

oharaoter 2 on eleotion for chara.oter 1 comparad to that in 1 on 

eelection or e oter 2 or the comparlson of tbe responses in 2 on 

seleotion for 1 in ~posite di otions. diaoordanc of th 

ttem of correlat d responses f'rom expecta.tion 11 be termed an 

"asynmetrical correlated response". The .sam measurement made 

der o diffe:rent environments can be considerad as o sepa.rate 

"chara.ctera". 

alcon r ( 196ob) aelected mi ce for gro h rate on high and 

low plane of nutri tion and obsorv tho correlated responses on the 

alternate nutritianal 1 vel. The realized etio correlations were 

equal for the first four generotions of selectio (0.67, 0.65) but 

ore mrkedly d.if:t'erent for generation 5 to 13 (1.25, -o.o2). The 

asymmetr.y s ttributed to chan a in the bs.sic p tera due to the 

aelection applied, and large changas in the phenotypic standard 

deviations were observad. Aaymmetry of the realizad genetic correl­

ations as also obaerved by Bell and roNar.r (196.3) who seleoted 

Tribolium oastaneum for increaaed pupal eight in both a wet and a 

dr,r environment, and. by Ya.mda and. Bell (1963) here aelection as for 
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incre!l.sed and deoreased 13 d.ay larval wei ht in Triboliwn caataneum 

under good and poor nutritional levels. 

Similar resulta have been observad in poultxy by Siegel 

(1962) and Nordakog and Festing (1962). The tormer selected for 

four ge mtions i'or body eight and b~a.st angle, d found a 

alised netic con'&latian of about .55 .hen seleotion was for 

body weight a.nd a va.lue of about .45 when seleotion was for breast 

angle. The latter workera seleoted in both high and low direotion 

for body wéight and egg weight, and observad asymmetzy of the rea.liz d 

netic correlationa between b~ and egg weights when either the 

direction of aeleotion or the trai t beina seleoted was oonsidered. 

In both of theso papera, the asymmetr,y wo.a attributed to differing 

etic varianoos or heritabilities for the two traits. 

Cla.yton, Knight, orris and Robertson (19.57) ob erved 

asym:netzy in response of sternopleural briatle nu:nber in Drosophila 

melanosaater to sal otion tor inoreaaed and decreaaed sternital 

briatle number. T.he resulta were somewh t erratio, which led the 

authors to concJ.ude that gene dritt Jll8i1 play an important part in the 

oorrelated response hen the genetio oorrelation ia lo • In general, 

however, there as a. positiva correlated response when selection wa 

for inoreaaed ater.nital bristle number and no correla.ted response 

wh seleotion was for low sterni tal bristle number. 

On the other hand, aome selection experimenta shaw a clo e 

:f'it o:f' oocpected to observad oorrela.ted responsea. For example, Reeve 

and Robertaon (1953) selected for win and. thora:x: len :tha in Drosophlla 
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ement b tween est te ot the 

enetio oorrela.tion between the two charaoters in tha ba population 

and the realizad n tic oorrelation in the populationa select d for 

The f qu nc.y with which asymmetr.ioal oorrelnted responses 

have been found suggests tha.t ome meohrud.sm other the.n genetic 

san¡> is af'feotin the oorrelated response in these populations. 

The purpo ot thi study was to -examine the theor,y ot correlated 

re Oll8e and f possible to establish the oonditians in hioh as tr.y 

of correlated response to sale tion s to be expe ted. 

The odel 

It has been ahown by Falooner (196oa) that the correla.ted 

response in trai t 2 from seleotion for tmi t 1 would be 

0 ~ ,1 = 11 h1 h2 r G (í 2 • • • • • • • • • • • • • • • • • • • • • ( 1 ) 

here I 1 is the selection intenai ty for trai t 1 in a tanda un1 ts, 

. h1 and h2 are the square roots ot the herl.ta.bllities for tre.its 1 and 

2, resp otively, rG i the genetic oorrelation b en he two trait 

and o-2 s th phenotypio standard deviation in tra t 2. Dividing both 

sidas by 1<T2 resulta in a stand.ardized co:t>.related respons (cR2.1} or 

the cor.related sponee in atan vi a tions in trai t 2 for e ach 

standard deviation of seleotion in tmit 1. Thus, 

~E2.1 = CR2.1 = ~ h2 rG ••••••••••••• (2) 
J.10'" 2 

In a similar manner, ~~ ,2 = CR.! can be obtained, and it is s en 
1z:í1 -., .2 



that 
CR2_1 = ca.;. 2 = b.t h2 rG = CovG/0"1 o-2 •••••• (3) 

The standardized correla ted response Bhould be the sa.me in the tirst 

eration whether selection is on tra1 t 1 or on tmi t 2 or whether 

the seleotion t8 upwarde or downward.s. 

en th oorrelated response 18 measured over seYeral 

generations, sel tion may chane the value of the parameters them­

sel es in suoh e. way tbat the ate.ndard.Ued responsea, a.a meaeured in 

the two dif:ferent populations, are asymnetrioal and different f'rom 

tho e predicted on the basis ot the original parametera. This tollowa 

the suggesticm of Fa.lconer (196ob) tbat the asymnetrioal responses he 

ob erv d were the consequence changas in param.eters aue to eelection. 

Lar oh es in the phenotypic standard devia.tions wera observ d., and 

the potential e:ffeot o theae ohanges 

reepon e is evident t:rom equation (3). 

the standardited. correl.at 

The three pa.raootera ot intereat in (3) are the genetic 

oovariance and the phenotypic standard deviations, and oonsid.erat1 

ia oent red on h t.hese pammeter can cha.nge du 

each t11U t involved.. 

leetion for 

The genetio covarianc between two tmits, as calculated in 

aey population by the usual a.nalysie of cove.riano teclmique, can be 
, 

causad el ther by llnkage disequillbrium ot gen 8 a.ffecting th two 

trai ts independ ntly or by the pleiotropic effects ot single genes. 

n the case ot linka.ge, the popul.ation would tend toward equillbrium 

at 'Variable ratea depending upon the croas over distsnoe between the 

genes. The ef'fect or llnkage on the oorrele.ted sponse would be similar 

to that of pl iotrapic nas, except that, a orossing av r oocurred 
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and the population a.pproa.ched quilibrium, the eff'ect of linked nes 

on the asymmetr,y of correlated response over a number of generation 

would be lesa than tha.t of pleiotropio nes. Therefora, only pleio­

tropic genes are considered, ae the most ext e and conatant case. 

A genetic del for oorrelated responses as then constructed, 

and the expected values of the parameters and the correlated responses 

obtained from a Sirius computar for ee.ch of 9 genera.tions ot seleotion" 

In the first series of aelectiona, only additive gene effecta were 

conaid red sinoe these would appear to be leaat likely to yield 

asymmetrioal coiTelated responses.. Four types of loci are oonsidered 

in the model, wi th the follOi'ling effeots of a gene suba ti tution on the 

two traits: 

(A) (B) (e) (D) 

Trait 1 a. ¡31 01 o 
Trait 2 o ~2 -0'2 ~ 

Loci A and D affect the o tmi ts independently. Loci B and C 

affeot both tro.its, the formar maldng a positiva and the latter a 

negativa contribution to the oovariance. The aubstitution etfeota 

ahonn refer to one-half' the diff'erenoe between the al ter.nati ve homo­

zygotes. Only one looua of eaoh type with e.d.ditive e:f'feots is a sumed. 

The existenoe of more than eme locus having the same type of oar.related 

effects oUld not affeot the oocurrenoe of asymmetr,y, but anly the rate 

and pattem of ita development, as e shall soe later. It is assumed 

tbat the i'requencies of the genes at ea.ch locus are qA• Cle• 'le and ~, 

respeotivoly• the first three referring to the aJ.lele with positiva 

efteot on tmit 1. For this modal it is seen that 
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Cov G e 2aB (1-qB) 131 ~2 - 2~ (1 - llc)'o 1 ~ 

V1 = 2qA (1-qA) o.
2 

+ 2qB (1-qB) {3~ + 2<1c (1-~) O'~ + VE1, 

here V, and V. 2 aro the envi ntal variances of the two tra.i ts. 

Th computar aa progra.m:ned to obtain the expeoted gene 

t ue .o at eaoh loous for each generation. For example, the ohan 

in e .frequenoy at the A locus due to selection for tra.it 1 ia 

...L qA (1-qA), I 1a/cr1 being the selectiv dva.nta e ot the e at that 
0"'1 

looua (Griffing, 1960). The new gene frequenoies ere usea to oalculate 

the genetio oovarianoe, the netic and phenotypio va.rianoe 1 the mean 

óf eaoh trai t a.nd the standardized oorrelated response ror eaoh nel"­

ation han seleotion was on either tra.it 1 or treit 2. In all modela 

I 1 = I 2 = 1.0, corresponding to a retentian of l¡.; 11 of the individual. 

as parents , exoept for modela (ii) and (iv), in hich I 1 = ! 2 = 0.5, 

corresponding to 7 !1" retantion. In all runs the environmental mriano 

was e.rbi tre.rily eet equal to the etic varia.nce when all e 

frequenoies ere one-ba.lf'. 9:'he initial heritabilities ot traite 1 and 

2 were then close to on half in all models. Because the above formula 

for the ohan e in gene fraquenoy was used for seleotion on the two 

oharacters, the correlated response is always symmetrical in tbe .firat 

gene:mtion. This formula does not in faot hold f'or genes wi th lar ~e 

e:f'f'ects and auch genes could ell produce asymnetry in the very f'irst 

generati of nelection. This appears to be most important under 

conditiona hen the gene seleoted for is at frequencies 

o. a e.nd when Ío/<:r1 is greater than unity. 

ter than 



A/7 

Th a. t:r:yof the etic covo.riancea g ne ted by the :f'irst 

emtion at selecti rray be e saed algeb cally as the ditfereno 

between the genetio covarlances a.fter on neration ot sal otion on 

tmit 1 and trait 2, respeotively. t the B locus, for instance, the 

etic oov e fre ueno i ino 

by qB' then the oova.riance is inoreased by 

• ;~2 [ <1- 2qa) 1\ ;¡- ( 11 lnl2
] • 

Inserting the expressions for the ohange in e f quency on s leotion 

for the two oha.raoters into this, and inoluding e C locus, we obta.in 

for the ditf'erence in oovarianoe, 

Cov G1 - Cov G2 = 

2~1~2qB(1-<J¡¡) r (1-2q ) e~1 

-2~ lr2!Jc( 1-'l¡;) [ { 1-2<Jc>( I~:1 
(

¡2 2 
1 1 

T ,. ,. e: 
This equation is generalizad to n looi afteoting the two traite as 

where ~ is the frequenoy of one allele at the kth loous a.nd A and ~are 

one ... half the homozy te dif:f'erenc a in tmi ta 1 e.nd 2 respecti vely, a.nd 

oan have eit.er positiva or negativa values. 

Expre sions for the cha.nge in V1 and V 2 on S lection f'or the 

two chD.ra.otera can be obta.ined by ubsti tutin A J.1.k out a id he a qua 

brackets in ( 5) by A ~ and ~ respeoti vely. It then f'oll s that a 

(4) • 

• (5) 
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ay trioál cha.n e in the oovarianoe ill aleo an sym:netry in the 

contr butiona of t he B and C loei to the varie.nce of' the two che. oters. 

q tion ( ) consista of four te~ in two p · rs. Inside the 

quare bmcket _ o te have lin r e eff ots J.n the , o.nd 111 

both be zero when the ene trequeno ia 0.5. t aual a lootion 

intensitie , and. tro hat i kn<mn of gene ff ots, it is unlikely 

tha ¡:preseiona like ! 1 (31/o-1 will be gre ter than 0.5. The second 

pair ot te oonte.in suoh exprasaions squared and will theretore be 

amal.ler than the t· rst po.ir. The ne frcquency oomponent in these 

ill be t a. JW..ximum wh the gene frequenoy is 0.5. 

Of the o ne effeots, it will be seen 

t at th e oontain ditferences a.nd on1y one canta.ins a. um. ro this, 

it ~ esta.blished tha.t the simplest condi tion for asymmetry is th 

presence of C type loci maldng a nege.tive contribution to the etio 

covaria.noe, ith frequenci s other t 0.5. the entire e 

frequen expression entering into this term, q(1-q)(1-2q), the 

gre test absoluta contri butian to the asy tey in the oovarl.anoe 

will occur at frequenoie of 0.2 or 0,8. 

It e hard.J.3 surprising that the effeots of A and D type looi 

do not appear directly in (4). They are of oourse involved in o-1 d o-2• 

It en tollowa t t chan s in the frequency ~ alleles at these looi are 

not ot a.t ·mportanoe and are exact:cy equiva.lent to oha.nges in the 

environmental va.ria.noe ot ei ther of the ohara.oters or to cha.n s in the 

gene etfecta at these loci. 

The oth r three te 

This wa.a confirmad by the cc:mputer reault • 

in (4) oontain dif'ferences in en eff ots. 

They are re accurate:cy differenoea in the eelecti ve advanta of' the 
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genes under the two kinds of seleotion. The two containing square terma 

in gene effects 11 ha ve max:lmum et'fects at gene frequenoies around 0.5, 

while the oth r will have a mx:h:rum a.t 0.2 or 0.8. But, if' ne effects 

are sma.ll, the term containing ( 1-2qB) will be do.mina.ting in the early 

generations. 

Equation (4) ve the ex,peoted oha.n in one generation. In t 

nerationa, the ·two linear terms will be multiplied approximtely by t, 

but the squa.red terms approximately by t 2• In si tuations in which 

changes in the oovnriance in the .first eration are entirely due to 

squ" d ter:ns, the asymmetry in the covarianoe will then increase as 

the squ.are of the nt.mlber of generationa. An example will be gi.ven among 

the computar resulta. 

The C9f1Puter esults 

The computer resulta shown in Tablea 1 and 2 give the standard-

ized direot and correlated responses accumulated over 9 neratians of 

seleotion of the sa.me inteneity for the two traits. Various combino.tiona 

of gene effects a.nd. ini ti al frequencies ha. ve been chosen to exemplity 

the oanolusions drawn f:rom (4). The essential features of the gene 

effects chosen in the different models are ·ven below. The comparison 

of standard deviations has been calculated for a.ll ne frequenoies at 

0.5. 

{i), (ii) and (iii). The B and C loous effecta are the same -

o-1 = u2 for (1) and (ii) but o-1 < o-2 for {iii) 

(iv) No va.riation at the e locus, [31 = ~2 but o-1 ( o-2• 

( v) B locus eftects twioe those at e • and o-1 = o-2• 



Tabl.e 1. Standardized direct reaporuJes (R) and. sta.nda.rdized correlated response~ (CR~ aí'ter 
nine generations af selection cm. trai.t 1 (T1) and trait 2 (T2), with h1 /'V h2• 

Gene aff'ects T1 o., ~1' "lf 1 
T2 f32, ~ 2' e 

Init!a.l {i} (ii) (iii) (.e) (v) {vi) {viiJ f quencies 

;,¡ ' qB, Clc • ~ 1' 1 t 1 o, 1' 1 1' 1' 1 o, 1, e 1, 2, 1 1, 1' 2 1' 2, 1 
1' 1, 1 1, 1, o 1, 1' 2 1' o, 1 2, 1' 1 1 J 2, 1 1, 2, 1 

T1 T2 T1 T2 T1 T2 T1 T2 T1 T2 T1 T2 T1 T2 

R 1.87 1.87 2.99 2.99 1.87 1. 79 2.17 2.99 1. 79 1.79 1. 79 1. 79 1. 79 1. 79 
{a) .5, .5, .5, .5 CR o.oo o.oo o.oo o.oo o.oo o.oo 1.47 2.11 -o.61 -0.61 -0.39 -0.39 -o.lK) 0.46 

R 2.28 2.28 .3.61 3.61 2.28 2.10 3 • .38 3.61 2.29 2.29 2.10 2.10 2.29 2.10 
(b) .5, .2, .5, • .5 

CR 0.39 0.39 0.72 0.72 0.26 0.36 2.30 2.93 0.93 0.93 -0.11 ..0.11 -0.19 0 .. 94 

R 2.28 1.55 3.61 2.23 2.28 1.54 2.17 2 .. 99 2.10 1 • .54 2.29 1.35 2.10 1.35 
(e) .5, .5, .2, .5 CR -0.39 0.38 -0.71 0.97 -0.26 0.38 1.46 2 .. 11 0.11 ' 0.69 -0.93 0.13 -0.91¡. 0.72 

R 1.87 2.28 2.99 2.99 1.87 2.29 2.17 3.61 1. 79 2.10 1. 79 2.10 1. 79 2.10 
(d) .5, .5, .5, .2 CR o.oo o.oo o.oo o.oo o.oo o.oo 1.54 2.09 0.40 0.39 -o.l¡.O -o.39 -0.47 0.46 

R 2.64 1.97 4.04. 2.97 2.64 1.86 3.37 3.61 2.56 2.06 2.56 1.66 2.56 1.66 
(e) . 5 , .2, .2, .5 CR o.oo o.n o.oo 1. 72 0.00 0.74 2.30 2 .. 93 0.66 1.22 -0.66 0.41 -o.67 1.21 

R 1.81 1.31 2.n 1.65 1.81 1.26 0.95 2.23 1.55 1.16 1.87 1.23 1.55 1.23 
(f) .5, .a. .3, .5 CR -o.(il¡_ -o.13 -1.54 -o.33 -0.43 -0.13 0.61 0.95 -o.32 0.07 -1.04. -0.35 -1.o6 0.11 

R. 1.81 2.51 2.n 3.95 1.81 2.28 2.98 3.45 1.87 2.40 1 • .55 2.46 1.87 2.46 
fg) .5, . 3, .8, • .5 en 0.64 -o.13 1.54 ...0.15 0.43 -0.11 2.03 2.75 1.04 0.47 0.32 -0.74 0.27 0.53 
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Table 2. Standarélized di~.et rosponses 
(R) and ste.ndardized oon-elated 
responses ( CR) a.fter nine 

nemtiona of eelecticn on 
trait 1 ("'1) and. t •t 2 (T2), 
ith h~ ,V ;> ~· 

T1 a., 131 , O' 1 
ne etfeots 

T2 132, ~, , S 
Initial e 
fre uencioa (i) (v) 

qA, qB, CJc• qD 
1, 1 ' 1 1, 2, 1 

1 t 1 t 1 2, 1' 1 

T1 2 T1 T2 

1.87 1.25 1.79 1.15 
(a) .5, .5, .5, .5 

CR o.oo o.oo 0.29 0.44 

R 2.6lr 1.24 2.56 1¡,35 
(e) .5, .2, .2, .5 

CR o.oo o.69 0.47 1.23 
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(vi) B locu effects one half tho e ate, and o-1 e cr2• 

( vii) Tha B locus has the ter ef"fect on tra.it 1 but e 

locus t t 2, 

In all riance for both charac rs 

s set to the etio vari e hen 11 ne f quencie er 0.5. 

The ma.in point of interest in the co lat d response 

foll s, ola sitiad according to the e f qu oy combinations: 

(a) ne frequ ncie equal to o.;. ~ th s ua d t in (4) 

can then contribute to the cbang in oo ria.nce. The 8 S tr,y for 

all e f' ot 

the ael ction for tra.i t 1 o uses st e in g a qu cy a ay rom 

0.5 in a B locus and therefore reduces the etic covari ce. ut 

st quenoy e locu d t.nera-

fore ino as th covarla.nce. Th 

t 2 in th early neratians { .1). In {iii) the d te 

not z ro but cancel out. 

{b) ~ ~ o.;. The is n in (111), ari in from 

tha Un r t rm nce, though 131 e 132, cr1 1 cr2• 

(o) Qc; ! 0.5. This 1s the si tion to hich ttention a dm 

U.er of e loou th a f qu oy c.s, oh wlll l to 

as try of e o riance inorea ing llneo.rly wi th time in all 

Th ctual i>onae hen 11 ne eff cts re equal i ah in 2. 

(d) D 1 0.5. In a dition to mo l (iv) and (vii) a trivial as try 

in co ted 8e i n found in del ( ) ond (vi) b o use 

d velop d in CT2• 
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C!.A= C!. s =<\.c= <\. o = O·S 

()(. = 1 (31 = 2 "' = 1 

(3
2 

= 1 ~2 = 2 S = 1 

· 6 ,-------------------------------------~ 

- ·4 

- ·5 

Fié@'@ 1 

·· ..•..... 
. ..• 

....• 
.. ·········•···· 

Sta.ndardized correla.t ed reepona s • etic 
covariances (cov G) and etic correlationa 
(rG.) for selectian on trnit 1 (T1) or trait 
2 tT2). odel (vii)(a). All ne r quenciee 
0.5. Selection for tra.it 1 rapidly tixes a 
locus ma.ldng a positiva contribution to cov G, 
that for trai t 2 fixes c.m.e ma.ldng a negative 
contribution. 
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ex. = 1 (3, = 1 ~ = 1 

(32 = 1 ~ = 1 o = 1 
·Sr---------------------., 

-- Std. Corr. Ruponsc 

·4 ·············· Cov. G 

-·S ;:;-o----7--2;---;3--4~--=-5--6L__.J.7 __ BL___j9 

Generations 

-.-......... ;;..;....-2 Standardi oorrelllted tic 
oovarlances ( oov G) and lat 
(re:) for election on t t 1 (T1) or t 
2 ~T2). odel (i)(o). eff ot 
qual. All c¡uenciea 0.5 except that at 
locus ne tive oontributian to 

oov G. P map the t fre uent o use of 
~ tr,y in p ctioe? 
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(e) q13 = ~f. 0.5. Asymmetxy in all els. Note that in (1), 

(ii) and (iii) there a no correlated spon e on seleotion for tra.it 

1 though there is on seleotion for tmi t 2 (Fi • 3). 

(f) and (g). Deviatians ro 0.5 in opposite dirootians in B and. 

e loci. txy in all ela. 

The critical point is aimpzy tho.t as tcy of the correlat 

responses occ han ver the relativa ..,..:!:2 of r ponse of the e 

loci is dif'f rent hen seleotion i for tmi t 1 , than t is h aeleotion 

ia :f'or trait 2. The cornbination of eh can ocount for d.iff rin 

relativa ratea af chan at these o typ of loci hon aelection i for 

ditf'erent tre.its are Bhown in eq tion (4). This equation is ve:ey pawerf'ul 

tha.t i t is triotly valid for onJ.y a sin e ne tion of election. The 

occurrence of try was p die ble fro equation (4) in all el. 

Th table Sh s tha t quite remarka.ble de 

etio correl tion a f qu ntly ound, particular:cy in ne eft ot 

model ( Tii) • en th all quenoi s at 0.5, the ized e tic 

correlation is bout 0.25 for selection an t •t 2 and -0.25 for t 1. 

Se e e uter runa ere done th d.it'ferent heri bill ti 

for the o ( 2 2) motera h1 t'V 2112 and the resulta are ven in Table 2. 

Gen eff ct el (1) etill sh s symmetr.y th all f quenci s at 0.5. 

hen the heri tabili ti es ere equal aJ.l tour te s in (4) ere sero, but 

n the linear te are zero an the two q re te re equal but of 

oppo ite sign. But, ith e ef.fect model ( v), the obange in heri tabili ty 
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leads to asymmetxy because the squa.re terma in (4) are no longar zero. 

ihen both B and C looi hs.ve gene frequencies of' 0.2. the change in herlt­

abill ty al ters the existing asymmetry on1.y a ll ttle. 

In additian, one model with non-ad.ditive e erteots was studied. 

The modal a.ssumed complete dominance, equa.l gene eff'ects a.t e.ll loci a.n 

all gene trequenoies at .25. This frequency was chosen beca.use the 

absoluta change in the mean in the first genemtian of selection would 

be the se.me whether the selection is up or doWn. Th1s condi tion would be 

the most likely to yield symmetry. Even so, asymmetry a:f'ter 9 genemtions 

w a 0.21 standard deviations. Symmetry in the case ot non- dditive 

genetio effects could ooour only if no nega.tively correla.ted loci ere 

involved e~ the selectiva advanta s of the positively oorrelated loe 

in the two traits were equal. 

Selectian in opposite direotians for the same trait. 

A simiJ.ar method of analysis ca.n be uaed to expla.in asymmet::r:y of 

response in tmi t 2 when both up and down seleotian is practised for trai t 

1, and. !!5:! ve:rea. With symmetry, the correlated responses in trait 2 

should be of the sama mgpl tude but of' opposite sign, and asymmetcy ill 

be observad ~ter the firat gener.ation only if there are p~eter oban s. 

From one genera.tion af ,selection for tra.it 1, the d.ifferenoe between the 

genetio covar.ia.noes after up seleotion (Cov Gu) end clown selection (Cov GD) 

tums out to be 

e ov (}u - Gov (}D e ~ f A 2 ~k <I¡, ( 1-<I¡,) l ( 1-2<I¡, )(Iu + ID l-<I¡, ( 1-q¡.) ~ ( ~ - 2
)] ( 6 

1 -1 1 01 

where the notation is the same as in equation (5), a.nd Iu and !¡, are tho 

absoluta values of the sta.nda.rdbed selection differentials for up a.nd down 

eeleotion respectively. I:f' iu = iD = i, equatian (6) reduces to 
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Cov U- Cov GD •••••• (7) 

quivalent formulae can be obtained hen selection is practised on trait 2. 

rom formula (7), it can b seen that a try is to be anti-

cipated unless all gene froquencies are on&-ha.lf1 or in the situation 

where the chan s in oovarianoe due to genes i th quencies below 0.5 

just balances that from genes at high frequenoies. The result of Clayton 

et .!:J:.. ( 1957) in which there s a positiva oorrelated response to up 

selection, but none to d seleotion could be explained by the preseno 

of positively correlated genes at lo initial frequenoy, th fe or no 

negativa¡¡ oorrelated nes, 

It is quite possible for the oorrelated responses to be symmetrical 

on diver t sel.eotion for one tmit but symmetrical on seleotion fo th 

other. Equal ne effeots at the four typ s of loci d gene frequencie 

0 .5, 0.2, 0.2 and 0.5 would be an exacple of this. 

Haeel (see Lamer, 1950, p.238) has pointed out that the eventual 

effeot of simul taneous selection tor tvlo oharaoters must be to reduce the 

genetic oorrelation by fixing first tbose loci oontributing positively to 

the cova.riance. Some experimental sup ort of t s pr dictian ha been 

presentad by ria.rs, Bohren and cKean ( 1962) in poul try. Selection ving 

equal eight to one tanda.rd devia.tion in the two charaoters would giv an 

expression for the ohan in genetic oova.rianoe after on generotion o:f 

upward seleotion of 
n 

{Cov G) = I E 
1 

Obviously tha loci 

Ak 1-1.: 'lJc (1-'lJc) ~1-2'1Jc)~ • ~ - ~ qk (1-

• ;h ~ d ~ both ot the sama ign ll oontribute 

this changa. But in a.rly genere.tians, the first term thin the squo.re 

t to 



brackets :y :pr dor:d cate and if such loci hav l val u of k• the 

netio cova ance :y well incre s for a hile. 

DISCffiSI 

the computar re ul ts 1 

txy of correlated sponse ia llkezy to be f'ound 

fairly trequently. The I!XIdels ar , of courae, rather simplif'i d and it 

shoul.d be aaked what rele'Vance those resulte havo to real situat!ons. 

The mo t obvious simplif'ic tion i in tbo l numb r looi in th 

odels. Tho naxt do of compl · ty ould be to d ith n nes af 

aoh kind, but ith the candition that the total dditive netio 

v riance and the heri tabili ty o:f' the two oharacters ahoul.d remain the 

same. Then the scale of operationa is al te e by a tacto ~, though 

the ini ·al t of' response to selection ill not be chan d. The 

lln etf ct of the genes 11 be a oed by thie factor, and the 

total dva.nce m1der l cti on and the time cale of chan inth 

genetic para.meters wlll be increased. If t · is 

of the total por.i.od o:f' selection e.dvance, the descripti ot a y etry 

will beco almost independent of nwriber of ne concemed. 

the computar sult t would a em that the grea.teat asymmetry (as 

mea.sured by the differenoe betw en th ne ·e cova.riance in the two 

lines) ll oocur when the linea are about half- ay to the final llmit. 

The ter the number of genes conoemed, the more likely 1 t is that 

the terma lln r in gene effeots in equ tion (4) will b ter than 

those in hich th e:f'tects re squa d and the formar will p dominat 

in the arly ration • 

tt ti is asured in genemtions 1 then the ter th numbor 
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of e cono m a, the lon r he t for th 
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will be loci cont butin ne ti ly to t e covarianoe and ving 

r q enoie other t o.s. 
t important consequence of these resul ts is not 

direotly e ame ts, eny 

diction of corral t d spon e t ve be n incorreot. 

It has b n ce t d in quantitative n tic tb o that p diction 

of cii ot re lJO o hav only short-te valldity be use of th neoesa r:¡ 

change t t lection ould be1n tic rionoe. It 

appears from the resulta that the netio covariance betw two 

nsiti e to e sin e e y 

out by seleotion, bly also to chan to rando 

s lin he.n th popula tian size is ~--· The ddi ti ve tic rianc 

of any e oter will be u of contr.ibut~ons the aparate loci. 

'11t s c~'ltr buti e s tl e n f qu ele ar alterad. by 

1 otion or by mndam drift and they ill not all chan in the s e 

el p nding on the ene frequ ci s at th loci conoerned. But the n tia 

covari e ( e n tic oorrelation is not olo e to 1) lll ei th r b 

e up ot m eh a ller number of' te , i:f' all looi e tribute to th 
' 

' 

covarianc ith the 

e tr 11tions f 

e si , or ill be made u;p of' positiv and n tive 

erent loci. In either ca th rooortional chan 

in the netio co ar.Lanc ·a likel to b great r than tho e tic 

varianc t elve • It must therefo oxpected that the atatio 

d oription of' population in terms of additi ve etio 

covarianc ill be valld n p diotion o r ort r ri tor 

co la t it ll b for direc 

If th pa.ttems of correlated r p ns s in any si tuation a 
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to be fully understood, it will be necessar.y to analyse e basio 

causes ot the netlo correlationa between characters. our r aults 

point clearly to the nee for the de elopment of new experil:!ental 

t cbnique for this p ose. 

The :pattem of changos of the genetic covarl.ance be en two 

cha ot rs on a ection a examin in a.n effort to xp the 

a try of cox lat d spon a in two t t , or of tra.i.t 

in two environments, requentzy obs rv d in rim tal 

The al bra.ic conclusions were turther mmined by 

sel oti er· t using a computar. The comput r a prof!:l'EU!Jllled 

to calculat th change e c¡uency gene ti to l!:&nare. 

and to o culata rom it the ~ ot d Chan es · 

covari ce selection prooee d. This procedure s carried out with 

v rel modele of ne effeots and t quenoies. 

Asymmet.ty of the genetio cova.rianc , and conaequen ly of th 

oorrela.ted aponaes, resultad hen the lati ge in gen 

f qu ncy t the looi oontrlbuting po . ti ly and ne ti v to th 

o ovar ed on the mi t a el ct • Th oondi ti neo ssary for 

the velopmnt of a :y. try were e:mmin d a.nd the reeult suggest t 

a.ny symmetcy found in an x:pe:ciJ:lent is perhaps aurprlsing than 

try. Prob bl.y the t t quent contribution to a.a in 

p e tic Ul be !'rom loci contributing neeflti vely to the cova.rianc 

and having frequenciea other than 0 • .5. 

eourate prediction of oorrelat&d response over ~ ner­

atione is therefore not posaible wi thout prior knowled ot the 
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oomposition ot tho etic oovariance, as well as its tude. 

he valldity existing theory for tho prediot'on of oon-elat 

respons s is likely to be much poorer than for the p diot1 of 

direct espon es. Pred.iotions ould then ha ve to be b d on the 

etic pa tara estimated in oh ne tion. 
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Introduotion 

In the ee.rlier papera of this eries algebmio and pb1oal 

prooedures ere develop d for detem'nj,ng the relativa protitability 

of pura lines a.nd. croases between them, It s tound that nacy of 

th compl situations assooiated with tbis probl m could be und rstood 

and sol ved more ea.sily by graphical techniques. 

In this papar we propose to extend the gre.phioal thod to the 

solution ot probl at seleotion within linea and ithin specialised 

aire and clam linea. Smi th ( 1964.) studied the problem al braicalzy 

and ooncluded tba.t selection in specialised si and dam linea ia at 

1 st as etfioient as aeleotion within a single Une, and that the 

relativa etficiency of the formar increases if there 1s an untavourable 

oornü.ation between the two seta ot tra.i ts under selection. e also 

propase to investigate the etficiena,y ot seleoting males and f males 

on dit'ferent indices ldthin a. single line. 

In order to sim,plify the presentatian of this paper, we will 

assume that (i) both mles and females are selected with equa.l 

intensity and ha.ve the ss.me emtion interval; (ii) the aa.me 

aelectiQll indicas can be a.pplied to both mles and tema.les, a.n 

assumptian wbich cannot be rea.Us d in pra.ctioe if one of the trai ts 

is productive performance, unlesa electian is ba.sed on relativas' 

performance; (ill) the two tra.its un r seleotion are unoorrelatedJ 

(iv) the tra.ita are netioa.Uy add.itive, and (v) the population pa -

ters, other than the mea.ns. are the sa.me for eaoh llne and do nct 

changa as a result at aelection. The discussiCil here 1s reatricted to 
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seleotian for produotivity and reproductiva performance in pigs and 

poul try, al though the t obniques employed can easUy be extended to 

other ani.urüs. 

Mathema.tical detalla bave been exoluded trom the bod3 af th 

papar and ar given in the Appendix. Also in Appendix 3 are g1ven same 

algeb e results for correla.ted traits, but for simplicity t.hese are 

not discussed in the text. 

Smith (1964.) and Jloav and Moov (1966) oxpressed profit (P) 
' 

from ucl.t of pro<luce as a functian ot the productiva etfioiency (y) 

of the ot'fspring and the reproductiva performance (x) 

by the rela.tion 

their p renta 

P = e- ~(y)-N(x) (1) 

where C ie a oo..'18ta.nt and G and N are funotioo.s. Assuming tic 

dditivity, then G and ma.y be p1.ac d by oonsta.nts and equation (1) 

beoanes 

P = C~-N/x (2) 

so that prot1 t is directly proportional to producti vi ty and inversely 

proportianal to reproduoti vi ty. 

or a g1 ven value ot P, y can be e.xpres::sed as a tunotian ot :x, 

a.nd theretore a graph of thie function jo1ns al.l netio stooks wi th 

the same praf'i tablli ty. Such gros.phs are termed profi t oontours, and a 

collection of these contours s. profit dia.e;xwn. An example is given in 

1 1 for broilers 1 where profi t in penoe per pound li ve weight is 

given by 

P = 10.6-0.1y .. 320/x (3) 
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where y is !ll!.tket a in day's and x is the total egg proiuotion per 

hen ( oav and Moa.v, 1966). 

A profi t dia.gra.m oa.n be uaed to show how selection cha.n es 

the profitability of a popula.tion. If a selection differential of i 

s deviations is applied. to x alone, then the genetic ohan in x, 

denotad~ x. is ih!o-x, where h! a.nd crx are the herita.bil1ty and phenotypio 

standard deviation of x. If selection is practised en y alone with the 

same intensi ty, then /1. y = ~O" y• In F.t~ 1 i t is a.saumed tha.t 
2 2 

x 108, crx = 20 e , ~ - 0.1 and y = 10, cry = 4 days, hy = 0.25 and 

the traita are tmcorrelated. For this example, if a aelection intensity 

c4 3 tandard. deviations were a.ppUed to x, then the sponae would be 

6 x = 6 eggs, and. the oonsequent changa in profit (6Px) = 0.15 penca, 

caloulated by llnea:r interpolation between the prafit aontoura of 

Figure 1 • On the oth.er hand, seleotion on y wi th the same intensi ty 

would giv a response /:).y= -3 

(óPy) of 0.3 penca. 

s with a subsequent change in profit 

Al tema. ti vely, animal. a 'INJY be selected on an index or the two 

traits (Hazel, 1943), in which phenotypic values are weighted by th 

formula 

I = X+ By (4) 

For unoorrela.ted traits, the resporusee in the component traits trom 

selection on I are 

/1x = ih!~/crr, /Jy = iBh;a}'a-1 (5) 

where o-¡ =lo-!+ B2cr; is the standard devia.tion of the ind • For 

exa.mple, the chanee in the popula.tion mean as a reaul t of ael otion on 
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IGURE 1 The proti t diagnun. together wi th a 
sponae lllpse for broilers. 

Expected ch.an in profi t are hown 
for seleot on basad on oarket a e 
alone ( /\p y), eg number al ene (ó .. x) 
and thc optimum index ( 6 , ) 
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the index I = x + ~, when i = 3, is given in igure 1. It ia 'fidant 

tbat for a given set of pa.rametere and intensity of se:teotion# the 

index weight B determines the nngni tude and direction of the responsea. 

The locus ot all points ( 6-x, 6 y) obtained by vatying B, but ith 

conste.nt i, can be shown to be an ellipse ( see Appendix 1). Thia 

ellipse will be termed the reeppe ellipse, and is illuatrated in 

Fiaure 1 tor a selectian intensi ty 1 = :5. It oan be sean that the 

maxi.mum protit from a given selection intensity is tbat ot the highest 

protit contour which can be reaoh d by the ellipse. At this point the 

ellipse is tangential to the profi t oantours. Prom a visual inapection 

ot Figure 1 it can b seen tbat the maximum inorea.ee in protit tor 1 3 

is 0.34 penca. An algebraJ.o method of using the respons elllpae to 

determine the opt.1.num indéx and change in proti t is g:t. ven in Appendix 1 • 

The use of an ellipzse has zsane disadva.nta. a however. In 

particular, the diatance ( Jc~x)2 + (~y)2} moved by the population 

mean on the profit diagram is dependent on the direction ot aeleotian, 

and aome manipulation is required in order to compute in 

gmphioally from the ellipae. However, it the variables 

weigb.ts 

tra.na:tonned 

as f'ollows 
A * /J. X A • k (6) DX : - 2 t Uy ::: 2 ha- hcr 

XX yy 

( A • 1\ y•) then the lOcUS of the transfonned variableS L..\ X t U iS a Oircle t 

termed the ~aponse circle (se e Appendix 2 for a proof). Since, tor a 

• selection intensity ot i standard deviations applied to x/lx - i• or. 

• 11 • A • it applled to y • ó. y = 1, the transformad variables D x and u y 

can be rega d as standardis d un! ts of response ot the trai ts to 

selection. In Figure 2, the response elllpse of Figure 1 has been 
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FIGti"RE 2 The exa.mple of Figuro 1 tre.ns­
formed to a respanee oircle. 
The lengths of tbe re onse v otora 
sh the rela ti ve uelection int -
si ti es required to ·e the sama 
conornio g¡üns han ecting on 

market age alone, egg number alone 
and on the optimum. index. 
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tra.nsformed in te a response circle, whioh can be muoh more eaaily 

conatruoted tb.an the ellipse. Again, the po.int of ma.ximum prof'it is 

where the oirole ia tangential to the profi t contours • and 1 t lso 

tollows that the dir ctian ot response for ma:x:imum eoonom1c gain is 

perpendicular to the profit oontours. 

The response cirole can be used to oa.loulate the optimum index 

weighting B, fro.m a profi t dia.gra.m. The direotion of the response for 

the optimum indox is fcm1d by drawing a perpendicular to the contoura 1 

and for an a.rbitra:y oontour f:::..x* and 6 y measured. Then the index 

weight ( see Appond.ix 2) is gi ven by 

1\ • U' 

B = (~) (..a5) 
/J.x cry 

(7) 

• o 
In the exampl ot Figure 2, Óy / 6 x = 1.9 and u.fuy = 51 so tha.t 

the optimum index is I = x + 9.5y. This reault ia the 88.tiB a.s that 

obtainable by the algebraio methods of Haz el ( 191+.3). 

On the standard.iaed scale the length of the resmonae vector 

( the llne on tho profi t diagra.m Jcining the popul.ation means before and 

atter selection) ia a constant and. equa.l.a i, the intensi ty of seleotion. 

Therefore, the etfioiency ot ditferent seleotion indicas can be coxrq>ared 

by drawing the response vectors fran the populatian mean to a oonvenient 

protit oontour for ditferent ind.ioee and meaaur.Lng their lengths. For 

example, if the length ot the vector ot the most efficient index in 

Fisure 2 is given a value at ane, then it can be eeen rom the graph 

that 2.1 or 1 .1 uni ts ot aelection on x or y alone respeoti vezy wouJ.d 

be needed to e.ohiave the se.me inorease in profit. 'l'h.us, in th present 

exan:¡ple, seleotion on y a.lone reduces e:f'fioiency by Ollly 10;'. 



!/6 

S!m1Jarly, it can be Bhom that changes in B over the range trom 4 to 35 

reduce etficiency ot more than .!1;& below tha.t of the optimum index, 

B = 9.5. 

For the profit equation (2), the cha.nge in profit result1ng 

frcm changas in reprod.uetivity {'O P/ ó x) and prodUctivity ( ó P/ ~y) are 

given by 

dP - = 
d:Z: 

N 
2• :z: 

df -
~y 

(8) 

Sinoe profit is linearzy rel ted to productivity, ohanges in y produce 

the s chang in prof'i t at all levels of y. On the other hand, sinoe 

there is a non-linear relatimship between prof'it and reproductivi ty 

changas in x yield changee in profi t dependent upon the level ot x. Thws 

for the profit equatian (2), it can b aeen :t'rom (8) that the hie;her th 

present level of reproductiva performance, the greater the improvement 

neoessar.r to produce the sama in crease in profi t. These points are 

demonstrated in Pi res 3A and 3 for pigs, for which the profit (P) 

in penca par p~und live ei9lt is 

P = e .. 3.4y· - .,;,.:13;,;,¡:000-
,l% (9) 

where y is the feed conversion ratio, 7 tho ma.J.'ket weight and x th 

number of piga raie p r sow per year (Moav, 1966). The oon5tant e 

was not estima.ted, but it doea not affect ohan s in protit or relativa 

prati tabill tiea. Figures 3A and 3B are dralm on a standard.ized soale 

(~o-x, h;o-Y), so that the lengths of the response veotors show the 

relativa sel.eotion intensities neoessa.r-.f to achieve the s illq>rov ent 

in profit f'rom four d11'ferent levels of reproductiviv, when selection 

is based on x alone, y alone, or on the optimutn ind • It can a.lso be 
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seen fram Fi 3 that as the reproductiva performance improves .. 

lesa weight should be applied to it in a eleetian index, and 1 can 

be shawn algebra.ioal:cy (see Appendix 4) that the optimwn index for the 

protit equation (2) is given by 

B = - (10) 

The differenoes between igures 3A a.nd 3B demonstra te the ei'f'eot 

of mane t weight on the prof'it oontours a.nd selection apons s. Sinoe 

the .uaintenance cost of the sow is conste:D;t, as market ight increaees 

the reproduotive cost per pound of m t becomes increas e ller • 

. Thus at higher levels of reproductiva performance, selecti on feed 

convereion ef:t'iciency (y) alone is a.lmost as ef'fici t as sal ctim on 

the best index. 

election in aire and dam linee 

In most ola ses of li estock, variation in the reproducti e 

performance of the male has a negligible effeot on profitabillty a.nd 

can be ignored ( th, 1964.; ce.v, 1966). Aeswning genetic additivity 

and independeno of the canponent traita, then the prot'itability ~ 

the oros e breds { SD) is a funotion of the ari thmetic mean at the 

produoti vi ty of the two parents and the reproducti ve perfol"'IWloe ot 

the dam. Thus f'rom equation (2) 

Psn = e - ~ <Ys + Yn) - (11) 
XD 

h re the ubsoripts S a.nd. D r f r to the ire and dam respecti v 13. 

The aire and aam terma in { 11 ) f1BY be ooUected to ah the1r con-

tributions to costa: 
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G N) G 
PSD = C - (2 Yn - ;- - 2 Yg 

D 

Sino e the si re llne a.ffeots oostl'l O!lly througb. produoti vi ty, seleotion 

in the aire Une should be based on that oriterion alone. H ever, th 

contribution of the dam llne to oosts (VD) is 

G N 
VD= 2 Yn- x; (12) 

so eleotion on the dam llne should be on both trai ts 8lld aimed at 

minimising VD, The thods desoribed earlier for single linea oan be 

usad, for profi t contours can be dra:m by expresaing yD as a tunotion 

of :;, in ( 12), and a response cirole oonstruoted. 'l'he response otor 

of the ost effioient dam line index is then the vector hioh is 

perpendicular to a. dam contour. 

The eJCall¡lle ot Figure 4 illustrates the construotion or dam 

Une indioes, and shows how the profitabillt;y or orosses is aff cted 

by seleotian in their parental Unes. This figure presenta the eypo­

thetioal situation in whioh three linea ot pigs are available. The Une 

with the best produotivity is chosen as the aire line, and denoted S¡ 

the other two linea are theratore nlt rnative dam linea (D1 and D2). 

Figure 4 shows that, in this exampl , D1 and D2 he.ve ditferent p rtorm.­

anoea as l!lingl.e linea, but they are equal.ly profitable as dam linea. 

D1 and D2 tall cm the sa. da.m oontour (VD) 1 and their croseea (BD1 and 

SD2) rith the aire line also have the same profitabUity. 

Al o shown in Figure 4 are the respons a to seleotion of th 

same intensity in the aire llne; baeed on prodUotivity, a.nd in the dam 

Unes, based on the appropriate optima.l dam inde:x. It is aasumed that 

the genetio pa.ra.met ra, other than the meana, are the aame for each Une. 
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The n Une u.~~~:~c:w ..... a denotad S t, D.j and D2· Sine the r produotive 

performance ot n2 was poorer tban 1ha.t of n1 , the !JI;prov ent in 

pro:f'i t bili ty as a dam J.ine sul ting from eleotion ha en thor 

ter in D2 than in n1 • Sii:lila.rl3', the new croas S 'D2 ie mor 

profitable than the oross S 'D1• 1hUa t the d.i.ftereno s in profi t-

abillty o:f' the linea alter seleotion are sma.J.l, the ~1 

illustmtes that the ra.nld.ng of linos can be atf ted by 1 otion, 

e ven thouf!'P. the genetio parameter& · and seleotian inte 1 tiea in suoh 

lin s ar-a the se. • 

es and fe 

In this seoti we compare the ef:t'icienoy of eleoting males and 

te es an different indio e e 1d. thin ~e line wi th the ertioiency ot 

selecting both sro on e e indax. 

A phice.l. soluti on to this problem is sh in Figure .5, hioh 

has a standa.rdized eoale (h2o- , h2cr ) • The response cirole t the 
X yy 

original popula.tian, o, tor 

and o speoifio sponse vecto marked., The vector I s th 

aponae f'rom eleoting both s e on the most f'icient single line 

index. The vectors S and Dx ah the response trom selection on1y m y 

and cml.y on x speo ¡;i vel.y, d the v otor Dm the response wben sel otion 

isbas the best dam line index. Thus the vector I is perpendicular 

to the profit oontours {equation 2) and the vector Dm perpen cular to 

the dam contours VD (equation 12). '.rhe proí'it of the progeny when 

selecting on males and femaJ.e separately is at SDm and SDx for the dam 

selection vectors Drn and Dx respeotively. It can be shcmn (aee Appendix 

5) that if the siras are aeleoted anly an y, a.nd the aa.m in variad, 
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IGURE 5 election of les and fe 
s oialis a in ce i ~ 

single line. ~ populatior (o 
i sel ot for food conv 
ratio alon (s), produotiv 
performa.nc o.lon (D:¡), on th 
opti .ingle lin 1nd (I) 
perp dicular to the profit con-
tours, and on the optimu.m llne 
index (Dm) erpendicular o th 

lin oontours (VD). The ro t­
abili of the pro rzy of si S and 
dams D , D are denoted SD , SDX 
respec v , and fa.ll on ~e 1re-
dam response elllp • The rformance 
of the progeny S by Dm is at O'. 
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then the profitability of th prog n¡¡ (SD) :f'alls on an elllp 

i th co-ordina t = o and Y= Yo+ 
s:o 

e el ion 

th oo-ordinat s of the bas population and S:O 

re respons v ctor. f 5 tth 

llip lie o sid t 

1 proof of Smith's {1964) 

t lecti on sp ciaJ.i ed indices i al t 1 a t 

ef'fioient as el cting bo s s on the e index. 

llave considered the ff cts of difi'erent s of elec ting 

dividual on profi bili of their ro • L t us n inv sti te 

the ects of '*" e e prac dures an profitabili ty of ub equ t en xo.. 

tion • In o er to do this have to tinguis 

of the pro and their ri t as pa.rents for the ne:xt ne ti en. 

uming add.i ti vi ty, their profi tabili ty has b en h to e on 

ot th mean p ctivity ot both sets of parent a.nd th reproduotivi 

of only their • Howev r, the populati f eh e e ti t 

n b p ctia ha p rtozma.nc which is the a.rithmetic an ot both 

parental tra.it • In the e 5, e point O prea ts th 

an of opulati t tin sires ected y 

one, nd hich ere selected on the est da. ind • O' ie 

t h refo th. IJid-point of th line S to D • Here S and Dm pre t 

th tion ea.ns after selection cm the v ctors S a.nd D respeotive:cy-; 

ahall use I stmilarly. As o• lies on a. chord of th response oirole, 

it st have a lo er prof'itabillty than r, the pro 

c4 both sexes are selected on e optimum index, 

enparents 

oh lie on the 

circum:f'erence of the response circle. Tbu , sine th ir parental 
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performance is poorer. the '' randohildren" will be poorer if tb.eir 

gra.ndparents are selected on separata indicas rather than on the sama 

ndex, so that, although using a sepamte index r:Ja.Ximiaes prorit a:f'ter 

one generation, i t reduces profi t in subsequent neratians. 

Discussian 

There has been soma indication in the profit dia that 

selection for reproducti ve mte leads to only amall improvement in 

profi tablli ty :f'or single Unes (Figurea 2 and 3} and even in specialised 

d.am linea (Fi re 4). There are trro ma.in causes: firstl.y• reproductiva 

performance has a low herita.bility a.nd, seoond.ly, if reproductiva mte 

is el aczy fairly higb, the economic retums from f'urther improvement 

are small { eque.tion 8) . e shall now gi. ve a more detallad exa.mple to 

illust te this point, and ocnsider on1y feed costa which, at course, 

comprise the ma.jor portian of totaJ. oosts in ost li vestook enterprises. 

If thc total food consumad per pound o:f li v pig produoed i8 F, 

then we can wri te 

(13) 

where y is t.he food canversion efficiency of food. eaten direotly by 

the grcm,ng pi , Fm is the food consumad by the dam par year for her 

own maintenance, W is the ma.rltet weight and x the number of of'fspr.tng 

reared per dam per year. F 
0 

is the f'ood consumad by the da.m in exoess 

of mainte.nanoe during pregne.ncy and lactation, and. dependa on x. 

However, F
0 

is rel.atively smaJ.l and Ul be considerad constant. 

Optima.l seleotian indicas can be construoted for ( 13) in the same 

manner as soribed earlier for equatian (2). 

This example is illuatra.ted in Figure 6 for bacon pigs (w = 200 lbs) 
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FIGURE 6 The effect of level of reproiuctive 
perfor.roance on the relativa effioiencies 
of alternativ selectian sohemes designad 
to minimise food oosts in pigat measured 
by the overall tobd.. conve:rsion ratio 
which includes the maintenance cost ot 
the de.m. Selection is baaed on food 
conv rsion e cienay in the in 
pig alone ( ó ) , an re:prod.uotiv 
per.f'oi"'lJUloe e.l e ( 6 .) and on the 
optirnim indeJr ( ÓFT). The contributions 
( t1 Fxr, ~ y¡) of t'i.e component t te to 

Ó.F I a.re als'O shown. 
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ith the para.met ~ = 0.1, o-x = 5, h; = 0.4, cry • 0.2.5, o.nd. selection 

i in single line. The gra.ph ~JJY: anu. ÓFY ahow the oha.nges in the 

verell f d cat rsi ratio F when selectian ia lnsed on or y alone. 

~ I sh e the change in F when seleotian is an the optimúm ind , and 

6. .. xi and Ó. JI are the corresponding chan s in F resul ting from 

e in the component trai ts x e.nd y, suoh tb.a /::. .... I = 6, · xi /J. vr 

............. w.le clearly sh s that a the reprocluctive per.fonna.noe inere e , 

tle s;Un ia 

6 F¡ e s fr 

e by selecting tor , that almost all the U;provement 

fj lO X, and that the mdex is 1 ttle re eff'icient 
J 

than selecting on y alano. 

In vie of these conclusians, e ma.y consider by so much eis 

ia placad on ael cting for reproductiva performance in the commeroia.l 

breeding of pi ond broUers. One possible rea. on is that throue}lout 

is ser.i of' papera e have aesumed that the demand for the final 

produce ia fixed, ru:d that th numb r ot plm3nts is ad.juate to meet 

thi d a. This B.]?proa.oh strictly holda on.ly for natic:mal or regional 

evalua.tion, or for vexy large single enterprises. Ho ever, a sllBll azmer 

y re the n lber of sows, 8133, that he keeps as fixed, so that 

inoreaaing their ll t ter size not only reduces tha t part of the sow' s 

tenance o t to oo.oh piglet, but can al o increaae the total tu.rnover 

ithout increasing ca itaJ. expenditu.re. Sinoe the smll farmer is only 

eupp~ very small part of the toto.l dema.nd, ino ses in his 

production ould produce ne · gible effeots on the price he recei ves 

far bis produot. .Another raasan why exoessive selectian pressure any 

b appli d to reproduction is that, in a. non-integra.ted system, the young 

anima1s r::IJ3 be b t f' the mul tiplier by the er at a prio 
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dependent on1y an numbera e.nd present weiG'lt or a 1 with little re~rd. 

to their futura perfanna.noo. Thus as the dam costa oontribute e. muoh 

higher proportion of the total costs of the mul tiplier than of tho grower, 

an.d since the multiplier is the breeder•s direot customer, the latter is 

forced to exert extra selection preeaure on reproduotion. 

Let us now retum to a d.iaousaion of' the rela ti ve meri ts of 

d.ifferent procedures for aelecticm. from a single llne. The three alter­

nativas are illustrated in gure 7: 

A. aintaining a single llne and selecting all animnls on 

the sa.me index, 

B. 1 .. ainta.ining a. single line but selecting males and fema.les 

on speoiallaed indicas, 

c. S:plitting the originaJ. line into separata aire and da.m 

linea, each Delected an a specialised index. 

A selection intensity ot one standa.rd devia.tion has been applied to pigs 

ot ea.ch sex in ee.ch of five genera.tians, a.nd it is assUlll8d that no 

parameters, other than the population means, ohange. The example ah s 

that method C is most efficient, f'ollowed by A and then B but the 

dif'ferences between the method.s are 8llla.ll. Thus, as Smi th ( 1964) has 

shown, the ma.intena.nce of separata sire and. dam linea ia theor tioaJJ.y 

the moat eff'ioient method ot improvement. In o.ddi tion, there are severe.l 

other e.dvantages to be gained by mainta.ining separata linea. Smith 

showed the.t separata aire and dam linea becane more eff'icient when 

productiva and reproductiva traits are ne~tivezy correlated. Separate 

lines allow heterosis in component trai ts to be expressed. Final.ly, 
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Method e wae found to be the most ctfioient of the three; ,B was more 

etfioient than A for one generatian, but lees etf'icient 1n subsequent 

generationa. 
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APPENDIX 

1 .. The res. onse ellipse 

In the a.ppendix we wlll f'ind. i t convenient to define a more 

general notation than ia used in the min part ot the paper. 

Let changea in prof'i t be gi ven by 

8. 1 = ax /:5. x + ay b. y (1A) 

where ax and ay are the partieJ. regressions of profi t on x and y 

reapeotively1 alld are u8UB.lly callad the eoonomio weights . Let 

aelection be pra.otiaed on the basia ot the index 

!
0 

= bxx + hyY (2A) 

For uncorrelated t:mi ts wi th heritabill ti ea h2, h2, and phenotypio 
X y 

standard deviatians CTx' CTY then the variance of' the index (2A) is 

2 2 2 2 2 O"Io = b C1" + b cr (3A) 
X X y y 

and the responses to aeleotion with an intenaity i standard deviations 

are 

ib h2~ IJ ·· = XXX , (4A) 
<T¡O 

It equation (3A) is rewritten 

and A x and 6. :¡ are subetituted fram {~A) into (SA) , and (5A) divided 

2 
by <r ¡O then 

( ~ x)2 
(ih~) 2 

XX 

+ = 1 (6A) 

(5A) 
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Equa.tion ( 6A) describes an ellipse in the variables !J. x and /J. y e.nd ie 

2 te:n:ned the response elllpse. The ellipse has axes of length ihxo-x a.nd 

~o-1 whioh are parallel to the co-ordinate a.xes. 

The point of mx,mnm response and the eigbts of the optimum 

index are found by equating the tangente of the response ellipse and the 

proi'it oontours. The ta.n nt of a praf?it c~tour is - a.¡a , and the 
- f1 x h4cr2 Y 

tangont of the ellipse (6A) is ¿s , JJ. • By cquating ta.ngents and 
y h4cl-

xx 
rea.rrang1ng, we obtain the opt1.rnw:l index 

b 
..z 
b 

X 

::: (7A) 

which is the aam soluticn as oan be obtained by Haz el ' s ( 1943) mthod. 

If e fine the index {eqt1a.tion (4) of the text) I = x + By, 

then for the optimum. index 

(8A) 

2.The reeponse oircle 

If we define the transforma.tions (equ'ltion (6) of the te:x:t) 

f1 x Ó. x fj .,·· ll x. ::: ,.. , ::: ,.. 
h"cr h.'o-
XX y y 

then the ellipse (6.6..) reduces to 

( IJ. x"")2 ( /J.. y )2 2 
+ ::: i (9A) 

Equatian (9A) describes a oircle of radius 1, termed the response 

oircle of the transformad variates. 
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tt the eoanomic weights of the transformad variables are 
• (1 

denoted ax and ay , then f'or 

" * ~' 1\ * a:r. o x + ay u y :: 

1\ 1\ llt * to hold for all D x, u. y , we muat define ax and ay by the inverse 

transforma.tions 
• 2 

a ;: a.ho-y yyy (10A) 

Equa.ting the tangonts of' the transformad profi t contour.s and the 

response cil"'le gi ves 

= { 11A) 

If' (8A) and (10A) are substituted into (11A) and tho equation 

rea.rrnnged, we obtain formula (7) in the text 

B = 

3. e orrela ted trei ts 

O" 
X -O" y 

In thie section we extend the theoretioal resul ts or 

Appendicee 1 and 2 to two corrolatea traite. We sbalJ. use ma.trix 

algebm, and denote tra.nspoai tion by a prime { •). 

Let P be the phenot:vpio vo.rianoe covariance ma.trix, 

P = (~~ (xy) c:t") ) 
let G be the genotypic variance oovariance ma.trix, and let 



B/19 

Th ction ons a cm the in ¡O b X + 
X bi' 

[}_ Gb/o-Io (12A) 

2 b' Pb re O"IO = 

ritin b'Pb b' GG- 1 G-1 Gb 

can ub titut (12A) to obta.in th spons ellipse 

1 11 -1 PG-1 ~ 1 (13A) 2 

ts, it can b the.t (13 ) t 

8 as does H el's (1943) thod.. 

In r to om (13 ) to o ine 

(a Co S ) S n o-Y Co 

he re Sin 2 = r • the phenotypic corral t1on. Sin ce ' = P, e can 

write (13A) in the fo 

BO th t if d · e th tran vector 

= 

(ó. )' ~ 

q tian ( 1.5A) is th formule. of the resp 

Similarly, e apply the inv r t 

oontour 

a e ( ')-
1 

tan nts and "'"t:IG~·.~:u.u~ 

lo to e ti (7) of the t , f'or oo 

(14A) 

(15 ) 

oirole. 

prof'i 

obtatn the formula, 

ight fro 



the cirol • Thi formula. tums out o be 

b Cf' (1 {J.. 
B .X 

= 
X (j (1 A 

y 

which~ of co ~ reduce to (7) if r = o. 

or th non linear pr i t contours of quation (2) e e 

substitute V 2~ - -G ( uati 8). H e , (8A) th y 

o timum in i 

If, or b vi ty, e let 

then, f (3 ), ( ) 

= 

~ 
b 

X 
= 

= 

( 16A) t e 

+X Ay 
, 

(1 ) 

y 

ar th optimum ind 

2 -iA 

j + 4 
y 

The pro ortion o t i t due to chan in x 1 the fo , 

in (1A) 

f:\ A 

= IJ 

and du to ohang in y 

a !J. ·i~A 
= 

fJ Ax_ + X "Ay 

80 t t el arly~ t p 8 nt produotive p rt'orma.nce ( ) ino • 
a t r proporti of th to1al eccm e res e is e tribut 

by i ro nt in produoti vi ty (y). 
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5. e 

t t ti e be S d c1 i ti 

in th.e si d lin S 

for p uoti ity ( ) , o on th sta.n 6af 

thet ) 

~ 
• 

i t • o (11A) 1 

~ = 

o th p (SD), the J 

~ nn = (/J. ó )/2 

ó. D 
/'j 

e 1nin th bov e u ti ob . n 
' 

6 1D = 1 2 + <1 (~ ( 17. ) 

On re nt of (17A) ob the llpse 

(l\ x• )2 + ( ~ 
D - 2)2 

1 (1 ) = 

iD (i¡/2)2 

qua ti (1 ) i th • It t 

(o , 1/2) re1 v to the b popula.tion, and es len and 

y2, X e ti Jy, el to th o o-o s. The 

example t 1 ln· 




